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Turbulent fluctuations

ÏLarge range of scales
ÏSelf organization
ÏUniversality ?
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Turbulent fluctuations

Generation of turbulence by a grid in a wind tunnel

Turbulent flow behind a grid, T. Corke & H. Nagib

Large range of scale in tubrbulence
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Turbulent fluctuations

Direct Numerical Simulation of a homogenous and isotropic turbulent flow344 T. Ishihara, Y. Kaneda, M. Yokokawa, K. Itakura and A. Uno
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Figure 3(a, b). For caption see facing page.

4.2. Skewness of the longitudinal velocity gradient

Moments of the velocity gradients provide us with simple measures characterizing the
non-Gaussianity and the possible Rλ dependence of the p.d.f.’s. Among such moments
are the third-order moment or skewness S of the longitudinal velocity derivative
∂u/∂x defined by (3.2). It is zero if the p.d.f. is Gaussian. In homogenous isotropic
turbulence, any third-order moment of the velocity gradient tensor gij = (∂ui/∂xj )
can be expressed in terms of the skewness S defined by (3.2) (Champagne 1978). In

T. Ishihara, Y. Kaneda, M. Yokokawa, A. Itakura, K.and A. Uno (2007.)

Large range of scale in tubrbulence

7 / 99



Turbulent fluctuations

Direct Numerical Simulation of a homogenous and isotropic turbulent flow

344 T. Ishihara, Y. Kaneda, M. Yokokawa, K. Itakura and A. Uno

(a)

L

100 η
λ

(b)

L

100 η
λ

Figure 3(a, b). For caption see facing page.

4.2. Skewness of the longitudinal velocity gradient

Moments of the velocity gradients provide us with simple measures characterizing the
non-Gaussianity and the possible Rλ dependence of the p.d.f.’s. Among such moments
are the third-order moment or skewness S of the longitudinal velocity derivative
∂u/∂x defined by (3.2). It is zero if the p.d.f. is Gaussian. In homogenous isotropic
turbulence, any third-order moment of the velocity gradient tensor gij = (∂ui/∂xj )
can be expressed in terms of the skewness S defined by (3.2) (Champagne 1978). In

T. Ishihara, Y. Kaneda, M. Yokokawa, A. Itakura, K.and A. Uno (2007.)

Large range of scale in tubrbulence

7 / 99



Turbulent fluctuations

Direct Numerical Simulation of a homogenous and isotropic turbulent flowSmall-scale statistics of turbulence 345
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Figure 3. (a) A closer view of the inner region of figure 2(a). (b) A closer view of the inner
region of (a). (c) A closer view of the inner region of (b). (d) A closer view of the inner region
of (c).

such turbulence, S may also be computed by

S = − 2

35

∫
k2T (k) dk

(
⟨ϵ⟩/15ν

)3/2
, (4.1)

T. Ishihara, Y. Kaneda, M. Yokokawa, A. Itakura, K.and A. Uno (2007.)
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Introduction

Ï Turbulent flows are everywhere
Ï inertia effect are dominating ⇒ Re ≫ 1

Ï ⇒ Non-linear ⇒ unpredictable ⇒ random
Ï Large range of scale in tubrbulence (cascade)
Ï Dissipative phenomena (viscosity are important even Re ≫ 1)

Open problem
Ï Open problem of physic / Classical Mechanic
Ï No general turbulence theory
Ï issues in physics, engineering and applied mathematics

Contexte
Aeronautics, ground transportation, energy production, process engineering,
geophysics, astrophysics . . .

8 / 99



Navier-Stokes equations

Very low Mach number (Ma) flows can described by the incompressible
Naviers-Stokes equations

Navier(1785-1836): Introduce the viscosity in the Euler
equation in 1823

Stokes (1819-1903): Modern form of the equation of
momentum conservation in 1845

∂u

∂t
+u.∇u︸ ︷︷ ︸

acceleration

= − 1

ρ
∇P︸ ︷︷ ︸

pressure forces

+ ν∇2u︸ ︷︷ ︸
viscous forces

+ f

∇.u = 0

The existence of solutions to these equations has not been demonstrated.
But approximate solutions can be obtained by numerical simulations
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Navier-Stokes equations

The pressure field is determined by the incompressibility condition:
Take the divergence of the Navier-Stokes equation:

∂

∂xi

{
∂ui

∂t
+u j

∂ui

∂x j
=− 1

ρ

∂p

∂xi
+ν ∂2ui

∂x j ∂x j

}
with ρ = cst and

∂ui

∂xi
= 0

One obtains a Poisson equation for the pressure:

∇2p =−ρ
∂u j

∂xi

∂ui

∂x j

Which has the following formal solution (if p = cst as r →∞):

p(x) = ρ

4π

∫
V

∂ui

∂y j

∂u j

∂yi
(y)

d3y

r
with r = x − y

all points y of the flow domain contribute to the pressure at a given point x:
Non-local relation between pressure and velocity

⇒ ∇P Non-local and non-linear

⇒ Naviers-Stokes equations are an intégro-différential system.
10 / 99



Reynolds Number

The Reynolds number characterizes the importance of inertial effects compared
to viscous effect:

Re = O(u.∇u)

O(ν∆u)
= U ′L

ν
�This lecture: fully develop incompressible turbulence: M a ≪ 1 et Re ≫ 1

At large Reynolds number, turbulent flows present large fluctuations and
display complex structures

0 500 1000 1500 2000
y/η

0

500

1000

1500

2000

z/
η

ux/u
′

2 0 2

Order of magnitude of the fluctuations?
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Turbulent Cascade
Energy, Injection, dissipation

Kinetic energy budget:
E = 1

2

∫
ρu2d3x :

dE

d t
= Pinj −Pdiss

B. Dubrulle
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FIGURE 2. Global energy budget for DNS A. The different terms of (2.2) are plotted as
a function of (non-dimensional) time: Pinj: blue continuous line; Pdiss: red dotted line; @tE:
black dotted line. The green dotted line is Pinj � Pdiss, which should coincide with @tE
in a stationary state. This is indeed the case for this DNS where both curves superpose
exactly.

This means that the conversion of work into heat is not instantaneous nor direct,
and takes place within the flow via a process that connects different parts of the
fluids. To unravel such a process, it is necessary to analyse velocity correlations
inside the fluids.

2.2. Velocity correlations and energy spectra

A classical statistical measure of spatial velocity correlations is the function
C(x, r, t) = hu(x, t)u(x + r, t)i, where h·i means statistical average. For any practical
application throughout this paper, we shall take advantage, whenever appropriate, of
statistical homogeneity, stationarity or isotropy to estimate it through spatial average
(hAix ⌘ hAi), time average (hAit ⌘ A) or an angle average over the scale direction
(hAi�).

If the turbulence is statistically homogeneous and stationary, C(x, r, t) depends
neither on space x nor on time t, and can be studied through its Fourier transform,
E(k)=

R
eik·r dr. If, further, the turbulence is isotropic, E(k) only depends on k = kkk

and defines the energy spectrum E(k)= Akd�1E(k), where A is a normalization factor
so that

R
E(k) dk = 0.5hu(x, t)u(x, t)i.

The energy spectrum corresponding to DNS A is shown in figure 3(a). It is
self-similar at small wavenumbers (large scales), with a power law approximately
equal to k�5/3 and exponentially decays at large wavenumbers (small scales).
The spectrum peaks at a wavenumber kf = 1/Lf corresponding to the forcing
scale Lf . The exponential decay starts around ⌘ = (⌫3/✏)1/4. This is actually the
only characteristic scale one can build using the fluid viscosity ⌫ and the mean
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DNS, Dubrulle JFM 2019
Ï Pinj = Work of a volume force
Energy is injected at scale H

Ï Pdiss =
∫

d3xρ
ν

2

∑
i , j

(
∂ui

∂x j
+
∂u j

∂xi

)2

︸ ︷︷ ︸
ε

�Dissipation is not taking place at the scale of injection
12 / 99



Kolmogorov theory
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Turbulent CascadeFirefox https://2021.help.altair.com/2021/hwsolvers/acusolve/topics/acusolve/tr...

1 sur 1 04/10/2023 11:27

Energy Injection

Energy dissipation

Energy 
transfert

ÏEnergy injection at ℓ= H

ÏEnergy cascade: Energy transfer
towards smaller and smaller scales

ÏEnergy dissipation at ℓ= η

�Dissipation does not depend on viscosity (confirmed experimentally!)

It is call; sometimes: anomalous dissipation remember ε= ν

2

∑
i , j

(
∂ui

∂x j
+
∂u j

∂xi

)2

When viscosity is modified, the depth of the cascade is altered → small scales
adapt to dissipate the energy injected on large scales
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Turbulent Cascade

Experimental test of the Anomalous dissipation (Oth Law of turbulence)

Experimental structure functions 659

View area

Top view

Camera

Camera

Laser sheet

Cylinder

FIGURE 1. (Colour online) Sketch of the apparatus. Velocity fields are observed in a
two-dimensional area on a laser sheet centred on the centre of the experiment (equal
distance from the impellers and on the axis of the cylindrical tank). Two cameras view
the observation area at angles approximately 45� from the laser sheet.

of 1.4 g cm�3 and size 10–30 µm, giving particle Kolmogorov scale Stokes number,
in order of increasing flow Reynolds numbers, of the order of 10�4–10�2, while the
settling parameter, i.e. ratio of Stokes to Froude number, is of the order of 10�3

or smaller. The particles are illuminated by a thin laser sheet (1 mm thick) in the
centre of the cylindrical tank (see figure 1 for a sketch). Two cameras, viewing at
an oblique angle from either side of the laser sheet, take successive snapshots of
the flow. The velocity field is then reconstructed across the quasi-two-dimensional
laser sheet using peak correlation performed over small interrogation windows. This
method provides measurements of three velocity components on a two-dimensional
grid. However, the limited width of the measured velocity field (due to finite camera
sensor size), coarse graining of the reconstruction methods and optical noise, usually
limit the range of accessible scales, making the determination of the power-law
regime ambiguous, thus limiting the accuracy of the measured scaling properties of
the structure functions. As we discuss in the present communication, these limitations
can be overcome by combining multi-scale imaging and a universality hypothesis. In
the original Kolmogorov self-similar theory (K41), for any r in the inertial range,
Sn(r) = Cn✏

n/3rn/3, where ✏ is the (global) average energy dissipation and Cn is
a n-dependent constant. In such a case, the function Sn(r)/(✏⌘)n/3 is a universal
function (a power law) of r/⌘, where ⌘ = (⌫3/✏)1/4 is the Kolmogorov scale and ⌫
is the liquid’s kinematic viscosity. Such a scaling is the only one compatible with
the hypothesis that r and ✏ are the only characteristic quantities in the inertial range.
Following Kolmogorov (1962), one can take into account possible breaking of the
global self-similarity by assuming that there exists an additional characteristic scale
`0 that matters in the inertial range, so that Sn(r) = Cn✏

n/3rn/3Fn(r/`0). If there exists
a range of scales where Fn(x) ⇠ x↵n , then one can write Sn(r) = Cn✏

n/3`
�(⇣n�n/3)
0 r⇣n ,

where ⇣n = n/3 + ↵n. In such a case, Gn(r) = Sn(r)/(✏⌘)n/3(`0/⌘)⇣n�n/3 is a universal
function (a power law) of r/⌘. Here, we use this to rescale our measurements taken
in the same geometry, but with different ✏ and ⌘. We may then collapse these in the
inertial range into a single (universal) structure function by considering Gn(r) as a
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Normalized dissipation 〈ε〉/L2Ω3 vs Re
Beyond K41

10-1
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FIGURE 14. Non-dimensional energy injection rate ✏/2L2⌦3 as a function of Reynolds
number Re in von Kármán flow using different fluids and different forcings in different
experiments. For Re > 104, the mean flow is bistable for the (�) forcing, and displays
two different topologies: (i) a symmetric one, noted (s), shown on the right-south of the
main figure; (ii) a non-symmetric one, noted (b) shown on the right-north of the main
figure. For a given (�) forcing, the energy injection rate is much higher if the flow is in
the (b) topology than in the (s) topology. The colour codes the various forcings and flow
topologies: red symbols: (+) forcing according to figure 1(c), with symmetric mean flow
topology; blue and green symbols: (�) forcing in respectively symmetric and bifurcated
mean flow topology. The symbols code the fluid: pentagons: mixture of water and glycerol,
at different concentrations; square: water; diamonds: liquid sodium; left-pointing arrows:
helium 4 at T = 2.3K. Right-pointing arrows: helium 4 at T = 2 K, i.e. in its superfluid
phase. The grey symbols are measurements performed in mixture of water and glycerol,
with impellers similar to the one shown in figure 1(c), except that they are fitted with
16 blades, instead of 8. The diamonds are unpublished data from the VKS experiment.
Courtesy VKS collaboration (M. Faure, N. Bonnefoy, S. Miralles, N. Plihon, J.-F. Pinton,
Ph. Odier, G. Verhille, M. Bourgoin, S. Fauve, F. Petrelis, M. Berhanu, N. Mordant,
B. Gallet, S. Aumaitre, F. Daviaud, A. Chiffaudel, R. Monchaux, P. Gutierrez). The arrows
are obtained from data from the SHREK experiment, with special help from B. Rousset.
Adapted from Saint-Michel PhD thesis (Saint-Michel 2013).

the Re = 1 limit as proved by recent experiments using super-fluid helium 4 at
low temperature (Saint-Michel et al. 2014). The behaviour described in (4.8) is
well known in the turbulence community and is one of the most robust laws in
turbulence. It is sometimes referred to as the zeroth law of turbulence. It is however
a rather puzzling law: in the cascade picture, all injected energy is dissipated into
heat, i.e. into entropy. Production of entropy is natural in a dissipative system, and
is the signature of the breaking of the time-reversal symmetry – in the language of
statistical physics, we would call it an order parameter of the time-reversal symmetry.

867 P1-21

9D
D#

C

��

5"
: "

%8
��

� 
��

�

��7

 
 �

��
� 

��
,

"*
!�

"2
5�

5�
7%

" 
�9

DD
#C


��
*

*
*

 4
2 

�%
:5

8�
 "

%8
�4

"%
� 

��!
CD

:D(
D�.

2D
:"

!2
��/

"�
+D

�4
9!

:$
(�

�5
��

1"
(�

"(
C�

��"
!�

��
�0

�#
��

��
��

2D
��

�

��


	
��

�C
(�

��
4D

�D"
�D9

��
�2

 
�%

:5
8�

��
"%

��
D�

% 
C�

"7
�(

C�
��2

)2
:�2

��
��

2D
�9

DD
#C


��
*

*
*

 4
2 

�%
:5

8�
 "

%8
�4

"%
��

D�
% 

C 

Dubrulle JFM 2019, Saint-Michel 2013

Average power (energy injection or energy dissipation) is independent of the
viscosity
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Turbulent Cascade
Kolmogorov laws

In 1941 Kolmogorov proposed an estimate of the intensity of motion at a given
size ℓ and for the dissipative scale η.

622 Chapitre 11 : Turbulence

FIG. 11.3 - Principe de la cascade de Kolmogorov de transfert d'energie
des plus grands vers les petits tourbillons. Soulignons que I'echelle verticale
est definie dans ce schema dans I'espace des vecteurs d'onde. En fait, il
n'existe pas de separation entre les differents tourbillons dans I'espace reel.
Les resultats recents illustres par les figures 11.16 remettent en cause cette
representation introduite par Richardson.

soit verifiee. Comme nous 1'avons vu au chapitre 7 (section 7.3.1), si on etire
un tube de vorticite de longueur L et de rayon R, la vorticite totale TT ui'R2

et le volume V = 7tR2L restent constants au cours de la deformation du
tube de vorticite. L'energie cinetique de rotation du tube, qui est de 1'ordre
de pVR2u'2, est en revanche proportionnelle a 1/R2 et, par suite, a L : le
tourbillon gagne done de 1'energie lors de 1'etirement.

Faisons maintenant I'hypothese supplementaire que les tourbillons d'une
taille donnee ne regoivent d'energie que de ceux de taille immediatement
superieure, et qu'ils ne la restituent qu'a ceux de taille juste inferieure.
Raisonnons maintenant dans I'espace des vecteurs d'onde k, et supposons -
comme nous 1'avons deja fait plus haut - que les composantes v\ k decroissent
quand k augmente, tandis que les derivees dv\ ^/dxj croissent. L'etirement
des tubes de vorticite correspondant a une composante de vecteur d'onde k du
champ de vitesse turbulent est du aux gradients de vitesse d(^ ^)/dxj crees
par les composantes k' < k (les composantes de vecteur d'onde plus grand
donnent un effet moyen nul sur 1'ensemble du tourbillon). Les composantes
qui donnent les plus fortes valeurs de d(v'ik)/dxj et qui sont done les plus
efficaces, correspondent aux vecteurs d'onde immediatement inferieurs a k .

Precisons cependant avant de poursuivre ce qu'il faut entendre par « taille
immediatement superieure ou inferieure » : des raisonnements comme celui
que nous venons de presenter classent implicitement les tourbillons sur une
echelle logarithmique, seule adaptee pour decrire les variations de tailles de
tourbillons de plusieurs ordres de grandeur presentes dans une turbulence

Andreï Kolmogorov

(1903-1987)
ÏThe intensity of motion at ℓ scale must be defined as a variation in velocity
over distance ℓ. (No effect of global advection velocity on flow evolution,
Galilean invariance).

ÏWe consider scales much smaller than H ⇒ quasi-homogeneity: the
statistical properties of the velocity field are invariant by translation.

Ï Ecin et Pdiss are extensive quantites → better to consider the energy density
and dissipation density (i.e per unit of mass)

〈ϵ〉 = ν

2
〈∑

i , j

(
∂ui

∂x j
+
∂u j

∂xi

)2

〉 [ε] = L2T−3 =W /kg

ÏFor stationary conditions: 〈ϵ〉 = injection rate= transfer rate= dissipation rate
16 / 99



Turbulent cascade
Kolmogorov law

622 Chapitre 11 : Turbulence
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est definie dans ce schema dans I'espace des vecteurs d'onde. En fait, il
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et le volume V = 7tR2L restent constants au cours de la deformation du
tube de vorticite. L'energie cinetique de rotation du tube, qui est de 1'ordre
de pVR2u'2, est en revanche proportionnelle a 1/R2 et, par suite, a L : le
tourbillon gagne done de 1'energie lors de 1'etirement.

Faisons maintenant I'hypothese supplementaire que les tourbillons d'une
taille donnee ne regoivent d'energie que de ceux de taille immediatement
superieure, et qu'ils ne la restituent qu'a ceux de taille juste inferieure.
Raisonnons maintenant dans I'espace des vecteurs d'onde k, et supposons -
comme nous 1'avons deja fait plus haut - que les composantes v\ k decroissent
quand k augmente, tandis que les derivees dv\ ^/dxj croissent. L'etirement
des tubes de vorticite correspondant a une composante de vecteur d'onde k du
champ de vitesse turbulent est du aux gradients de vitesse d(^ ^)/dxj crees
par les composantes k' < k (les composantes de vecteur d'onde plus grand
donnent un effet moyen nul sur 1'ensemble du tourbillon). Les composantes
qui donnent les plus fortes valeurs de d(v'ik)/dxj et qui sont done les plus
efficaces, correspondent aux vecteurs d'onde immediatement inferieurs a k .

Precisons cependant avant de poursuivre ce qu'il faut entendre par « taille
immediatement superieure ou inferieure » : des raisonnements comme celui
que nous venons de presenter classent implicitement les tourbillons sur une
echelle logarithmique, seule adaptee pour decrire les variations de tailles de
tourbillons de plusieurs ordres de grandeur presentes dans une turbulence

Andreï Kolmogorov

(1903-1987)
Ï The kinetic energy of the eddies of size ℓ, δu2

ℓ, is transferred to smaller
and smaller structures.

Ï The kinetic energy transfer rate ε(ℓ) along the cascade is constant.

εℓ =
δu2

ℓ

τℓ
=
δu3

ℓ

ℓ
= cst= 〈ε〉 ∀ℓ

The characteristic velocity only depends on 〈ε〉 and ℓ

δuℓ = (〈ε〉ℓ)1/3

ÏNo characteristic scale (power law) → self similarity of the flow
With these hypothesis, the flow depends on H only through 〈ε〉
→ Looking at a given scale, one cannot distinguish two turbulent flows with
the same 〈ε〉 but different H . 17 / 99



Scale invariance

Scale invariance = system unchanged (i.e. invariant) when considering it at
different scales

Scale-invariant object f (x) must satisfy the condition:

f (λx) =λα f (x)

f (x) is an homogenous function like f (x) = c xα

Scale-invariant object have no characteristic scale.
E.g. "fractal dimension"

�Physically their is always a cut-off a very large/small scales
18 / 99



Scale invariance

https://demonstrations.wolfram.com/BoxCountingTheDimensionOfCoastlines/
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Turbulent cascade
Kolmogorov law622 Chapitre 11 : Turbulence

FIG. 11.3 - Principe de la cascade de Kolmogorov de transfert d'energie
des plus grands vers les petits tourbillons. Soulignons que I'echelle verticale
est definie dans ce schema dans I'espace des vecteurs d'onde. En fait, il
n'existe pas de separation entre les differents tourbillons dans I'espace reel.
Les resultats recents illustres par les figures 11.16 remettent en cause cette
representation introduite par Richardson.

soit verifiee. Comme nous 1'avons vu au chapitre 7 (section 7.3.1), si on etire
un tube de vorticite de longueur L et de rayon R, la vorticite totale TT ui'R2

et le volume V = 7tR2L restent constants au cours de la deformation du
tube de vorticite. L'energie cinetique de rotation du tube, qui est de 1'ordre
de pVR2u'2, est en revanche proportionnelle a 1/R2 et, par suite, a L : le
tourbillon gagne done de 1'energie lors de 1'etirement.

Faisons maintenant I'hypothese supplementaire que les tourbillons d'une
taille donnee ne regoivent d'energie que de ceux de taille immediatement
superieure, et qu'ils ne la restituent qu'a ceux de taille juste inferieure.
Raisonnons maintenant dans I'espace des vecteurs d'onde k, et supposons -
comme nous 1'avons deja fait plus haut - que les composantes v\ k decroissent
quand k augmente, tandis que les derivees dv\ ^/dxj croissent. L'etirement
des tubes de vorticite correspondant a une composante de vecteur d'onde k du
champ de vitesse turbulent est du aux gradients de vitesse d(^ ^)/dxj crees
par les composantes k' < k (les composantes de vecteur d'onde plus grand
donnent un effet moyen nul sur 1'ensemble du tourbillon). Les composantes
qui donnent les plus fortes valeurs de d(v'ik)/dxj et qui sont done les plus
efficaces, correspondent aux vecteurs d'onde immediatement inferieurs a k .

Precisons cependant avant de poursuivre ce qu'il faut entendre par « taille
immediatement superieure ou inferieure » : des raisonnements comme celui
que nous venons de presenter classent implicitement les tourbillons sur une
echelle logarithmique, seule adaptee pour decrire les variations de tailles de
tourbillons de plusieurs ordres de grandeur presentes dans une turbulence

What is the size of the smallest structures of a
turbulent flow?
At sufficiently small scales, the viscosity smooth the
velocity difference, and the energy transfer towards
smaller scales stops.

At the smallest scales, inertia and viscous effects are in balance:

Reη =
uηη

ν
= 1

⇒ one obtains the Kolmogorov dissipative scales:

η= 〈ε〉−1/4ν3/4 τη = 〈ε〉−1/2ν1/2

The Reynolds number (ReH = U H

ν
) is a measure of the scale separation:

H

η
∼ Re3/4

H
τH

τη
∼ Re1/2

H
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The Kolmogorov theory

Confirmed experimentally !

〈δr u2〉 ∼ (〈ε〉r )2/3 for η≪ r ≪ L

Gange & Hopfinger
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Example: turbulent Dispersion

Richardson’s problem
Consider the evolution of the distance between 2 particles in a turbulent flow
with an initial separation of ℓ0
With the Kolmogorov relation

dℓ

d t
= u(ℓ) = (〈ε〉ℓ)1/3

After integration:
ℓ2/3 −ℓ2/3

0 ∼ ε1/3t

Then we estimate that the diameter of a cloud of pollutant grows as
ℓ(t ) ∼ ε1/2t 3/2

Cassiani et al 2020
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Example: turbulent Dispersion

Richardson’s problem
test of the ℓ(t ) ∼ ε1/2t 3/2 relation

680 M. Bourgoin

(a) (c)

(b)

(d)

(e)

FIGURE 1. Qualitative illustration of the non-normal dispersion of a dense cluster of
particles as proposed in Richardson’s original 1926 article (Richardson 1926), from which
the figure is reproduced.

as in figure 1(e)’. This qualitative description by Richardson shows how turbulence
acts to super-diffusively separate particles initially packed in a small patch, in order
to create sufficiently large separations where the uncorrelated motion of turbulent
eddies eventually disperses particles at large scales.

Richardson gave an interpretation of turbulent super-diffusion in terms of a
non-Fickian process which could be locally modelled as a normal diffusion process,
but with a scale-dependent diffusion coefficient which depends on particle separation
D, according to the celebrated Richardson’s 4/3rd law: K(D) / D4/3. In addition,
Richardson showed that this non-Fickian diffusion resulted in a cubic super-diffusive
growth of the mean-square separation of pairs of particles according to the law
hD2i= g✏t3, where ✏ is the turbulent energy dissipation rate and g a universal constant
since known as the Richardson constant. In the framework of Kolmogorov 1941
phenomenology of turbulence (Kolmogorov 1941, hereafter referred as K41) the t3

dependency can be understood as a simple dimensional constraint. K41 states indeed
that for sufficiently large Reynolds number, the only relevant physical parameter for
the dynamics of turbulence at inertial scales is the average energy dissipation rate
per unit mass ✏ (with dimensions m2 s�3): D2 / ✏t3 is then the only dimensionally
consistent relation if initial separation is ignored.

Richardson’s work was later refined by Batchelor and Obukhov in the 1950s (see
Batchelor 1950), who pointed that while the loss of memory of initial separation is a
reasonable assumption for the long-term dispersion, initial separation must play a role
in the short term. They showed that the rate of separation of pairs of fluid elements
in turbulent flows with initial separation D0 at inertial scales (⌘ ⌧ D0 ⌧ L) must obey
the following scalings:

R2 = h(D � D0)
2i = S2(D0)t2 if t < t0 (1.1a)

R2 = h(D � D0)
2i = g✏t3 if t > t0 (1.1b)

with S2(r) = h|�ru|2i the full second-order Eulerian structure function of the velocity
field (with �ru the increment between two points separated by a vector r of the
Eulerian velocity field of the flow; note that homogeneity is assumed, so that velocity
increment only depends on the separation vector) and t0 a characteristic time scale
of the particles motion at scale D0. In the framework of K41, inertial scalings for

692 M. Bourgoin

2

3

10–2

10–2

10–4

10–6

10–110–3 100

100

101 102

102

104

106

108

103

Grossmann model

FIGURE 5. (Colour online) Growth of the mean-square separation (with the initial
separation subtracted) normalized by t0S2(D0) as a function of time normalized by t0.
The solid black line correspond to the exact same data as in figure 4 from the ballistic
model (with C = 7.7 and ↵ = 0.12), which with the present normalization collapses onto a
single curve, according to relation (3.1). The mid-grey line corresponds to the prediction
of the ballistic model with C = 7.7 and ↵ = 1. Coloured circles correspond to experimental
results for the mean-square pair separation in Bourgoin et al. (2006) for different initial
separations. Other symbols correspond to the mean-square separation for different initial
separations from the DNS by Bitane et al. (2012). Finally the light grey line shows
the prediction from Grossmann and Procaccia’s model (Grossmann & Procaccia 1984;
Grossmann 1990). Two important aspects to be noted are: (i) the limited temporal range of
experimental data, which does not allow to probe the transition between the initial ballistic
regime and the late Richardson cubic regime; and (ii) the remarkable agreement between
the ballistic model and the numerical simulations.

↵ ' 0.12, remains however optimal in terms of quantitative comparison with available
numerical data for the mean-square separation.

Figure 5 also reports the prediction for the mean-square separation of particle pairs
from an alternative model of turbulent relative dispersion, proposed by Grossmann &
Procaccia in 1984 (Grossmann & Procaccia 1984; Grossmann 1990). This model relies
on a mean field approach of Navier–Stokes equation and a phenomenological closure
assumption to predict the evolution of the mean-square separation of pairs of particles
(with initial separation within inertial scales of turbulence) as follows:

h(D � D0)
2i = (D4/3

0 + 2
3 C✏2/3t2)3/2 � D2

0 (3.2)

whose long time approximation asymptotically reaches a cubic Richardson regime
h(D � D0)

2i = g0✏t3 with g0 = ((2/3)C)3/2. Interestingly this model also proposes a
direct connection between the Richardson and the Kolmogorov constant C. However,
although the prediction given by (3.2) and shown in figure 5 captures correctly
the initial ballistic separation, it significantly anticipates the transition towards the

Bourgoin JFM 2016

23 / 99



Example: Limit velocity of a fall

An objet of size ℓ falls and reach a stationary velocity u
when the drag force balance the gravitational force.

Ï In the laminar case the drag force is proportional to the
viscosity: F ∼ νρℓu
We get: u ∼ mg /νρℓ

Ï In the turbulent case, the Kolmogorov law (ε∼ u3/ℓ)
indicates that the power is independent of the viscosity and
varies as the cube of the velocity. As the power is the
product of the force with the velocity, the force must
proportional to the square of the velocity F ∼ ρℓ2u2 and so
u ∼

√
mg /ρℓ2

ÏGive an estimate of the velocity of a parachutist (with
open/closed parachute) and compare with a laminar
estimation
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von Karman flow

ÏFlow driven by two counter-rotating disc at 20Hz

ÏDiameter: 10 cm

Ï 2kg of water

ÏEstimate the power and the Reynolds number

ÏTo increase the Reynolds number is it better to
multiply the rotation speed by 10 or use mercury?
(νH g = 0.1νH20 ; ρH g = 13.6ρH20)
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Refreshing on statistics
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Refreshing on statistics

Ï Average
Ï Moments variance, skewness, flatness
Ï central limit theorem
Ï Probability density function
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Refreshing on statistics

random processes
The ensemble average of quantity f is the average over an ensemble of
realizations of f(i ):

〈 f 〉(x, t ) = lim
N→∞

1

N

N∑
i

f(i )(x, t )

The fluctuation around the mean value is:

f ′(i ) = f(i ) −〈 f 〉

f(1)

f 0
(2)

f(2)

f 0
(1)

f

+�

��
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Refreshing on statistics

Some related definitions:
Ï Variance: σ2 = 〈 f ′2〉
Ï Standard deviation: σ=

√
〈 f ′2〉

Ï Correlation (or covariance) : R = 〈 f ′g ′〉

f(1) f(2)

f

f 0g0

f 0g0

f g
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Refreshing on statistics

Some properties:
Ï The average is a linear operator:

〈〈 f 〉〉 = 〈 f 〉 ⇒ 〈 f ′〉 = 0

〈α f 〉 =α 〈 f 〉
〈 f + g 〉 = 〈 f 〉+〈g 〉

Ï the averaging commutes with spatial and temporal derivatives:

∂〈 f 〉
∂x

= 〈∂ f

∂x
〉 ;

∂〈 f 〉
∂t

= 〈∂ f

∂t
〉

Ï average of a product :

〈 f g 〉 = 〈 f 〉〈g 〉+〈 f ′g ′〉
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Refreshing on statistics

A random variable, U , is characterized by its probability density function
• A random field, such as velocity, is far more complex than a random variable.
Ï Random variable U1, U2, U3

Ï Random function of time U (t )

Ï Random field of space and time U(x, t )

event
For a random variable, we define an
event, e.g.:
Ï A = {U < 1m/s}

Ï B = {U <Vb }

Ï C = {Va ≤U <Vb }

Probability
the probability of the event:

p = P (B) = P {U <Vb }

Here p describes the likelihood of the
event: 0 ≤ p ≤ 1
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Refreshing on statistics
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Statistic refreshing

ÏComposition of probability: AND

If two events are independent, the probability are muliplied

Independent: The results obtained for one event as no influence on the other.

Generally, for two independent events E1 and E2 combined by a logical
"AND" and describe by probability laws P1 and P2, we have

P (E1 AND E2) = P1(E1)P2(E2)

ÏComposition of probability: OR

If two events are mutually exclusive, the probability to obtain one event or the
other is the sum of the individual probabilities:

P (E1 OR E2) = P1(E1)+P2(E2)
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Statistic refreshing

Probability Density Function PDF
P (x < X < x +h) is the probability to obtain a result X between x and x +h.

Splitting the interval [x, x +h] in two, we can naturally write (with the "OR"
composition law):

P (x < X < x +h) = P (x < X < x +h/2)+P (x +h/2 < X < x +h)

Dividing the interval in N with N →∞ we get:

P (x < X < x +h) =
∫ x+h

x
pX (x)d x

taking an infinitly small intervall h = d x, we write:

P (x < X < x +d x) = pX (x)d x

The function pX (x) is the probability density of X .
(It is the probability per "unit of X ")
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Statistic refreshing

Probability Density Function PDF

40 3 The statistical description of turbulent flows

V

F(V )

P(C) = F(Vb ) − F(Va)

(a)

Va 0 Vb

1

f(V )(b)

VVb0Va

Fig. 3.4. Sketches of (a) the CDF of the random variable U showing the probability
of the event C ≡ {Va ≤ U < Vb}, and (b) the corresponding PDF. The shaded area in
(b) is the probability of C .

of the PDF over that interval:

P {Va ≤ U < Vb} = F(Vb) − F(Va)

=

∫ Vb

Va

f(V ) dV . (3.17)

Figure 3.4 provides a graphical interpretation of this equation.
For an infinitesimal interval, Eq. (3.17) becomes

P {V ≤ U < V + dV } = F(V + dV ) − F(V )

= f(V ) dV . (3.18)

Thus the PDF f(V ) is the probability per unit distance in the sample space
– hence the term ‘probability density function.’ The PDF f(V ) has the
dimensions of the inverse of U, whereas the CDF and the product f(V ) dV

Downloaded from Cambridge Books Online by IP 171.67.216.23 on Mon Jan 21 16:49:07 WET 2013.
http://dx.doi.org/10.1017/CBO9780511840531.005

Cambridge Books Online © Cambridge University Press, 2013

Properties
Ï pX (x) ≥ 0 ;
Ï pX (−∞) = pX (∞) = 0;

Ï
∫ ∞

−∞
pX (x)d x = 1 the PDF is normalized

Question:?
• What is the unit of pX ?
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Statistic refreshing
PDF and change of variable

Consider the change of variable Y = f (X )
What is the PDF of Y (assuming the pdf of X is known) ?

P (x < X < x +d x) = P ( f (x) < f (X ) < f (x +d x) (1)
PX (x)d x = PY (y)d y (2)

PY (y) = PX (x(y))(d y/d x)−1 (3)

• Example: "Log-normal" variable

X is a Gaussian variable:
PX (x) = 1√

2πσ2
exp(− (x −µ)2

2σ2
)

Get the PDF of a "Log-normal" variable
Y = exp X

PY (y) = 1

y
√

2πσ2
exp(− (ln(y)−µ)2

2σ2
)
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Refreshing on statistics
Distribution density function

Average and moments
Ï The average:

〈X 〉 =
∫ ∞

−∞
xpX (x)d x

(sum weighted by probability density)

Ï For a function of X : 〈Q(X )〉 =
∫ ∞

−∞
Q(x)pX (x)d x

the integral must converge!
Ï X and Q(X ) are random, but 〈X 〉 and 〈Q(X )〉 are not random

⇒〈〈X 〉〉 = 〈X 〉
Ï Fluctuations: X ′ = X −〈X 〉
Ï Variance: σ2

X = 〈X ′2〉 =
∫ ∞

−∞
(x −〈X 〉)2 PX (x)d x

Ï Standard deviation: σX =
√
σ2

X =
√

〈X ′2〉

Ï nth-order centered moment: 〈X ′n〉 =
∫ ∞

−∞
(x −〈X 〉)n pX (x)d x
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Refreshing on statistics
Distribution density function

Central limit theorem
The sum of a large number of independent random variables presents a
Gaussian distribution function

y =
N∑

i=1
xi

〈y〉 = N〈xi 〉 ; σ2
y = 〈y ′2〉 = N〈x′2

i 〉

And for N large : f (y) = 1√
2πσ2

exp

(
−

(
y −〈y〉)2

2σ2

)

10 5 0 5 10
(y y)/

0.0

0.1

0.2

0.3

0.4

pd
f
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(y y)/
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PDF of velocity fluctuations

In turbulent flow, if the volume for calculating statistics is important, ℓ≫ Li nt
(or the period is large), we can consider a juxtaposition of independent events.
⇒ velocity has a gaussian distribution

But the distribution of velocity increments δu∥ (⃗r ) for distances r < Li nt is not
Gaussian: correlation in the velocity field
⇒ the velocity field is not gaussian ⇒ Intermittency

Ishihara, 2007
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Statistical description
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Statistical description of the turbulence
Correlation functions

Turbulence can be statistically describe with the correlation functions:

Ri j ...(x1, t1; x2, t2; ...) = 〈ui (x1, t1) u j (x2, t2)...〉
The complete description of the turbulence requires the knowledge of all the
correlation functions

We also consider the structure function 〈δr un〉 = 〈(u(x + r )−u(x))n〉
(another kind of correlation function)
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Statistical description of the turbulence
Two-points Correlation

The simplest and most important is the two-points correlation
function
(Introduced by G. I. Taylor in 1935: beginning of the modern
statistical approach):

Ri j (x1,r ) = 〈u′
i (x1, t )u′

j (x1 +r︸ ︷︷ ︸
x2

, t )〉
Sir Geoffrey Ingram

Taylor

(1886-1975)
�It is related to the energy of flow carried by the "structures" of size r
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Two-points Correlation
Homogeneity

For statistically homogenous flows, the two-points correlation tensor only
depends on the r vector separating the two points:

Ri j (r ) = 〈ui (x , t )u j (x +r , t )〉
ÏHomogenous means invariance by translation in space

Ri j (x1, x2) =Ri j (x1 −x1, x2 −x1) =Ri j (0,r ) =Ri j (r )

=Ri j (x1 −x2, x2 −x2) =Ri j (−r ,0) =Ri j (−r )

Ri j (r ) =Ri j (−r ) is a pair function (and it is maximum at r = 0)

Ï�With homogeneity and Galilean invariance, we can consider
ui (x , t ) = u′

i (x , t ) in the definition of Ri j .
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Two-points Correlation
Incompressibility

The incompressibility condition of the flow (∇·u = 0) imposes that

∂Ri j (r )

∂r j
=
∂〈ui (x1, t )u j (x2, t )〉

∂r j

=
∂〈ui (x1, t )u j (x2, t )〉

∂x2, j

= 〈
∂ui (x1, t )u j (x2, t )

∂x2, j
〉

= 〈ui (x1, t )
∂u j (x2, t )

∂x2, j︸ ︷︷ ︸
=0

〉

= 0

and likewise
∂Ri j (r )

∂ri
= 0

ÏShow it also using definition of derivative
ÏPhysical interpretation ?
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Two-points Correlation
Isotropy

If, in addition, we assume statistical isotropy of the flow (i.e. any statistical
quantity looks the same if we change the orientation of the frame), the
two-point correlation tensor can be express in the following way:

Ri j (r ) = A(r )δi j +B(r )ri r j

ÏBecause of isotropy the only vector that can appear is r .

ÏThe two functions A and B only depends on the distance r = |r | between the
two points.

Ï�With isotropy we have : 〈u2
x 〉 = 〈u2

y 〉 = 〈u2
z 〉 =

2

3
K

We introduce the longitudinal and transversal correlation functions to
express A and B
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Two-points Correlation
Longitudinal and transversal correlation functions

ÏThe velocity vectors are parallel or perpendicular to the separation vector

x

y
z

R22(rx)

R22(rz)

R33(rx)

R33(ry)

R11(rz)

R11(ry)

R11(rx)

R33(rz)

R22(ry)

Longitudinal correlation function

Rxx (r ex ) = 〈u2
x 〉 f (r )

Transversal correlation function

Ry y (r ex ) = 〈u2
x 〉 g (r )

Show that B(r ) = 〈u2
x 〉 ( f (r )− g (r ))/r 2 and A(r ) = 〈u2

x 〉 g (r )
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Two-points Correlation
Isotropy

ÏWith isotropy we show that A(r ) = 〈u2
x 〉 ( f (r )− g (r ))/r 2 and B(r ) = 〈u2

x 〉 g (r )
giving:

Ri j (r ) = 〈u2
x 〉

(
( f (r )− g (r ))

ri r j

r 2
+ g (r )δi j

)
ÏAnd using the incompressibility condition we have (noting f ′ = d f /dr ):
g = f + r

2
f ′

⇒ When the flow is isotropic and incompressible the longitudinal correlation
function alone fully determine all the two-point correlation:

Ri j (r ) = 〈u2
x 〉

(
f (r )δi j +

r

2
f ′

(
δi j −

ri r j

r 2

))

ÏNote also that Ri i (r ) =Ri j (r )δi j = 〈u2
x 〉

(
3 f + r f ′

)
⇒ The longitudinal correlation function plays a key role in describing the
structure of turbulent flows
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The characteristic scales of turbulence
Integral scale

Ï At r = 0, the longitudinal correlation function:
f (0) = 1

Ï and forlarge enough r , ui (x) and ui (x +r )
becomes decorrelated:
f (r →∞) = 0

10
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)
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FIG. 8: The longitudinal velocity auto-correlation function
f(r), measured downstream from a vertical cylinder (on the
centerline of the wake). The integral scale

∫∞
0

f(r)dr is found

of the order of the diameter of the cylinder (D = 0.10 m). Ve-
locity fluctuations are recorded in time at a fixed position in
the flow by using a hot-wire anemometer (see Fig. 5). The
mean-flow velocity u is used to recast the temporal velocity
signal in the space domain, according to u(x, t+τ ) = u(x+r, t)
with r = −uτ . This transformation is known as the Tay-
lor’s hypothesis; it states that turbulence may be considered
as frozen for small time lags τ , provided that the mean-
flow velocity is large compared to the turbulent velocity:√

< (u − u)2 > / u ≪ 1 (this ratio is called the turbulent
rate).

10−3 10−2 10−1

10−3

10−2

10−1

100

<δ
 u

|| (r
)2 > 

/ 2
 <

u ||2 >

r [m]

λ : Taylor’s microscale

L : macroscale

FIG. 9: The macroscale and microscale of turbulent fluctua-
tions are well separated. From dimensional arguments, it can
be established that L/λ ∼ Rλ (turbulent Reynolds number).
Here, Rλ ≈ 180 (turbulent flow behind a vertical cylinder).

3. The turbulent Reynolds number

Here, the Reynolds’ decomposition is required to dis-
tinguish unambiguously the mean-flow velocity and the
turbulent velocity.

Turbulence is primarily a dissipative process, and, with
this respect, the behavior of the finest scales of motion is
essential. The definition of the Taylor’s microscale (48)
yields

ε̄ = 2ν|S′|2 ∼ ν

(
u′

λ

)2

, (49)

where u′ is the turbulent velocity scale (u′ ∼ k′1/2
).

On the other hand, ε̄ = −u′
iu

′
j Sij from Eq. (41). Typ-

ically, −u′
iu

′
j Sij ∼ u′2|S| and therefore |S| ∼ ν/λ2. The

local supremacy of the turbulent stress over the mean-
flow viscous stress then reads

Relocal ∼
−u′

iu
′
j Sij

ν|S|2 ∼
(

u′λ
ν

)2

. (50)

This naturally motivates the introduction of a local order
parameter for the turbulent agitation:

Rλ ≡ u′λ

ν
: the turbulent Reynolds number. (51)

Rλ is also called the Reynolds number based on the Tay-
lor’s microscale.

The fully developed turbulent regime is obtained for
high turbulent Reynolds numbers. One therefore obtains
as a criterion of (local) developed turbulence:

Rλ ∼

√
|S′|2

|S|
≫ 1, (52)

which indicates that the gradients of the fluctuating ve-
locity are very large compared to the mean-flow gradi-
ents.

It is important to emphasize on the fact that turbu-
lence properties are local in space (and time if the flow
is not stationary). For the Poiseuille’s flow in a pipe, the
turbulence in the vicinity of the wall, where the shear
(mean-flow gradient) is strong, is different in nature from
the turbulence far away from the wall, where the shear
is almost zero. In this flow, Rλ depends on the distance
to the wall.

The local Reynolds number Relocal ∼ R2
λ according

to Eq. (50). It has been previously established that
νturb./ν ∼ Relocal. The integral scale L may be viewed
as the mixing length of turbulence, and consequently,
νturb. ∼ u′L. It follows that

Relocal ∼ u′L
ν

∼ R2
λ. (53)

→ The progressive decorrelation of velocity results in a correlation scale.
Macroscale or longitudinal integral scale of the flow:

Li nt =
∫ ∞

0
f (r )dr

Ï Characteristic scale of the size of the largest turbulent structures in the
flow.

Ï Also scale of mean velocity field inhomogeneity.
Ï What about the transversal integral scale ?
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The characteristic scales of turbulence
Taylor micro scale

We defined a micro-scale from the development of f around
r = 0:

f (r ) = f (0)︸︷︷︸
=1

+ r
d f

dr

∣∣∣∣
r=0︸ ︷︷ ︸

= 0
homogéniété

f est pair

+ r 2

2

d2 f

dr 2

∣∣∣∣∣
r=0

+ . . .

Sir Geoffrey Ingram Taylor

(1886-1975)

Micro-échelle ou échelle de Taylor

✲

✻

x

✲ Ï f (r ) ≈ 1− 1

2

( r

λ

)2 +O(r 4)

with 1

λ2
=− f ′′

Ï The micro-scale λ is usefull to characterize
the intensity of velocity gradient

Ï what about the transversal micro scale ?
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The characteristic scales of turbulence
Taylor micro scale

The micro-scale λ is usefull to characterize the intensity of velocity gradient:

〈
(
∂ux

∂x

)2
〉 = 〈 lim

h→0

(ux (x +hex )−ux (x))2

h2
〉 = lim

r→0

2〈u2
x 〉

(
1− f (r )

)
r 2

= 〈u2
x 〉
λ2

And so one can estimate the (average) dissipation rate ε= 2νS′
i j S′

i j .

For a isotropic flow, we have: 〈ε〉 = 15ν〈
(
∂ux

∂x

)2
〉 and 3

2
〈u2

x 〉 = 〈K 〉, thus:

〈ε〉 = 10ν
〈K 〉
λ2

�Although λ characterize the dissipation in the flow, it does not represent a
group of turbulent structures for which dissipation is significant

�The smallest scale of turbulence is the dissipative Kolmogorov scale
η= (ν3/ε)1/4
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The characteristic scales of turbulence
Taylor micro scale

Details of the calculation:

Assuming isotropy 〈
(
∂ui

∂x j

)2

〉 = 3〈
(
∂ux

∂x

)2
〉+6〈

(
∂ux

∂y

)2
〉

〈
(
∂ux

∂x

)2
〉 = lim

h→0

2
(〈u2

x 〉−Rxx (hex )
)

h2
= lim

h→0

2〈u2
x 〉

(
1− f (h)

)
h2

and similarly 〈
(
∂ux

∂y

)2
〉 = lim

h→0

2〈u2
x 〉

(
1− g (h)

)
h2

We have g (r ) = f + r

2
f ′ and with the Taylor expansion f ′(0) =− r

λ2

combining all these gives 〈ε〉 = 15ν〈
(
∂ux

∂x

)2
〉 = 15ν

〈u2
x 〉
λ2
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The characteristic scales of turbulence
The taylor scale Reynolds number

We obtain a relationship between λ and Li nt from the simplified energy
balance (Pinj = Pdiss):
u′3

Li nt
∼ ν

(
u′
λ

)2

Li nt

λ
= u′λ

ν
= Reλ

=
(

u′Li nt

ν

)1/2

= Re1/2
l ocal

Reλ is a measure of the separation of scales
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Characteristic scales of turbulence
Velocity increments - Scale separation

Let’s introduce the velocity increments:

δux (r ) = δr u = ux (x , t )−ux (x + r ex , t )

Ï It describe the distribution of energy across scales.
ÏHomogeneity: the averaged velocity increment is zero
ÏVariance of the velocity increments is: 〈(δr u)2〉 = 2〈u2

x 〉
(
1− f

)
Ï 〈(δr u)2〉

2〈u2
x 〉

≈ 1

2

( r

λ

)2
pour r → 0

Ï 〈(δr u)2〉
2〈u2

x 〉
≈ 1 pour r ≥ L

Three ranges:
Ï Energy scales
Ï Inertial scales
Ï Dissipative scales
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FIG. 8: The longitudinal velocity auto-correlation function
f(r), measured downstream from a vertical cylinder (on the
centerline of the wake). The integral scale

∫∞
0

f(r)dr is found

of the order of the diameter of the cylinder (D = 0.10 m). Ve-
locity fluctuations are recorded in time at a fixed position in
the flow by using a hot-wire anemometer (see Fig. 5). The
mean-flow velocity u is used to recast the temporal velocity
signal in the space domain, according to u(x, t+τ ) = u(x+r, t)
with r = −uτ . This transformation is known as the Tay-
lor’s hypothesis; it states that turbulence may be considered
as frozen for small time lags τ , provided that the mean-
flow velocity is large compared to the turbulent velocity:√

< (u − u)2 > / u ≪ 1 (this ratio is called the turbulent
rate).
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λ : Taylor’s microscale
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FIG. 9: The macroscale and microscale of turbulent fluctua-
tions are well separated. From dimensional arguments, it can
be established that L/λ ∼ Rλ (turbulent Reynolds number).
Here, Rλ ≈ 180 (turbulent flow behind a vertical cylinder).

3. The turbulent Reynolds number

Here, the Reynolds’ decomposition is required to dis-
tinguish unambiguously the mean-flow velocity and the
turbulent velocity.

Turbulence is primarily a dissipative process, and, with
this respect, the behavior of the finest scales of motion is
essential. The definition of the Taylor’s microscale (48)
yields

ε̄ = 2ν|S′|2 ∼ ν

(
u′

λ

)2

, (49)

where u′ is the turbulent velocity scale (u′ ∼ k′1/2
).

On the other hand, ε̄ = −u′
iu

′
j Sij from Eq. (41). Typ-

ically, −u′
iu

′
j Sij ∼ u′2|S| and therefore |S| ∼ ν/λ2. The

local supremacy of the turbulent stress over the mean-
flow viscous stress then reads

Relocal ∼
−u′

iu
′
j Sij

ν|S|2 ∼
(

u′λ
ν

)2

. (50)

This naturally motivates the introduction of a local order
parameter for the turbulent agitation:

Rλ ≡ u′λ

ν
: the turbulent Reynolds number. (51)

Rλ is also called the Reynolds number based on the Tay-
lor’s microscale.

The fully developed turbulent regime is obtained for
high turbulent Reynolds numbers. One therefore obtains
as a criterion of (local) developed turbulence:

Rλ ∼

√
|S′|2

|S|
≫ 1, (52)

which indicates that the gradients of the fluctuating ve-
locity are very large compared to the mean-flow gradi-
ents.

It is important to emphasize on the fact that turbu-
lence properties are local in space (and time if the flow
is not stationary). For the Poiseuille’s flow in a pipe, the
turbulence in the vicinity of the wall, where the shear
(mean-flow gradient) is strong, is different in nature from
the turbulence far away from the wall, where the shear
is almost zero. In this flow, Rλ depends on the distance
to the wall.

The local Reynolds number Relocal ∼ R2
λ according

to Eq. (50). It has been previously established that
νturb./ν ∼ Relocal. The integral scale L may be viewed
as the mixing length of turbulence, and consequently,
νturb. ∼ u′L. It follows that

Relocal ∼ u′L
ν

∼ R2
λ. (53)
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The Kolmogorov theory1

〈δr u2〉 = f ct (r,ν,〈ε〉,L, . . .)

= (〈ε〉r )2/3Φ(r /L,r /η)
1st hypothesis = Local isotropy
For high enough Reynolds number, turbulence is universal
For r ≪ L: velocity increment statistics are independent of the specific forcing
mechanism ( lim

r /L→0
Φ(r /L,r /η) =φ(r /η))

〈δr u2〉 = (〈ε〉r )2/3 Φ(r /η)

2nd hypothesis = Inertial range
For r ≫ η: velocity increment statistics become independent of the viscosity

lim
r /η→∞

φ(r /η) = cst ⇒ complete similarity (Barenblatt)

〈δr u2〉 ∼ (〈ε〉r )2/3 η≪ r ≪ L

Ï the only parameter is the energy transfer rate → Energy cascade
Ï No characteristic scale (power law)

→ self similarity of the flow BUT . . .

1A. N. Kolmogorov. Dokl. Akad. Nauk SSSR, 434:9–13, 1941.
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The Kolmogorov theory

Confirmed experimentally !

〈δr u2〉 ∼ (〈ε〉r )2/3 for η≪ r ≪ L

Gange & Hopfinger
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The Kolmogorov theory
Velocity spectra

Confirmed experimentally !

Energy spectrum = energy density per
wavenumber
E(k) ∼ 〈δr u2〉/k with k ∼ 1/r

Universal energy spectrum E(k) at high
wavenumbers:

E(k) = 〈ε〉2/3k−5/3φ(kη)

Kolmogorov spectra2: inertial range (kη≫ 1)

E(k) =CK ε2/3 k−5/3

and CK ≈ 1.5

from Monin & Yaglom

2Actually proposed by Oboukov (1941) and independently by several other authors: Onsager (1945),
Heisenberg (1948), Orszag . . . )
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The Karman-Howarth equation and the 4/5 law

56 / 99



The Karman-Howarth equation

To be completed . . .
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The Kolmogorov theory
the "4/5 law": Skewness of the velocity increments

In addition to the previous relations, Kolmogorov established3 an exact
relation (Navier-Stokes equation + stat. homogeneity).

〈δr u3〉 =−4

5
〈ε〉r +5ν

d

dr
〈δr u2〉

(for details see Karman-Howard-Monin equation or Lin equation)

Energy transfer in the cascade
⇒ Skewness of the velocity increments

Physically: transfer from the large scales to the
smaller ones by stretching of vortices

388 R. Benzi  et al. / Physica D 80 (1995) 385-398 

homogeneous turbulence, and, according to an 
analysis by Monin-Yaglom [18], it is not neces- 
sarily to assume isotropy of the large scale 
motion in order to derive Eq. (1). The Kol- 
mogorov equation is the milestone to detect any 
inertial range in fully developed turbulence. 
Defining 7/= (v 3 / e )  1/4 as the Kolmogorov length, 
then for r>>r/ ,  S(r)= 4~r/5. Thus the simplest 
way to detect the existence of an inertial range in 
fully developed turbulence is to check that for 
large enough values of r (in any case smaller 
than the integral scale L) the third order struc- 
ture function is proportional to r. In our experi- 
ments, only case J clearly shows an inertial range 
according to our previous definition. In Fig. 1 we 
show the log-log plot of S(r) against r/rl for the 
experiments C6, C18 and J. 

Although it cannot be rigorously proved, it is 
generally assumed that F3(r ) shows a scaling law 
similar to S(r). This assumption is based on the 
same dimensional arguments leading to the Kol- 
mogorov theory in which AV noc r n/3. More pre- 
cisely, it is assumed that intermittency does not 
affect the scaling behaviour of F3(r ) - or. From a 
purely statistical point of view, the computation 
of S(r) is much more demanding than F3(r ). For 
this reason, it is worthwhile to understand 
whether the scaling of F 3 (r) is consistent with the 
phenomenological assumption previously de- 
scribed. In Fig. 2 we show the log-log plot of 
F3(r ) against S(r) for the different experiments. 
All the available data, with the exception of the 
large scale values (larger anyhow than the integr- 
al scale of motion), fall on a clear straight line 
whose slope is 1.006, i.e. very close to 1. This is 
a very important result because it clarifies, once 
and for all, that the scaling behaviour of F3(r ) 
and S(r) do not differ one from the other even at 
a very small Reynolds number. In the following 
we shall make an extensive use of this result in 
order to compute the self-scaling properties of 
the structure functions. We shall safely use F3(r ) 
instead of S(r) because no appreciable difference 
in the scaling behaviour has been detected. 

Finally we want to remark that Fig. 2 (where 

2 . 0  

m 0 . 0  

v - 2 . 0  

O 3  

o - 4 . 0 -  

- 5 . 0  

r r  . . . . . . .  I . . . . . . . . .  I t , , , , ,  I . . . . . . . . .  
2 .e  4 .0  

Log(~ /17)  
Fig. 1. Log-log plot of (AV(r) 3 ) against r/T1 for three 
different experiments referred to in the text, namely J 
(triangles), C18 (squares) and C6 (diamonds). The solid line 
corresponds to a slope equal to I. All logarithms are in base 
10. 

all the points of Fig. 1 with r < L  have been 
reported) tells us that the "dimensional" scaling 
of F3(r ) against S(r) is true not only in the 
inertial range, as expected by phenomenological 
considerations, but also in the dissipation range 
quite close to the Kolmogorov scale. This is the 
typical finding due to ESS as anticipated in the 
introduction. 

2 . @ ~ - -  

e.e 

m - 2 . 0  

v 

O 3  

o -4.0 
-6.9 / 
- 8 . 0  ~ . . . . .  i . . . . . . . . .  i . . . . . . . . .  i . . . . . . . . .  i . . . . . . . . .  f . . . . . . . . .  - 1 0 . 0 - 8 . 0 - 6 . 0 - 4 . 0 - 2 . 0  e.e 2.e 

Log I < A vs> I 
Fig. 2. Log-log plot of (l~v(0'l) against I(AV(r)3}I for the 
experiments J, C18 and C6 (same symbols as Fig. 1) and grid 
turbulence (stars). The solid line corresponds to a slope 
1.006. 

Benzi et al, Physica D, 1995

3A. N. Kolmogorov. Dokl. Akad. Nauk SSSR, 32:1, 1941.
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The Kolmogorov theory
higher moments ?

Generalization to higher moments
〈|δr u|p 〉 ∼ (〈ε〉r )p/3 η≪ r ≪ L

ÏEmpirical agreement for p = 2

ÏExact for p = 3 (the Karman-Howarth eq.)
ÏBut it fails for p > 3 : 〈|δr u|p 〉 behaves as power laws in the inertial range
but with exponents the deviate from p/3

Structure function of order p vs r

Sp = 〈|δr u|p 〉

Mauer et al. 1994

Exponent of the structure function vs p

〈|δr u|p 〉 = v
p
0 (r /ℓ0)ζp

Frisch 1995
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Intermittency
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The Kolmogorov theory
higher moments ?

If the generalization works 〈|δr u|p 〉 ∼ (〈ε〉r )p/3 η≪ r ≪ L
it would imply gaussian distribution for δr u with variance: σ2 ∼ (〈ε〉r )2/3

(NB: for gaussian variables: 〈xp 〉 =σp (p −1)!!)

But the velocity fields is not gaussian: Skewness + Intermittency

PDF of velocity incrementsVelocity structure functions in turbulent shear jlows 69 

A 
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A A  
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a 

FIQURE 1. Probability density functions in the axisymmetric jet at  Rh = 536 of u and Au 
normalized by their respective standard deviations, a = Au/<Au)z)i: A, r = 0.6 mm = 3.57; V, 
7.7 mm; d, 17.2 mm. A, a = u/(uz)i. 

function with tails extending to large amplitudes of the signal. They considered 
specifically three possible sources of error, which will be discussed in detail below : 
the dynamic range of the instrumentation, the resolution of the analog-to-digital 
converter and the sampling time. I n  addition, instrumental errors associated with 
calibration of the hot wire and linearization of the hot-wire response also affect the 
accuracy of the moments. Repeated calibration showed that the hot-wire response 
could be represented by a power law to f 1 yo accuracy (relative to  the operation 
point) for the extreme excursions in velocity. The associated error on the moments 
was estimated to be about k 20 yo for the moment of order 12, when it  is normalized 
by the corresponding power of the standard deviation of the function considered, 
calculated from the same data set. The error is of course not linear in the order of 
the moment. It is reduced to about f 7  yo for sixth-order moments and increases 
rapidly for moments higher than 12. I n  the jet these high-order moments are however 
also affected by the erroneous response of the hot wire when the instantaneous 
velocity becomes nearly zero or negative as a result of large negative excursions in 
velocity. 

The dynamic range of the instrumentation is not a cause for concern in the present 
experiment since the hot-wire signal was not recorded in analogue form; it was 
digitized directly using a 14 bit + sign AID converter (range k 5.12 V). The dynamic 
half-range of the converter is about 84 dB (=  16384). The maximum number m of 
standard deviations of A u  that could be recorded in the inertial range was of the order 
of 30. This should be more than sufficient to  enable an accurate estimate of the highest- 
order moment considered here. The time required to  obtain reliable data will be 
considered in $3.2, while our ability to  determine the tails of the probability density 
function is considered in $3.1. 
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The Kolmogorov theory
higher moments ?

If the generalization works 〈|δr u|p 〉 ∼ (〈ε〉r )p/3 η≪ r ≪ L
it would imply gaussian distribution for δr u with variance: σ2 ∼ (〈ε〉r )2/3

(NB: for gaussian variables: 〈xp 〉 =σp (p −1)!!)

But the velocity fields is not gaussian: Skewness + Intermittency

PDF of velocity increments
452 R. M. Pereira, L. Moriconi and L. Chevillard
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FIGURE 5. (Colour online) (a) PDFs of diagonal elements A11 in logarithm scale
renormalized to unity variance and arbitrarily vertically shifted for clarity. Spanned
log(⌧⌘/T) values range from �1.33 to �5.67 with increments of �1/3 (from lighter to
darker). (b) Similar study for the off-diagonal elements A12. (c) Skewness and (d) flatness
of both diagonal (E) and off-diagonal (p) components. Predicted power laws (5.9) and
(5.10) are shown (dotted curves) for comparison.

which is very close to the prediction of the multifractal formalism (see for instance
Frisch 1995; Chevillard et al. 2012). It is worth noting that in figure 5(c) the power
law (5.9) has been fitted beforehand on a log–log plot in order to fix the suitable
multiplicative constant (not shown).

In the same spirit, we pursue the quantification of the level of intermittency
through an estimate of the velocity gradient flatness, i.e. E[A4

ij]/(E[A2
ij])

2, again for
both diagonal and off-diagonal elements of A. The resulting behaviours are shown in
figure 5(d). It is evident that the depicted flatnesses exceed the Gaussian value 3. We
superimpose in this representation (dotted lines) the power law observed in numerical
and experimental flows (Ishihara et al. 2007):

E[A4
11]

(E[A2
11])

2
/

✓
T
⌧⌘

◆0.34

, (5.10)

which is also very close to what is predicted by the multifractal formalism (Frisch
1995; Chevillard et al. 2012). For our simulated process (3.17), the power law (5.10)
seems to be representative of the statistics only for the smallest values of ⌧⌘/T tested.

We emphasize that these numerically observed results for the velocity gradients’
higher-order moments illustrate the self-consistency of the present approach, once
its single free parameter µl is given. Indeed, the power-law exponents as given
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Fractals and multifractals
The β model

We can explain the deviation from the dimensional analysis:
ÏSuppose the volume fraction φl of "active" eddies of size
ℓ decreases as a power of ℓ:

φl =βn =βln(ℓ/ℓ0)/ lnλ =
(
ℓ

ℓ0

)3−D

with 3−D = lnβ/lnλ
ÏWe keep the cascade picture ( with τl = ℓ/vl )

εℓ ∼
EL

τl
= ε∼ v3

0

ℓ0
ÏBut only contribution from "active" eddies to the energy Eℓ

Eℓ = v2
ℓφℓ = v2

ℓ

(
ℓ

ℓ0

)3−D

⇒ vℓ = v0

(
ℓ

ℓ0

)h
; h = 1/3− (3−D)/3

ÏTwo contributions for the estimation of the structure function 〈δr up 〉:

〈δr up 〉 ∼ v
p
ℓ
φℓ = v

p
0

(
ℓ

ℓ0

)ph (
ℓ

ℓ0

)3−D
= v

p
0

(
ℓ

ℓ0

)ζp

with ζp = ph −3−D = p/3+ (3−D)(1−p/3) It is a linear function of p 62 / 99



Fractals and multifractals
The β model (continue)

ÏFor p = 3: ζ3 = 1 because it is based on the cascade
picture (consistent with the 4/5 law)

ÏFor p = 2: ζ2 = 2/3+ (3−D)/3

For the energy spectra with wavenumber k = 1/ℓ:

E(k) = 〈δr u2〉
k

= ℓ0v2
0(kℓ0)−5/3+(3−D)/3

Ï D is the dimension of the intermittency cascade: The velocity fields has a
scaling exponent h on a set of structures of Dimension D
�The dimension D need not be integer: fractal dimension
h and D are related h = 1/3+ (3−D)/3

• for D = 3 we have the K41 theory

• Comparison with data for p < 8 gives D = 2.8; for larger p it fails
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Fractals and multifractals
The bi-fractal model

ÏNow consider 2 sets of structures with dimensions D1 and D2 and the
associated scaling exponents h1 and h2:
ÏThe structure functions is given by the superposition of 2 power laws:

〈δr up 〉
v

p
0

=µ1

(
ℓ

ℓ0

)ph1
(
ℓ

ℓ0

)3−D1

+µ2

(
ℓ

ℓ0

)ph2
(
ℓ

ℓ0

)3−D2

ÏThe power law with the smallest exponent dominates (ℓ/ℓ0 < 1)

〈δr up 〉
v

p
0

∼
(
ℓ

ℓ0

)ζp

; ζp = min(ph1 +3−D1 , ph2 +3−D2)

Depending on p either the strucutres of set 1 or set 2 dominate.
Here by construction they cross for p = 3

Frisch 1995 64 / 99



Fractals and multifractals
The multi-fractal model4

ÏK41 assume a global scale invariance and obtain a scaling exponent p/3 for
the structure functions

ÏHere consider a weakear form: "local scale-invariance"
In the multi-fractal formalism we consider and infinity of scaling exponent (vs 2
in the bi-fractal model)
A range of scaling exponent h is possible. For each h there is a fractal set with
h dependent dimension D(h) near which the velocity field scale with h.

〈δr up 〉
v

p
0

=
∫

I
dµ(h)

(
ℓ

ℓ0

)ph+3−D(h)

• the sum of the bi-fratal model is replace by an integral over the range of
scaling exponent
• dµ is the measure that gives the weight of the various exponents (not
relevant)
• the factor (ℓ/ℓ0)ph is the contribution from δℓv

• the factor (ℓ/ℓ0)3−D(h) is the proba. to be in the (fractal) set of dimension
D(h)

4Parisi & Firsch (1985)
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Fractals and multifractals
The multi-fractal model5(continue)

Ï for ℓ≪ ℓ0 the power law with the smallest exponent dominates

ζp = inf
h

[
ph +3−D(h)

]
(NB: Legendre transform between ζp and D(h))

⇒ 〈δr up 〉
v

p
0

=
(
ℓ

ℓ0

)ζp

5Parisi & Firsch (1985))
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Intermittency

The dissipation rate presents very large fluctuations and is heterogeneous
(famous Landau’s remark6)
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⇒ Long correlation, dependence of the forcing?
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Intermittency

The dissipation rate presents very large fluctuations and is heterogeneous
(famous Landau’s remark6)

Although vortex is mainly found in turbulent flows in the
form of vortex tubes or “worms” and, sometimes, vortex
sheets, the assumption of simple vortex lines will be main-
tained in the following for the sake of simplicity. However, a
vortex sheet can be considered as a set of vortex lines in the
same way as a material surface can be considered as a set of
material lines. Indeed this is what a visualization by a line of
hydrogen bubbles !cf. Fig. 3 and "21#$ suggests: each mate-
rial line seems compelled to self-avoidance. Although some
material lines are stretched in these experiments, a clear anal-
ogy with vortex tubes can be made since the latter can be
considered as materially linked to the fluid "16# !moreover,
hydrogen bubbles have a tendency to migrate toward the
low-pressure center of vortices$. It should also be noted that
since vortex lines are infinitesimally thin, they cannot stricto
sensu be submitted to stretching and only vortex tubes can be
stretched !cf. "17#$. So, let us look at the ways a vortex tube
or line can fold itself under the combined constraint of ef-
fective stretching and self-avoidance. Leaving aside the dy-
namics aspect !7$ of vortex line folding, it is clear that, using
Eq. !9$ and considering Fig. 2, the kinematics aspects can be
fully translated into the world of linear polymer growth or
equivalently of self-avoiding walks. In fact a linear polymer
chain of N monomers is an archetype of self-avoiding walks.
It is a random walk on a lattice where each direction is cho-
sen randomly at each step but with the constraint that it
cannot trespass where it has already passed. Figure 4 gives a
sample picture of a bidimensional self-avoiding walk or 2D
SAW on a square lattice !which will be used for the sake of
simplicity although the overall picture is three dimensional$.

According to Flory’s pioneering work in polymer physics
!see De Gennes "22#, for instance$, some scaling properties
concerning the equivalent radius of a polymer chain of N
monomers can be established. Let NN!r$ be the number of
chains of N monomers of equal size a going from the origin
to point r. Let

pN!r$ =
NN!r$

%
r

NN!r$
!10$

be the probability distribution of chain of length N and let the
gyration radius be defined by

R =&'
0

!

r2pN!r$dr(1/2

. !11$

Then it is known that

R ) aN", !12$

where " is a universal scaling exponent, called Flory’s expo-
nent, whose value is appreciatively 3/5 !0.588 according to
numerical simulations; cf. Sokal "23#$ in a three-dimensional
space. For the sake of simplicity we will consider that a=1
from now on. The question which still has to be answered is
how the flow maps a piece of vortex tube into a self-avoiding
walk similar to that of Fig. 4.

C. Self-avoiding walk and Lévy stable stretching

Actually the answer could be quite straightforward,
namely, that the vortex may be strained and bent so as to
map onto the self-avoiding walk. But unlike Fig. 4 where
each step is equally sized, there is no a priori reason that the
average step size or standard deviation thereof shall be de-
fined and finite. We shall however use the hypothesis that the
average step size is defined and finite !but not necessarily its
standard deviation$ and we will consider that the actual num-
ber of steps is related to the number of bending events. If we
accept the hypothesis that each bending event is associated
with a stretching event and considering the Hencky strain
H=ln L, the latter can be considered to be a good approxi-
mation to the number of steps, i.e., N*H. Since the average
deviation of the size of steps may eventually not be defined,
let us define # as the greatest number, so that

'
0

!

r#p1!r$dr $ ! . !13$

Then the following definition:

FIG. 3. Wrinkling of a fluid surface in isotropic turbulence "21#.
Here, material lines are stretched, but a clear analogy with vortex
tubes can be made since they can be considered as materially linked
to the fluid "16# !reprinted with permission of the author, Michael
Karweit from Johns Hopkins University$.

!1

"2

B

B1

B2

"1=!2

FIG. 4. Example of a bidimensional self-avoiding walk and its
decomposition into two subwalks.

SIMPLE MODEL FOR TURBULENCE INTERMITTENCIES … PHYSICAL REVIEW E 81, 056315 !2010$

056315-3

M. Van Dyke, An Album of Fluid Motion

⇒ Long correlation, dependence of the forcing?
⇒ No Universality?
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Refined Kolmogorov hypothesis8

〈ε〉 is not the appropriate scale ⇒ Instead define a local scale for ε:

εℓ(x) = 3

4πℓ3

∫
|h|<ℓ

ε(x+h)dh

(it is a coarse graining procedure)
⇒ Local velocity scales: vℓ = (εℓℓ)1/3 ; Reℓ = vℓℓ/ν
�Energy transfer vs local average of ε: local imbalance, energy flux, positivity7

ÏLocal similarity hypothesis: δℓu

vℓ
presents a universal distribution: only

dependent on Reℓ, not ℓ

ÏFor the moments conditioned on the "local" value of εℓ it gives:

〈δℓup |εℓ〉 = (ℓεℓ)p/3φp (Reℓ)

ÏFor Reℓ≫ 1 assuming lim
Reℓ→∞φp (Reℓ) = Dp (inertial range), we have:

〈δℓup 〉 = Dpℓ
p/3〈εp/3

ℓ
〉

What is the distribution of εℓ ? Is it universal ? �〈εp/3
ℓ

〉 ̸= 〈εℓ〉p/3

7see Kraichnan JFM 1974 & Castaing et al. Physica D 1990
8A. N. Kolmogorov JFM 1962 & Oboukhov JFM 1962
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Multiplicative cascades

Energy cascade is naturally associated with multiplicative processes
Locally space-averaged dissipation over a volume of
size ℓ= ℓ0λ

n :

εn = ε0
ε1

ε0
. . .

εn

εn−1
= ε0

n∏
i=1

ξi

ÏMultiplication of many random numbers leads to very large fluctuations
ÏScale invariance: → ξi = εi /εi−1 are independent and identically distributed
random numbers (⇒ ξi > 0)

〈εp
n 〉 = 〈εp

0 ξ
p
1 ξ

p
2 . . .ξ

p
n 〉

= ε
p
0 〈ξ

p
1 〉〈ξ

p
2 〉 . . .〈ξp

n 〉
= ε

p
0 〈ξp 〉n

= ε
p
0 exp(n ln〈ξp 〉)

= ε
p
0

(
ℓ

ℓ0

)αp

; αp = ln〈ξp 〉/lnλ

�ε0 = 〈ε〉 ⇒ 〈ξi 〉 = 1
(but cascade may be non conservative if the 8 values of εℓ/2 are not related to
εℓ)

69 / 99



Multiplicative cascades
Black & white model9

In this simple model ξi can only take two values:

ξi =
{

1/β with proba. β

0 with proba. 1−β
ÏFor the moments: 〈ξp 〉 =β(1/β)p =β1−p

Ï it gives for the moments of the dissipation: 〈εp 〉 = 〈ε〉
(
ℓ

ℓ0

)αp

with αp = ln〈ξp 〉/lnλ= (1−p) lnβ/lnλ

〈δℓup 〉 ∼ ℓp/3〈εp/3
ℓ

〉 = v
p
0

(
ℓ

ℓ0

)p/3+αp/3

That gives the same behaviors as the β-model (with lnβ/lnλ= 3−D)

ÏRandom cascade models present multifractal scaling.

9Novikov & Stewart (1964)
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Multiplicative cascade
The log-normal model

Returning to:

εn = ε0

n∏
i=1

ξi → lnεn /ε0 =
n∑

i=1
lnξi

Ï from the the central limit theorem the distribution of lnεn /ε0 =
n∑

i=1
lnξi

tends to the normal distribution as n →∞
Ï⇒ εn presents a log-normal distribution

Pεn (x) =L N (x;µn ,σ2
n ) = 1

x

1√
2πσ2

n

exp

[
−1

2

(ln x −µn )2

σ2
n

]
with parameters µn = n〈lnξ〉
and σ2

n = n(〈ln2 ξ〉−〈lnξ〉2)

ÏMoments of a log-normal variables: 〈xp 〉 = exp
(
pµn +p2σ2

n /2
)

ÏThis imposes µn =−σ2
n /2 to have 〈εn〉 = 〈ε0〉

Ïwith n = ln(ℓ/ℓ0)/ lnλ we rewrite the parameter σ2
n as:

σ2
n = 〈ln2 ξ〉−〈lnξ〉2

lnλ︸ ︷︷ ︸
9k

ln(ℓ/ℓ0) = 9k ln(ℓ/ℓ0)
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Multiplicative cascade
The log-normal model (continue)

If we consider the limit ℓ→ η.

(�L/η= Re3/4
L ∼ Re3/8

λ
)

We have the log-normal model for the local
dissipation rate ε with parameters:
µ=−σ2/2
σ2 = A+B lnReλ ≈ 0.7+3/9lnReλ
(KO 62 & Yeung et al. 2006)
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Multiplicative cascade
The log-normal model (continue)

Ï from the moment of the log normal distribution:

〈εp
ℓ
〉 = 〈ε〉p exp(p(p −1)σ2

n /2) = 〈ε〉p
(
ℓ

ℓ0

)αp

with αp = 9

2
kp(p −1)

The log-normality of ε implies for the structure function:

〈δℓup 〉 = Dp (ℓ〈ε〉)p/3(ℓ/L)αp/3

= v
p
0 (ℓ/L)p/3+αp/3

Ïαp/3 = 1/2kp(p −3) is call the anomalous exponent (not predicted by
dimensional analysis)

Ï It characterizes the absence of scale separation:

→ Influence of the large scales on the small ones through the intermittency
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The Kolmogorov theory
Intermittency: Experimental support

Approximate log-normality for εr
(But PDF of logε are skewed10)

A. Naert et al. /Physica D 113 (1998) 73-78 

where, from what precedes, we can assume that 

P(vrla)  = 1 e_(W_vo)2/z,r2 (13) 
a4~-~  

The quantities v0 and a involved are expressed by 
Eqs. (8) and (11), respectively. The essential ingredient 
now missing in Eq. (I3) is the PDF of a .  Because of  r~ 
Eq. (8), it is related to the PDF of er, which is a quan- 
tity directly measurable. If  for instance, G(a) is taken 
to be log-normal (Gaussian for log(a)) ,  as proposed 
by several models [2,13], we verify that the first mo- 
ment of  Vr is zero as requested for a homogeneous 
velocity signal: 

ff e--(Vr--V°)2/2a2 
(Vr) = vrG(a)  a ~ , / ~  da dvr 

= / v o ( a ) G ( a )  da 

= (v0) = 0. (14) 

One can note that this applies only to the first moment, 
respecting the non-zero higher-order odd moments. 
This can be regarded as a consistency argument of  our 
results presented so far. 

5. P D F  o f  er 

From the joint histogram, the PDF of the quantity 
er can easily be obtained by integrating over all possi- 
ble increments yr. The resulting histogram for various 
scales is shown in Fig. 5. As er is related to a ,  we can 
now check the validity of  the log-normal or any other 
model. However, it has been shown previously [14] 
that the PDF of velocity increments are weakly sen- 
sitive to the actual shape of  G(a) .  As a consequence, 
a very large statistical sample of  velocity is needed 
to make any statement on G(a) .  Our sample of  10 7 
points is slightly above the limit of  statistical noise as 
evaluated in [14]. At this point, the shape of  the PDF 
is parabolic in the logarithmic plot of  Fig. 5, except 
for the small values of  log(er), where again the reso- 
lution is limited by the digitalization of  the signal. We 
see no contradiction with a log-normal distribution of  
er (or a) .  
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Fig. 5. Logarithmic plot of  the energy transfer's PDE at several 
scales r/tl  of  the inertial and dissipative range. 
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Fig. 6. Variance of log(er), as a function of scale r. 

We computed the variance A 2 of log(er), which ex- 
hibits a power-law dependence in the inertial range 
of  scales as one can see in Fig. 6. In some previous 
works, the variance of  log(a)  has been measured dif- 
ferently, by fitting the histogram of vr with a func- 
tion similar to (12) [5,13]. A quantity )~2, directly to 
A 2 through Eq. (8), has been found to depend on r 
as a power law with an exponent fl inversely pro- 
portional to log(Re) [13]. This result has been con- 
firmed by several studies on different flows [6,10]. The 
consistency of  these two distinct studies of  the velo- 
city increments strongly supports the physical basis 

Naert et al. Phys. D 1998

with scale dependent log-variance
σ2

r = 〈(logεr −〈logεr 〉
)2〉

σ2
r = A+9k logL/r

B. Castaing et aL / High Reynolds number turbulence 189 
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Fig. 8. Verification of the H2 hypothesis of Kolmogorov and 
Obukhov. 9~t 2 represents the variance squared of in e r. The 
filled symbols correspond to the _range where <u3~>/r is 
independent of r ("inertial range" in ref. [12])~ (zx, A)jet 
experiment. (O, e) tunnel experiment. 
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Fig. 9. Same symbols as in fig. 8. The linearity of In A 2 versus 
lnr reveals a power law behaviour. Only the smallest distance 
in the jet experiment shows some saturation of the behaviour. 
The slopes give /3 = 0.37 for the jet and /3 = 0.24 for the 
tunnel experiment. 

Following Ko lmogorov  41, A is re la ted  to <In2e> by 

( ln2e)  = 9(lnE~r > = 9A 2. (4.3)  

W e  can thus verify the third hypothesis  of  Ko lmogorov  and Obukhov,  that  <ln2e> depends  l inearly on 
In r. Fig. 8 shows 9A 2 p lo t ted  versus In r for  the  tunnel  exper iment ,  and for  the  jet  exper iment .  T h e  
" iner t ia l  range" ,  as it was de t e rmined  in ref. [12] or  [21], cor responds  to filled symbols. Within  the 
uncer ta inty,  the da ta  can be fitted in the " iner t ia l  r ange"  by the formula  

9A z = A 2 - p. In r.  (4 .4)  

For  the  jet  exper iment ,  the uncer ta in ty  on the best  value of  /z is large. W h e r e a s  for  the  tunnel  
exper iment  / z - - 0 . 2  gives a good fit. Note  that  the smallest  dis tance in the " iner t ia l  r ange"  is several  
t imes the Kolmogorov  range  (30 times). 

I t  is also interest ing to plot  In A 2 versus In r, which is shown in fig. 9. A straight  line approx imates  the 
da ta  over  the whole  range  of  m e a s u r e m e n t ,  down to only four  t imes the  Ko lmogorov  scale r/, suggest ing 
that  a power  law, 

9A 2 = ( r / r 0 )  -~, (4.5)  

is physically m o r e  meaningfu l  than  eq. (4.4). H o w e v e r , / 3  is not  universal : /3  = 0.37 for  the  jet  exper iment  
a n d / 3  = 0.24 for  the  tunnel  one. This  behaviour  (eq. (4.5)) and the fact tha t  fl is smal ler  for  the  highest  
Reynolds  n u m b e r  are  quali tat ively in a g r e e m e n t  with a recent ly  publ i shed  theory  [29]. 

Castaing et al., Physica D, 1990

10Vincent & Meneguzzi (1991)
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The Kolmogorov theory
Intermittency: Experimental support

Approximate log-normality for εr
(But PDF of logε are skewed10)

A. Naert et al. /Physica D 113 (1998) 73-78 

where, from what precedes, we can assume that 

P(vrla)  = 1 e_(W_vo)2/z,r2 (13) 
a4~-~  
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= / v o ( a ) G ( a )  da 

= (v0) = 0. (14) 

One can note that this applies only to the first moment, 
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Naert et al. Phys. D 1998

with scale dependent log-variance
σ2

r = 〈(logεr −〈logεr 〉
)2〉

or σ2
r = (L/r )β0/logReλ ?B. Castaing et aL / High Reynolds number turbulence 189 
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Castaing et al., Physica D, 1990

Absence of similarity11?

10Vincent & Meneguzzi (1991)
11G. I. Barenblatt & N. Goldenfeld. PoF, 7, 1995. ; B. Castaing et al. Physica D 68, 1993.
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The Kolmogorov theory
Intermittency: Experimental support

conditional variance:
〈δr u2|εr 〉 ∼ (εr r )2/3

6 JOURNAL DE PHYSIQUE II N°1

Figure 3 indicates that the narrowest Gaussian which contributes to the most probable value
of the global 6u(1) are positively shifted, whereas the largest Gaussian are negatively shifted

leading to the negative skewness of the longitudinal p-d-f- This result clearly explains what

was first seen by van Atta and Park [9], that is, for a given scale I, the most probable value of

the global distribution of 6u(1) is always positive and the negative skewness is only due to the

largest and rare negative fluctuations of 6u(1).
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Gagne et al., J. Phys., 1994

unconditional moments:
〈δr up 〉 ∼ r ζp

Frisch 1995
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The Kolmogorov theory
Intermittency: PDF of the velocity increments

Two levels of fluctuations:
1. fluctuations of δr u for a given transfer rate εr → P (δr u|εr )

2. fluctuations of the transfer rate itself → P (εr )

⇒ P (δr u) =
∫ ∞

0
P (δr u|εr )P (εr )dεr

The statistics of the increments at scale r are equivalent to those at scale L
within a random scaling factor (its distribution depends on r ).

N°I CONDITIONAL VELOCITY PDF IN 3-D TURBULENCE

of < 6u(1) /~~ > on a&u(,)~~
,

decreasing from positive to negative values as a&u~,)~~ increases.
This remarkable feature o~curs for any scale and any flow and leads to a linear cleilicient K
apparently independent of the scale I. A study of its dependence with the Reynolds number
asks for more than our three examples but note anyway that K is roughly the same for the
three of them.
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Fig. 3. < bit, /~~ > versus a&u~ ~~ on the axis of the wind tunnel. R>
=
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Fig. 4. p-d-f- of bu(I) obtained by the superposition of quasi-Gaussian p-d-f- with several modal

and standard deviation values.

As we discussed previously, Castaing et al. iii have shown that the p-d-f of 6u(1) can be
fitted by a superposition of Gaussian p-d-f with different standard deviations a&u~,) increasing
from very small values corresponding to the top of the global p-d-f to large ones taking into

account the tails as is shown in figure 4.

Gagne et al., J. Phys., 1994

⇒

ANRV365-FL41-10 ARI 12 November 2008 14:55

a b

100 η 100 η

Figure 4
Snapshot of the intensity distributions of (a) the energy-dissipation rate ε̃ = ε/(2ν) and (b) the enstrophy # = ω2/2 on a cross section in
DNS-ES at Rλ = 675 in arbitrary units.

distribution functions (PDFs), as in Figure 5. As expected, the PDF is far from Gaussian. It is
also slightly skewed, and the skirts of the PDF increase with Re.

To understand how the PDF depends on Re, Ishihara et al. (2007) analyzed the dependence
on Rλ of the skewness S of the longitudinal velocity derivative and found that −S tends to-
ward a constant (∼0.5) with increasing Rλ up to Rλ ! 200, whereas it increases algebraically
(0.34 R0.11

λ ) with Rλ when Rλ > 200, in agreement with the experimental data compiled by Sreeni-
vasan & Antonia (1997). This implies that the PDF of the gradient normalized by its standard
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Figure 5
Normalized probability density functions of (a) the longitudinal velocity gradients ∂u/∂x and (b) δuL

r for various separation distances
rn = 2n(x, n = 0, 1, 2, . . . 9, where (x = 2π/1024. The inertial range separation corresponds to n = 5 and 6, which is rn =
98η and 196η, respectively. The orange curve is Gaussian, the green ones comprise the energy-containing range, the blue curve is the
inertial range, and the red curve is the dissipation range at Rλ = 460. Panel a redrawn from Ishihara et al. 2007, and panel b is from
Gotoh et al. 2002.
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The Kolmogorov theory
Beyond the log-normal model . . .

To be completed . . .
The problem of the moment
Non convexity of the intermittency exponent
Issues with the cascade model
Local vs Non-local (in scales) transfer
Multifractals models
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Spectral representation
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Fourier Transform

ÏWhat is a spectra ?
ÏSpectral representation of the velocity spectra
ÏSpectral decomposition of the energy budget (Lin equation)
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Spectral decomposition of velocity field

For a homogeneous flow, the spectral description of the fields enables us to
examine the properties of turbulence as a function of wavelength

We can apply the three-dimensional Fourier transform to the components of
the velocity field u′

j :

û′
j (⃗k) = 1

(2π)3

Ñ
u′

j (⃗x)e−ık⃗ .⃗x d3x

with k⃗ the wave vector, and ı =p−1

and the inverse transformation:

u′
j (⃗x) =

Ñ
û′

j (⃗k)e ık⃗ .⃗x d3k

⇒ Velocity fluctuations as the superposition of sinusoidal waves
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Properties of the Fourier transform

A few properties of the Fourier transform are recalled:
Ï Linearity : a f1 (⃗x)+b f2 (⃗x) → a f̂1 (⃗k)+b f̂2 (⃗k)

Ï prodct : f1 (⃗x) f2 (⃗x) → f̂1 (⃗k)∗ f̂2 (⃗k) =
∫ +∞

−∞
f̂1 (⃗k − k⃗ ′) f̂2 (⃗k)d3k ′

Ï derivative : d f (⃗x)

d x⃗
→ i k⃗ f̂ (⃗k)

Ï Parseval’s equality (conservation of energy)Ñ ∞

−∞
ui ui (⃗x)d3x =

Ñ ∞

−∞
ûi (⃗k)û⋆i (⃗k)d3k
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Fourier transformation of the correlation tensor

The spectral tensor is given by the Fourier transform (3D) of the two-point
correlation function: Ri j (⃗r ) = ui (⃗x, t )u j (⃗x + r⃗ , t )
(function only of r if turbulence is homogeneous):

φi j (⃗k) = 1

(2π)3

Ñ
Ri j e−ık⃗ .⃗r d3r

with k⃗ the wavevector, and ı =p−1

and the inverse transformation :

Ri j =
Ñ

φi j (⃗k)e ık⃗ .⃗x d3k

Ri j tells us how velocities at points separated by a vector r are related. If we
know these two point velocity correlations, we can deduce E(k). Hence the
energy spectrum has the information content of the two-point correlation.
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Fourier transformation of the correlation tensor

• We are essentially interested in the sum of the diagonal φi j (⃗k):
φi i =φ11 +φ22 +φ33 which represents the kinetic energy associated with a
given wave vector.

Ri i (0) = u′
i u′

i = 3U 2 =
Ñ ∞

−∞
φi i (⃗k)d3k =

Ñ ∞

−∞
ûi (⃗k)û⋆i (⃗k)d3k

1

2
ûi (⃗k)û⋆i (⃗k)d3k = 1

2
φi i (⃗k)d3k is the kinetic energy associated with wave

vectors adjacent to k⃗ located in a volume d3k of spectral space.
�Non isotropic flow...
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Fourier transformation of the correlation tensor

• φi i (⃗k) accounts for orientation (φi i can be different along on kx ,ky or kz).
Generally speaking, we want to know the energy at a given scale k = |⃗k| without
being interested in its direction.
Directional information is eliminated by integrating on a sphere of radius k
(k2 = ki ki ) to obtain the three-dimensional energy spectrum (or spectral
energy density):

E(k) = 1

2

∮
φi i (⃗k)dσ

(dσ surface element of the sphere of radius k)
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Fourier transformation of the correlation tensor

three-dimensional energy spectrum =
spectral energy density:

E(k) = 1

2

∮
φi i (⃗k)dσ

E(k)dk represents the energy of modes with a wavenumber modulus between k
et k +dk.

For isotropic flow, φi i (⃗k) depends only on the modulus of the wave vector
k = |⃗k| :

E(k) = 2πk2φi i (⃗k) (noting that:
∮

dσ= 4πk2)

Questions : What is the integral of E(k) ?
What is the shape of E(k) for white noise??

85 / 99



Fourier transformation of the correlation tensor

three-dimensional energy spectrum =
spectral energy density:

E(k) = 1

2

∮
φi i (⃗k)dσ

E(k)dk represents the energy of modes with a wavenumber modulus between k
et k +dk.

For isotropic flow, φi i (⃗k) depends only on the modulus of the wave vector
k = |⃗k| :

E(k) = 2πk2φi i (⃗k) (noting that:
∮

dσ= 4πk2)

Questions : What is the integral of E(k) ?
What is the shape of E(k) for white noise??

85 / 99



Fourier transformation of the correlation tensor

three-dimensional energy spectrum =
spectral energy density:

E(k) = 1

2

∮
φi i (⃗k)dσ

E(k)dk represents the energy of modes with a wavenumber modulus between k
et k +dk.

For isotropic flow, φi i (⃗k) depends only on the modulus of the wave vector
k = |⃗k| :

E(k) = 2πk2φi i (⃗k) (noting that:
∮

dσ= 4πk2)

Questions : What is the integral of E(k) ?
What is the shape of E(k) for white noise??

85 / 99



Spectral energy balance

We are interested in the equation for the evolution of E(k) (isotropic energy
spectrum at a given wavenumber). This equation includes terms describing the
transfer from one scale to another via non-linear interactions.

To begin with, we apply the Fourier transform to the Navier-Stokes equation
(their is some mathematical warning):

∂ui

∂t
−ν ∂2ui

∂x j ∂x j
=− 1

ρ

∂P

∂xi
−u j

∂ui

∂x j︸ ︷︷ ︸
N L i

The left-hand member terms are linear:
• ∂

∂t
ui (⃗x, t ) → ∂

∂t
ûi (⃗k, t )

• ν
∂2

∂x j ∂x j
ui (⃗x, t ) → −νk j k j ûi (⃗k, t )

The terms on the right are non-linear: N L i (⃗x, t ) → àN L i (⃗k, t )
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Spectral energy balance

This gives the Navier-Stokes equation in spectral space:(
∂

∂t
+νk2

)
ûi (⃗k, t ) =àN L i (⃗k, t )

Non-linear terms imply triple interactions between wave numbers.

To obtain the energy equation, multiply by û⋆i and take the average:(
∂

∂t
+2νk2

)
φi i (⃗k, t ) = Re

[
û⋆i

àN L i (⃗k, t )
]
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Spectral energy balance

With no advection and no pressure variation, the energy equation reduces to :(
∂

∂t
+2νk2

)
φi i (⃗k, t ) = 0

The energy density at a given wavenumber evolves independently of the energy
content at other wavenumbers.
⇒ The wave numbers are not coupled.

The solution is : φi i (⃗k, t ) =φi i (⃗k,0)e−2νk2t .
The energy at wavenumber k⃗ decreases exponentially, with a rate that
increases as the modulus of k increases.
⇒ Viscosity rapidly dampens movements on very small scales.

88 / 99



Spectral energy balance

Evolution of the isotropic velocity spectrum E(k, t ) :

∂

∂t
E(k, t ) = T (k, t )−2νk2E(k, t )

• T (k, t ) is obtained by integrating the contribution of the non-linear terms on
the sphere of radius k : T (k, t ) = 1

2

∮
Re

[
û⋆i

àN L i (⃗k, t )
]

dσ → Energy transfer
between different wavenumbers due to nonlinear interactions
• the viscous dissipation in an interval dk is equal to 2νk2E(k)dk :
〈ε〉 = 2ν〈Si j Si j 〉 =

∫ ∞

0
2νk2E(k, t )dk

Let’s look at the integral of the energy balance:
d

d t

∫ ∞
0

E(k, t )dk =
∫ ∞

0
T (k, t )dk −

∫ ∞
0

2νk2E(k, t )dk

We find the energy balance dK

d t
=−ε if :

∫ ∞

0
T (k, t )dk = 0.

⇒ Non-linear terms transfer energy between wave numbers, but do not change
the overall energy.
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Spectral energy balance

Evolution of the isotropic velocity spectrum E(k, t ) :

∂

∂t
E(k, t ) = T (k, t )−2νk2E(k, t )

• T (k, t ) is obtained by integrating the contribution of the non-linear terms on
the sphere of radius k : T (k, t ) = 1

2

∮
Re

[
û⋆i

àN L i (⃗k, t )
]

dσ → Energy transfer
between different wavenumbers due to nonlinear interactions
• the viscous dissipation in an interval dk is equal to 2νk2E(k)dk :
〈ε〉 = 2ν〈Si j Si j 〉 =

∫ ∞

0
2νk2E(k, t )dk

Let’s look at the integral of the energy balance:
d

d t

∫ ∞
0

E(k, t )dk =
∫ ∞

0
T (k, t )dk −

∫ ∞
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2νk2E(k, t )dk
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0
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Spectral energy balance

Let’s add a forcing term to the energy equation in spectral space:

∂

∂t
E(k, t ) = F (k, t )+T (k, t )−2νk2E(k, t )

F (k, t ) is the spectral forcing (F (k, t ) = 1

2

∮
Re

[
û⋆i f̂i (⃗k, t )

]
dσ)

For stationary turbulence :

F (k, t )+T (k, t ) = 2νk2E(k, t )

Integrating over k, we find that the rate of dissipation of kinetic energy is equal
to the rate of energy injection:

∫ ∞

0
F (k, t )dk = 〈ε〉

when the forcing is concentrated on a small spectral band centered around
k ≈ k f , for k > k f :

T (k, t ) ≈ 2νk2E(k, t )
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Spectral energy balance

When viscosity is low enough that dissipation can be neglected at large scales,
there is an intermediate range of wave numbers, between the forcing scale and
dissipative scales, such as:

T (k, t ) = 2νk2E(k, t ) ≈ 0
6.6 The spectral view of the energy cascade 251
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Fig. 6.28. For homogeneous turbulence at very high Reynolds number, sketches of (a)
the energy and dissipation spectra, (b) the contributions to the balance equation for
E(κ, t) (Eq. (6.284)), and (c) the spectral energy-transfer rate.

effect that mean velocity gradients have on the spectrum. The final term in
Eq. (6.284) is the dissipation spectrum D(κ, t) = 2νκ2E(κ, t).

Figure 6.28 is a sketch of the quantities appearing in the balance equation
for E(κ, t). In the energy-containing range, all the terms are significant
except for dissipation. With the approximations k(0,κEI) ≈ k, ε(0,κEI) ≈ 0 and
P(0,κEI) ≈ P , when it is integrated over the energy-containing range (0, κEI),
Eq. (6.284) yields

dk

dt
≈ P − TEI, (6.290)

where TEI = Tκ(κEI). In the inertial subrange, spectral transfer is the only
significant process so that (when it is integrated from κEI to κDI) Eq. (6.284)
yields

0 ≈ TEI − TDI, (6.291)

where TDI = Tκ(κDI). Whereas in the dissipation range, spectral transfer
balances dissipation so that (when it is integrated from κDI to infinity)
Eq. (6.284) yields

0 ≈ TDI − ε. (6.292)
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Spectral energy balance

The kinetic energy flow through the "sphere" of radius k is defined by :

Π(k, t ) =
∫ ∞

k
T (k ′, t )dk ′

or
T (k, t ) =−∂Π(k, t )

∂k

At intermediate scales, energy flow is constant: Π(k) = ε6.6 The spectral view of the energy cascade 251
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k

k • energy injection at a rate 〈ε〉 à k < ki
• energy "cascades" to large wave
numbers at a rate 〈ε〉
• energy is dissipated as heat at a rate
〈ε〉
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Kolmogorov spectra

Kolmogorov’s 1941 theory of the energy spectrum is based on the result that
the ε dissipation rate controls the energy flow.
Energy transfer rate is independent of wavenumber at very high Reynolds
numbers (ki ≪ kd ). In the intermediate scale range, neither viscosity nor
forcing is important: the energy flux k and the wavenumber k are the only
parameters controlling the flow.

then the spectral energy density, are expressed:

E(k) = f (ε,k)

Dimensionally, we find that the possibility for f corresponds to the
Kolmogorov spectrum :

E(k) =CK ε2/3 k−5/3

CK ≈ 1.5 is a universal constant
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Kolmogorov spectra

The Kolmogorov kinetic energy spectrum:

E(k) =CK ε2/3 k−5/3

628 Chapitre 11 : Turbulence

11.3.4 Verification experimental de la theorie
de Kolmogorov

Verification de la loi en fc~5/3

Elle peut etre effectuee tout d'abord sur des ecoulements naturels. Dans
1'atmosphere, on attaint aisement un nombre de Reynolds Re w 107, avec
£ = 100 m, v'g = I m/s, z/ « 10~5 m2/s. Des mesures effectuees sur des
tours meteorologiques, ou a partir d'une sonde trainee par un avion dans
1'atmosphere, permettent de verifier la dependance en k~5/3 de E(k) sur pres
de trois ordres de grandeur de k (tourbillons de taille variant entre quelques
centimetres et cent metres) et de verifier 1'isotropie de la turbulence etablie. La
loi est egalement verifiee sur des ecoulements oceaniques (chenaux parcourus
par des marees), ou les nombres de Reynolds globaux atteignent 3 x 108.
Enfin, des experiences recentes dans la grande soufflerie de Modane ont permis
de mettre en evidence, d'une maniere tres contrdlee, des lois de ce type sur
une gamme importante de vecteurs d'onde (la encore, un peu moins de trois
ordres de grandeur) (Fig. 11.4). On voit tres nettement apparaitre un effet de
coupure aux vecteurs d'onde eleves, mais aussi pour les plus grands tourbillons
a faible vecteur d'onde.

FIG. 11.4 - Spectre spatial, en unites arbitraires, des fluctuations turbulentes
de la composante longitudinale v'» de vitesse, mesurees dans la soufflerie
ONER A Si de Modane-Avrieux en fonction du vecteur d'onde k. La droite
pointillee correspond a une variation en fc~5/3. Parametres experimentaux :
vitesse moyenne vjj" = 20,6 m.s~l, \/v',? = 1,66 m.s~l, diametre de la
section experimentale D ^ 24 m, longueur de Kolmogorov rj = 0,31 mm
(k^ — l/rj = 3, 2 x 10? m~l). Le spectre a ete calculi en fonction du vecteur
d'onde k a partir des fluctuations temporelles de la vitesse en tenant compte
des variations de la vitesse locale d'ecoulementv^ + v'n. (document Y. Gagne
et Y. Malecot).

The range of spectral space for which energy follows the power law in "-5/3" is
called the inertial range. In this range of scales, energy is transferred from
larger to smaller scales.
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Kolmogorov spectra

The Kolmogorov kinetic energy spectrum:

E(k) =CK ε2/3 k−5/3
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Summary
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Summary

Ï Many interacting scales
Ï High Reynolds number ⇒ local homogeneity/isotropy assumption.
Ï Three ranges: energy range, dissipative range and inertial range.

But in actual turbulent flows, with non-homogenity at large scales, many
other ranges, dominated by shear, rotation or buoyancy . . .

Ï Energy transfer rate is the essential quantity for the modeling
Ï Scale separation (time of decay = time to traverse the cascade vs time

scale of small enough eddies)
⇒ Independence between large scales and small scales (universality)?

Ï K41: flow is scale-invariant in the inertial range
Ï K62 + log-normal model: flow is not scale-invariant but the

"scale-evolution" of the flow (the cascade process) is invariant
⇒ Intermittency

Cascade & intermittency ⇒
Ï The small scales quantity, typically the velocity derivatives, present

violent and extreme events and Reynolds number dependence
Ï They primarily depend on the local dissipation rate whose statistics

depend on the Reynolds number through the intermittency of the cascade
(depth of the cascade ∼ lnReλ )

Ï What about the Lagrangian description of the turbulence ? and the
acceleration of fluid particles ?
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Some useful relations

Large scales

Integral scales :

L =
∫ ∞

0
f (r )dr

Integral time :
T = L/U ′

Averaged kinetic energy
dissipation :
〈ε〉 ∼U ′3/L

Reynolds number (integral) :

Re = U ′L
ν

∼
(

L

η

)4/3

Inertial scales

Variance velocity increments:
〈δr u2〉 ∼ (〈ε〉r )2/3

Energy spectra:
E(k) ∼ 〈ε〉2/3k−5/3

3rd order str fct:

〈δr u3〉 =−4

5
〈ε〉r

Taylor microscale:
λ=

√
15ν/〈ε〉U ′

Reynolds number (Taylor):

Reλ = U ′λ
ν

∼ Re1/2

Dissipative scales

Kolmogorov length:
η= ν3/4〈ε〉−1/4

Kolmogorov time:
τη = (ν/〈ε〉)1/2

Kolmogorov velocity:
uη = (ν〈ε〉)1/4

Kolmogorov acceleration:
aη = 〈ε〉3/4ν−1/4

Reynolds number (dissipative):

Reη =
uηη

ν
= 1
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