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PREFACE 

This monograph is based on a graduate course that has been taught at UC Davis 
since 1976, and the subjects have been selected primarily for their pedagogical value. 
Most of the material can be covered in 28 one-hour lectures; however, shorter versions 
of a course can be developed by omitting several sections that are especially time 
consuming or by omitting one or more of the five chapters. The problems at the end of 
each chapter represent an integral part of the monograph and the solutions are available 
from the author. 

Chapter 1 deals with bulk diffusion and heterogeneous reaction in porous media, 
and it serves to present the key elements of the method of volume averaging. In an 
abbreviated treatment, one can omit Sec. 1.1 and begin with Sec. 1.2 where the 
boundary value problem for diffusion and reaction is analyzed. Section 1.2 is crucial to 
all that follows. The origins of many of the length-scale constraints that appear in the 
method of volume averaging are discussed in Sec. 1.3. If one is willing to accept those 
constraints without proof, this section can be omitted. The closure problem that is 
developed in Sec. 1.4 is also crucial to all that follows, while the material on symmetric 
unit cells that is presented in Sec. 1.5 can be accepted without proof if one is inclined to 
do so. Section 1.6 deals with the comparison between theory and experiment and this is 
an essential part of Chapter 1. 

Chapter 2 represents a study of transient heat conduction in two-phas,e systems, 
and one of the dominant concepts in this chapter is the principle of local thermal 
equilibrium. All multiphase transport processes should be considered both in terms of a 
theory for the separate dependent variables associated with each phase, and in terms of 
a single dependent variable that might accurately describe the multiphase transport 
process. Section 2.3 deals with this specific problem. 

Chapter 3 has a single objective which is to examine the phenomena of spatial 
dispersion. Since both spatial and temporal dispersion occur in many processes of 
interest to engineers, it is important to clearly identify the physics associated with spatial 
dispersion and this is best done in a study of passive dispersion. Here the word passive 
refers to the absence of adsorption, heterogeneous reaction, and interphase mass 
transport. These phenomena are of great importance to many engineers and scientists, 
and dispersion in active systems is examined in several of the problems at the end of the 
chapter. 

Chapter 4 is devoted to the derivation of Darcy's law. This result is the key to 
understanding a wide variety of processes involving flow in porous media, and it also 
serves as an excellent example of the role of the closure problem in the determination of 
the final form of the volume averaged transport equation. 

xi 



xii Preface 

Chapter 5 represents a study of single-phase flow in heterogeneous porous media. 
Since most real systems are heterogeneous at some scale of interest, it is this last short 
chapter that provides a theoretical foundation for many important problems of transport 
in porous media. 

Several colleagues have played key roles in the development of this monograph. 
Discussions with John Slattery (Texas A&M University) in 1962 led to an effort to 
prove Darcy's law, and this motivated much of the early work on volume averaging. 
Studies with Ruben Carbonell (North Carolina State University), beginning in 1973, 
resulted in closure problems that allowed us to predict effective diffusivities, effective 
thermal conductivities, and dispersion coefficients. In this same period, discussions 
with Bill Gray (Notre Dame University) provided an improved understanding of the 
spatial deviation transport equation and the closure problem. In 1984 an extensive 
analysis of diffusive transport in two-phase systems was initiated with Alberto Ochoa­
Tapia (Universidad Aut6noma Metropolitana) and parts of that work are found in 
Chapters 1 and 2. During a sabbatical in 1985, work began with Michel Quintard 
(Institut de Mecanique des Fluides de Toulouse) on the material presented in Chapter 5, 
and a series of studies followed that dealt with the problem of transport in heterogeneous 
porous media. In the summer of 1991, the general problem of local and large-scale 
equilibrium was explored and some of the results of that work are found in Chapter 2. 

Many other colleagues and students have contributed to the completion of this 
monograph. In addition to the regular presentation of the graduate course at UC Davis, 
abbreviated versions have been taught at Universidad Nacional del Sur, Universidad 
Nacional del Litoral, Universidad Simon Bolivar, Tsing Hua University, and Centro de 
Investigacion Energfa (UNAM), while the complete course has been presented at 
Universite de Bordeaux I, Technische Universiteit of Eindhoven, Wageningen 
Agricultural University, and the Center for Nonlinear Studies at Los Alamos. The 
contributions of students and faculty in Argentina, Venezuela, Taiwan, Mexico, The 
Netherlands, France, New Mexico, and Davis are greatly appreciated. 

Stephen Whitaker 



OVERVIEW 

The method of volume averaging is a technique that can be used to rigorously 
derive continuum equations for multiphase systems. This means that equations which 
are valid within a particular phase can be spatially smoothed to produce equations that 
are valid everywhere. For example, in the process of drying a porous medium, one 
needs to know how water is transported through the pores to the external surface where 
it is removed by warm, dry air. The direct analysis of this process, in terms of transport 
equations that are valid within the pores, is essentially impossible because of the 
complex structure of the typical porous medium. Rather than attack this problem in 
terms of equations and boundary conditions that are valid in the pores, we can use the 
pore-scale information to derive local volume averaged equations that are valid 
everywhere. Given these latter equations, the moisture transport problem can be solved 
using classical methods. 

Single-phase flow in porous media represents a well known process in which 
volume averaged transport equations, suggested by Darcy in 1856, are used to analyze 
the flow. In this case, the velocity field in the pore space is determined by Stokes' 
equations, the continuity equation, and the no-slip boundary condition given by 

B.c. 

o = -VPI} + pl}g + J.LI}V2vl}' in the l3-phase 

V·vl} = 0, inthel3-phase 

v I} = 0, at the 13 -0" interface 

(1) 

(2) 

(3) 

The change of scale that can be accomplished by the method of volume averaging leads 
to Darcy's law and the volume averaged continuity equation which we express as 

(4) 

v . (vI}) = 0, in the porous medium (5) 

This change of scale is illustrated in Figure 1 where we have indicated that Stokes' 
equations are valid in the l3-phase that occupies the pores, and that Darcy's law is valid 
everywhere in the porous medium. To obtain Eq. 4 from Eqs. 1 and 3, one first forms 
the local volume average of Stokes' equations. This leads to an averaged equation that 
contains spatial deviations of the pressure and velocity for which one must develop a 
closure problem. In the case of Darcy's law, the closure problem controls the form of 
the macroscopic equation and it provides a means of predicting the permeability tensor, 
KI}. The continuity equation given by Eq. 5 is obtained directly from Eq. 2 without the 

use of a closure problem. 

xiii 



XIV Overview 

Figure J. Change of scale 

Most porous media of practical importance are hierarchical in nature, i.e., they are 
characterized by more than one length scale. When these length scales are disparate, the 
hierarchical structure can be analyzed by the method of volume averaging. There is a 
tendency to think of hierarchical systems as geological in origin; however, an example of 
a different type is the packed bed catalytic reactor shown in Figure 2. The essential 

packed bed 
reactor 

porous medium 

adsorbed islands 

porous catalyst 

micropores 

Figure 2. Length scales and averaging volumes for a catalytic reactor 
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macroscopic characteristic of the reactor is the change in the concentration that occurs 
from the inlet to the outlet. and this change is determined by the heterogeneous chemical 
reaction that takes place at the non-uniform catalytic surface suggested by the absorbed 
islands in Figure 2. The efficient design of a catalytic reactor requires that information 
about the rate of reaction at the catalytic surface be accurately transported through 
several length scales to the design length-scale. 

Often the hierarchical system illustrated in Figure 2 is studied experimentally at 
the level of the porous medium in order to extract a rate expression for the conversion of 
a particular chemical species. Such experiments are usually carried out in the absence of 
concentration gradients in order to facilitate the interpretation of the data. If the 
concentration gradients in the porous catalyst are also negligible in the design 
application. one proceeds up the hierarchy of length scales to derive a volume averaged 
transport equation for the packed bed. This allows one to predict the rate of chemical 
reaction per unit volume of the reactor. On the other hand. if the concentration gradients 
in the porous catalyst are not negligible in the design application. one must proceed 
down the hierarchy of length scales in order to accurately describe the coupled process 
of diffusion and reaction. In a complete study. this procedure would descend to the level 
of the heterogeneous catalytic surface. 

In geological transport problems. one also encounters hierarchical systems such as 
the stratified aquifer illustrated in Figure 3. Large-scale averaged equations are required 
to describe chemical transport within the aquifer. and these are derived on the basis of 
Darcy-scale transport equations. At the Darcy scale. we have illustrated clusters of 
microbes that may metabolize chemical contaminants which are transported by the 
flowing fluid. and this process is represented by the well known equations of continuum 
physics. The particles that make up the porous medium are often porous themselves. and 
significant adsorption of chemical species may take place within the particles. This 
means that volume averaged transport equations must be derived for diffusion and 
adsorption in the porous particles. In order to develop equations that accurately predict 
the fate of chemicals within the aquifer. one must transport information over several 
length scales. When the length scales are disparate. this can be accomplished by the 
method of volume averaging. 

At each level of averaging there are three principle objectives. The first objective 
is the development of the spatially smoothed equations and the identification of the 
constraints that must be satisfied in order for these equations to be valid. The second 
objective is the derivation of the closure problems that are necessary to predict the 
effective transport coefficients that appear in the spatially smoothed transport equations. 
The third objective is the successful comparison between theory and experiment. and 
this represents a serious challenge for hierarchical systems. 



xvi 

porous medium with 
microbial clusters 

micro pores with 
diffusion and 
adsorption 

Figure 3. Length scales and averaging volumes in a geological system 
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Chapter 1 

Diffusion and Heterogeneous Reaction in 
Porous Media 

In this chapter we consider the process of bulk diffusion in a porous catalyst with 
heterogeneous, first order, irreversible reaction. Simultaneous diffusion and reaction 
occurs in such diverse systems as porous catalysts, (Jackson, 1977), soil aggregates 
(Rappoldt, 1990), and biofilms (Wood and Whitaker, 1998), and our objective in this 
chapter is to illustrate a general procedure by which governing point equations and 
boundary conditions for diffusion and reaction can be spatially smoothed to produce 
continuum models for multiphase systems. Our specific objectives in this chapter are 
four in number and we list them as: 

1. To illustrate the process of spatial smoothing which leads to the governing 
equation for the local volume averaged concentration, (CAy) y • 

2. To develop the closure problem for the spatial deviation concentration CAy 

that appears in the spatially smoothed equation for (CAy) 'Y • 

3. To solve the closure problem in order to predict values of the effective 
diffusivity tensor, Deft. 

4. To compare theory and experiment in the absence of adjustable parameters. 

The process of spatial smoothing and the development of the closure problem are 
especially important aspects of this first chapter since these developments will be 
repeated with only minor variations in each of the remaining four chapters. 

1.1 Governing Equations and Boundary Conditions 

The governing equation for the concentration of species A in an N-component system 
can be expressed as 

aCA 
at 

'--or--' 
bulk 

accumulation 

+ = RA 
'---.,,--J 

homogeneous 
reaction 

1 

A = 1, 2, ... , N (Ll-1) 



2 Chapter 1 

in which c A is the molar concentration, and R A is the molar rate of production per unit 
volume owing to homogeneous chemical reaction. The velocity of species A is 
represented by v A and this must be determined by the laws of mechanics for 

multicomponent systems. At the interface in a fluid-fluid system, such as the ~-y system, 
the jump condition associated with Eq. 1.1-1 can be expressed as (Whitaker, 1992) 

dCAS / + 
dt 

n~y(w·n~y) 
~ 

surface 
accumulation 

Vs ·(cAsVAS) 
'---v-----' 

surface 
transport 

+ 
effect of 'changing 

surface area 

[CAJ3(V AJ3 - W}· DJ3y + c Ay(V Ay - W}· DyJ3] 

interfacial dux from the 

+ RAs 
'--v--' 

heterogeneous 
reaction bulk phases to the surface 

(1.1-2) 

Here we have used a subscript s to identify all surface quantities, thus cAS represents the 
surface concentration of species A having units of moles per unit area and RAS 

represents the heterogeneous rate of reaction having units of moles per unit time per unit 
area. The accumulation term in Eq. 1.1-2 is given in terms of the time rate of change of 
the surface concentration measured by an observer moving normal to the surface at the 
speed of displacement of the surface, W· DJ3y, and the surface transport is represented in 

terms of the surface concentration CAS and the surface velocity v A s (Slattery, 1990). In 
Eq. 1.1-2 we have used Vs to represent the surface gradient operator (Ochoa-Tapia et 
ai, 1993), while V is the traditional three-space gradient operator that appears in Eq. 
1.1-1. The third term on the left hand side of Eq. 1.1-2 represents the rate of change of 
the surface concentration owing to the rate of change of surface area per unit area, and 
this term is important, for example, in the analysis of a growing soap bubble. Often the 
flux of a chemical species from a bulk phase to an interface represents the most 
important aspect of a mass transfer process. In the jump condition given by Eq. 1.1-2, 
the flux of species A from the ~-phase to the surface is given by c AJ3 (v AJ3 - w) . DJ3y , 

while the flux of species A from the y-phase to the surface is given a similar expression, 
CAy (V Ay - W)· DyJ3. The unit normal vectors have the characteristic that DJ3y is directed 

from the ~-phase toward the y-phase and DyJ3 is directed from the y-phase toward the 

~-phase. 

In this chapter, we are concerned with the system illustrated in Figure 1.1 where the 
lC-phase represents a rigid solid in contact with a fluid phase which is identified as the 
y-phase. The y-lC interface is a catalytic surface at which chemical reactions can take 
place, and in general both the lC-phase and the y-phase will be continuous. The 
governing equation for the concentration of species A can be expressed as 
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aCAy ---ar- + V· NAy = RAy' in the y - phase (1.1-3) 

in which NAy is the molar flux of species A given by 

(1.1-4) 

The jump condition for species A at the y-K interface is a simplified version of Eq. 1.1-2 
that can be expressed as 

aCAS 

at 
'---v-' 
surface 

accumulation 

+ V" ·NAS 
'-----.r----' 

surface 
transport 

= "Yl' ·N Ay 
'------v--' 
exchange with 

bulk phase 

+ RAS 
~ 

heterogeneous 
reaction 

at the y - K interface 

(1.1-5) 

Here "YK represents the unit normal vector pointing from the y-phase toward the 

K-phase, thus "YK . NAy represents the molar flux of species A from the fluid phase to the 

catalytic surface. In the absence of surface accumulation and surface transport, 
"Yl' . NAy is balanced by the molar rate of production of species A owing to 

heterogeneous chemical reaction, R As . 

Figure 1.1. Catalytic porous medium 

The surface and bulk concentrations are connected by an interfacial flUX constitutive 
equation, and the simplest model available is the linear relation given by 

(1.1-6) 
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Here kl is referred to as the adsorption rate constant and k_1 is known as the desorption 
rate constant. Use of Eq. 1.1-6 leads to a linear adsorption isotherm and this imposes a 
significant simplification on the process under consideration. 

In order to evaluate the molar flux, NAy' we require the species velocity, v Ay , that 

is determined by the species momentum equation (Whitaker, 1986a and 1987a). In the 
absence of Knudsen diffusion effects and electrical forces, the mechanical problem 
associated with the determination of v Ay can be described by the Stefan-Maxwell 

equations 

and the Navier-Stokes equations 

( OVy) 2 
Py at + Vy.Vvy = -VPy + Pyg + llyV Vy 

Here x Ay is the mole fraction of species A given by 

'AT = CAl~ c., 
and v y represents the mass average velocity defined by 

B=N 

Vy = L WByVBy 

B=I 

(1.1-7) 

(1.1-8) 

(1.1-9) 

(1.1-10) 

The mass fraction, WAy' can be expressed in terms of the species densities according to 

WAy = PAy /~PBy 1 B=I 

(1.1-11) 

The N-l independent Stefan-Maxwell equations given by Eq. 1.1-7 represent a 
simplified form of the species momentum equations, while the Navier-Stokes equations 
given by Eq. 1.1-8 represent the sum of the N species momentum equations for the 
incompressible flow of a Newtonian fluid (Whitaker, 1991a). 

One must think of Eqs. 1.1-7 and 1.1-8 as the N equations that are normally used to 
determine the N species velocities that appear explicitly in Eqs. 1.1-1 and 1.1-2. When 
N is greater than two, the problem of determining the concentration in an N-component 
system represents a challenging task. Often the complexity associated with Eqs. 1.1-7 
and 1.1-8 is avoided by imposing two constraints on the system of governing equations. 
These are given by 
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I. (1.1-12) 

II. NBy = O(N Ay ), B=I,2, ... ,N (1.1-13) 

When these two constraints are used with the Stefan-Maxwell equation for species A, we 
obtain, 

(1.1-14) 

in which ~Am is the mixture diffusivity for species A given by 

B=N 
1 L xBy -- = --

~Am ~AB 
B=1 

(1.1-15) 

B .. A 

For a system constrained by Eqs. 1.1-12 and 1.1-13, one can usually neglect variations in 
the total molar concentration so that the molar flux given by Eq. 1.1-14 takes the form 

(1.1-16) 

Substitution of this result into Eq. 1.1-3 leads to the classic governing equation for 
diffusion and reaction of species A in the absence of convective transport. 

(1.1-17) 

While this result is ubiquitous in the chemical engineering literature, one must remember 
that it was obtained on the basis of the severe constraints represented by Eqs. 1.1-12 and 
1.1-13 along with the plausible intuitive hypothesis that small causes give rise to small 
effects (Birkhoff, 1960). 

1.1.1 BOUNDARY CONDITION 

To develop the boundary condition at the y-K interface, we consider a first order, 
irreversible, heterogeneous reaction in which species A is being consumed. For this case 
R As is given by 

RAS = -kscAs' atthe'Y-Kinterface (1.1-18) 

and when surface transport is negligible we can use this result in Eq. 1.1-5 to obtain 

aCAS 

at 
'--v---' 
surface 

accumulation 

= D"fIC·NAy 
'---v---' 
exchange with 

bulk phase 

ksCAs 
~ 

heterogeneous 
reaction 

(1.1-19) 

For processes in which the rate of accumulation is negligible, Eq. 1.1-19 reduces to (see 
Problem 1-1) 
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o = DYK ·N Ay 
'---v----' 

exchange with 
bulk phase 

and one can use Eq. 1.1-6 to obtain 

o = klCAy 
'--v----' 

adsorption 

k_l CAs 
'----v---' 
desorption 

ksCAS 
'----v---' 

heterogeneous 
reaction 

kscAS 
'---y---' 

heterogeneous 
reaction 

This result allows us to solve for cAS in terms of CAy leading to 

CAs = ( k 1 ) CAy' at the y - K interface 
ks +k_l 

Chapter 1 

(1.1-20) 

(1.1-21) 

(1.1-22) 

Substitution of this expression into Eq. 1.1-18 provides the following representation for 
the heterogeneous reaction rate in terms of the bulk concentration: 

= - k sC As = - ( k ski ) CAy' at the y - K interface 
ks +k_l 

(1.1-23) 

If a Langmuir adsorption model is used in place of Eq. 1.1-6, one finds a nonlinear 
representation for the heterogeneous reaction rate (see Problems 1-2 and 1-24) instead of 
the linear relation given by Eq. 1.1-23. We can use Eg. 1.1-23, along with Eqs. 1.1-16 
and 1.1-20 to express the diffusive flux at the catalytic surface as 

- n YK . ~Am V C Ay = k CAy' at the 'Y - K interface (1.1-24) 

in which the pseudo reaction rate constant, k, is given by 

k = (ksk:kL) (1.1-25) 

The boundary condition given by Eg. 1.1-24 can be used to study the process of 
diffusion and reaction in a porous catalyst provided that the catalytic surface is guasi­
steady. When the rate of accumulation in Eq. 1.1-19 is significant and the rate of 
heterogeneous reaction is negligible, we have the important case of diffusion and 
adsorption (see Problems 1-3 and 1-23). When both surface accumulation and 
heterogeneous reaction are important, the problem becomes more difficult and the 
analysis is given elsewhere (Whitaker, 1986b). 

1.2 Spatial Smoothing 

In most problems of diffusion and reaction in porous media, homogeneous reactions can 
be ignored and we will do so in this study. This means that our boundary value problem 
can be expressed as 
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B.e.l 

B.e.2 

I.e. 

dCAy ( ) dt = 'il. Pl'iy'il C Ay , in the y - phase 

-nYK • Pl'iy 'il C Ay = k CAy' at <:dYK 

CAy = @"(r,t), at <:dye 

CAy = ~(r), att=O 

7 

(1.2-1) 

(1.2-2) 

0.2-3) 

(1.2-4) 

in which Pl'iy is the mixture diffusivity defined by Eq. 1.1-15. In this formulation, we 

have used <:dye to represent the entrances and exits of the y-phase at the boundary of the 

macroscopic region illustrated in Figure 1.2, and we have used <:dYK to represent the 

Figure 1.2. Macroscopic region and averaging volume 

averaging 
volume, Clp' 

entire interfacial area within that region. It should be clear that, in general, the point 
concentration will not be known at <:dye and Eq. 1.2-3 serves primarily as a reminder of 

what we do not know about CAy at <:dye rather than what we do know. The same can be 

said about the initial condition for CAy since we will usually know something about the 



8 Chapter 1 

average concentration at t = 0, but we will rarely know anything about the details of the 
point concentration. 

If the information represented by Eqs. 1.2-3 and 1.2-4 were available to us, and if 
we knew the position of the "(-lC interface, we could solve the boundary value problem in 
order to determine CAy as a function of position and time (see Problem 1-4). We could 

then calculate the rate of reaction of species A per unit volume of the porous medium and 
make use of this quantity in the design of a catalytic reactor. Even if we could solve this 
boundary value problem exactly, we would not do so since the solution would yield 
more information than we need. For design purposes, it is sufficient to determine the 
average concentration and the average rate of reaction associated with the averaging 
volume or illustrated in Figure 1.2. The details of this averaging volume are presented 
in Figure 1.3 where we have used the position vector ry to locate any point in the 

,,(-phase. The position vector x locates the centroid of the averaging volume which may 
lie in either the ,,(-phase or the lC-phase. The relative position vector y y is used to locate 

points in the ,,(-phase relative to the centroid of or. 

Figure 1.3. Averaging volume for the y-lC system 

The process of spatial smoothing begins by associating with every point in space an 
averaging volume which is invariant with respect to time and space. For the two-phase 
system under consideration we can express the averaging volume as 

(1.2-5) 

Here Vy (x) represents the volume of the ,,(-phase contained within the averaging volume, 

and the volume fraction of the ,,(-phase (usually identified as the porosity) is given by 
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(1.2-6) 

In the method of volume averaging one encounters many measures of concentration and 
it is necessary to identify each of them in some precise manner. We begin by defining 
the superficial average of CAy according to 

(1.2-7) 

This definition clearly indicates that the average concentration is associated with the 
centroid of the averaging volume, indicated by the position vector x in Figure 1.3, while 
integration over Vy (x) is performed in terms of the components of the relative position 

vector y y. In general, we will avoid the precise notation used in Eq. 1.2-7 and simply 

express the superficial average as 

(CAy) = ~ J CAy dV (1.2-8) 

The superficial average concentration is not the preferred dependent variable since it is 
not a good representation of the concentration in the y-phase. For example, if CAy were a 

constant given by CAy' the superficial average concentration would not be equal to CAy. 

Because of this, the preferred dependent variable is the intrinsic average concentration 
which is defined by 

(1.2-9) 

The relation between these two concentrations is given by 

(1.2-10) 

where it is understood that both are evaluated at x. If one is not careful about defining 
average values, it is possible to make errors on the order of £y. 

Even though (CAy) Y is the preferred dependent variable, it is convenient to begin the 

process of spatial smoothing with the superficial average. Thus we integrate Eq. 1.2-1 
over the domain Vy associated with the point located by x and divide by or to obtain 

~ Ja;;y dV = ~ J V.(~yVcAy)dV (1.2-11) 

Vy Vy 

Since Vy is not a function of time, we can use the general transport theorem (Whitaker, 

1981) to express the left hand side of this result as 
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1 f (kAy I - -- dV 
or at 

x+y 
Vy(x) y 

= ~{_1 fCA 1 dV} = ~(CA)I dt or y x+yy dt y x 

Vy(x) 

(1.2-12) 

Because the superficial average concentration is associated the fixed point x, it is 
appropriate to make use of the partial derivative and express Eq. 1.2-11 as 

a(C Ay) = (V. ('ID V » at y CAy (1.2-13) 

Given that Vy is independent of time, Eq. 1.2-6 indicates that lOy is also independent of 

time and we can use Eq. 1.2-10 in Eq. 1.2-13 to obtain 

(1.2-14) 

Obviously the left hand side of this result is in its final form, i.e., the accumulation of 
species A is expressed in terms of the intrinsic average concentration. It is of some 
importance to understand that Eq. 1.2-14 is a superficial average transport equation, i.e., 
the term on the left hand side represents the accumulation of species A per unit volume 
of the porous medium and not per unit volume of the fluid phase. 

1.2.1 SPATIAL AVERAGING THEOREM 

It should be clear that we need to interchange differentiation and integration on the right 
hand side ofEq. 1. 2-14 in order to express the diffusive flux in terms of (CAy)Y. This 

will be accomplished by means of the spatial averaging theorem (see Problems 1-5 
through 1-7). Given some quantity "'y associated with the y-phase, we can express the 

spatial averaging theorem for the y-K system as 

(V"'y) = V("'y) + ~ J DYK"'ydA 

Ay. 

(1.2-15) 

in which ~ represents the area of the y-K interface contained within or. This theorem 

represents a three-dimensional version of the Leibniz rule for interchanging 
differentiation and integration. It was derived independently by MarIe (1967) in a study 
of single-phase flow in porous media, by Anderson and Jackson (1967) in a study of 
fluidized beds, by Slattery (1967) in a study of two-phase flow in porous media, and by 
Whitaker (1967) in a study of dispersion in porous media. Since 1967 other derivations 
have been presented by Whitaker (1969), Drew (1971), Bachmat (1972), Gray and Lee 
(1977), Whitaker (1985), Howes and Whitaker (1985), Gray et al. (1993), and Quintard 
and Whitaker (l994b). When the macroscopic process is one-dimensional, a special 
form of Eq. 1.2-15 is appropriate (see Problem 1-8). The averaging theorem can be 
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extended to include systems with many phases (see Problem 1-9) and the form for three­
phase systems is essential for the study of drying (see Problem 1-10). 

While we will repeatedly use the spatial averaging theorem in the form given by 
Eq. 1. 2-15, it is of some value to list a more explicit form of this theorem given by 

(V'I' y) = V('I'y) + J..., fn YK 'I' yl dA or X+Yy 
(1.2-16) 

Ay.(x) 

Here we have used the notation illustrated in Figure 1.3 in order to be precise about the 
area integral, and in order to complete our understanding of this theorem we also need to 
be precise about the definitions of the two gradient operators. To be clear about those 
operators, we consider the curve, ryes), that lies entirely in the 'Y-phase as illustrated in 

Figure 1.4. The directional derivative of 'I' y associated with that curve is defined by 

(Stein and Barcellos, 1992) 

and the unit tangent to the curve is expressed as 

').. = dry 
ds 

(1.2-17) 

(1.2-18) 

On the basis of Eqs. 1.2-17 and 1.2-18 we define the gradient of 'I' y according to 

(Hildebrand, 1976) 

d'l'y = 
ds 

(1.2-19) 

In order to be clear about the gradient of the average, we consider the curve, x(s), 

illustrated in Figure 1.5 that locates points in both the 'Yand lC-phases. For that curve, the 
directional derivative of ('I' y) is given by 

d('I'y) = lim {('I'y)[X(s+L\s)] - ('I'y)[X(S)]} 
ds a.·~o L\s 

with the unit tangent vector taking the form 

').. = dx 
ds 

(1.2-20) 

(1.2-21) 

On the basis of Eqs. 1.2-20 and 1.2-21 we define the gradient of ('I' 'Y) according to 

d('I'y) = 
ds 

dx 
-·V('I' > ds y 

(1.2-22) 
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Figure 1.4. Arbitrary curve in the y-phase 

Figure 1.5 . Arbitrary curve in the porous medium 

In the averaging theorem the symbol for the two gradient operators is the same; however, 
the significance is different as indicated by Eqs. I. 2-19 and 1.2-22. 

The vector form of the spatial averaging theorem is given by 

(V ·ay) = V·(a) + _1 In ·a dA y Of' "'(IC y (1.2-23) 

Ay. 
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and we can use this result with the right hand side of Eq. 1.2-14 to obtain 

(V.(~yVCAY» = V.(~yVCAY) + ~ f n")'1C·~yVCAydA 
Ay. 
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(1.2-24) 

Substitution of this result into Eq. 2-14 allows us to express the spatially smoothed 
transport equation as 

V.(~yVCAY) + ~ f n")'1C·~yVcAY dA 

Ay. 

(1.2-25) 

Clearly a second application of the averaging theorem is required to complete our 
analysis of the diffusive flux, but before doing that we want to use the boundary 
condition given by Eq. 1.2-2 to express Eq. 1.2-25 as 

V·(~yVCAY) 
'-----v-----' 

diffusion 

~ f kCAydA 
Ay. 
~ 

heterogeneous 
reaction 

(1.2-26) 

This form illustrates a key aspect of the process of spatial smoothing, i.e., the interfacial 
boundary condition given by Eq. 1.2-2 is joined to the governing equation given by 
Eq. 1.2-1. This is a general characteristic of the governing equations for multiphase 
transport phenomena, and because of its importance we state this characteristic as: 

The form of a spatially smoothed transport equation 
depends both on the form of the governing point equation 
and on the form of the interfacial boundary conditions. 

When spatially smoothed transport equations are generated intuitively, this characteristic 
is sometimes ignored. Later it will become clear that the interfacial boundary conditions 
influence the form of the averaged equation at two levels. The first level is illustrated by 
Eq 1.2-26 while the second level occurs in the closure problem described in Sec. 1.4. 

Returning to Eq. 1.2-26, we note that the molecular diffusivity changes slowly with 
pressure, temperature, and concentration, thus it is appealing to ignore variations of ~y 

within the averaging volume and express Eq. 1.2-26 as (see Problem 1-11) 

= V.(~y(VCAY») - ~ f kCAydA 

Ay. 

(1.2-27) 

In this study we will also ignore varIatIOns in the reaction rate constant within the 
averaging volume and express Eq. 1.2-27 as 
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(1.2-28) 

Here av represents the surface area per unit volume which is given explicitly by 

and the area averaged concentration is defined by 

(CAy)'Y" = _1_ J CAydA 
Ay,cA,.c 

(1.2-29) 

(1.2-30) 

If we accept Eq. 1.2-28, our next step is a second application of the averaging theorem 
and this leads to 

a(CAy)y [[ I f II Ey at = V· rpjy V(CAY) + or A,.c D'Y"CAydA - avk(CAy)'Y" (1.2-31) 

Here we find ourselves confronted with four different concentrations; however, one of 
these can be eliminated by the use of Eq. 1.2-10 which yields 

a(CAY)y [[ 1 J II Ey at = V· rpjy Ey V(CAy)Y + (CAy)yVEy + or A,.c D'Y"cAy dA - avk(cAY)'Y" 

(1.2-32) 

One might assume that the area averaged concentration, (CAy)'Y'" is essentially equal to 

the volume averaged concentration, (CAy) Y , and under these circumstances the last term 

in Eq. 1.2-32 does not present a problem. However, the presence of the point 
concentration in Eq. 1.2-32 does present a problem since CAy is only available to us in 

terms of the solution of the boundary value problem given by Eqs. 1.2-1 through 1.2-4. 
We attack this difficulty in terms of a spatial decomposition that is analogous to the 
temporal decomposition used in the study of turbulent transport phenomena. 

1.2.2 SPATIAL DECOMPOSITION 

Since the intrinsic average concentration is the quantity of interest, we decompose the 
point concentration according to (Gray, 1975) 

(1.2-33) 
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in which 'if Ay is referred to as the spatial deviation concentration. In some respects one 

could think of Eq. 1.2-33 as decomposing the point concentration into what we want and 
whatever else remains. This is indeed true; however, the important characteristic of Eq. 
1.2-33 is that it represents a decomposition of length scales. By this we mean that the 
average concentration undergoes significant changes only over the large length-scale, L. 
In Sec. 1.4 we will see that the spatial deviation concentration 'if Ay is dominated by the 

small length-scale ly and it is for this reason that we refer to Eq. 1.2-33 as a 

decomposition of length scales. When Eq. 1.2-33 is used in Eq. 1.2-32 we obtain 

= V-[ W,[E,v(,.,), + (,.,)'VE, 
(1.2-34) 

Here we are confronted with three distinct problems that appear in essentially every 
application of the method of volume averaging. For this study of diffusion and reaction 
in porous media, these three problems take the form: 

1. The presence of the volume averaged concentration, 

(CAy) Y , inside the integral over the area Ay.c. 

2. The presence of the area averaged concentration, 
(CAy)"I" , in the heterogeneous reaction rate term. 

3. The presence of the spatial deviation concentration 
'if Ay in the governing equation for (CAy) y • 

We will consider the first two problems in the next section and then move on to the 
determination of 'if Ay in Sec. 1.4 where we will present the closure problem. 

1.3 Length-Scale Constraints 

In thinking about the area integral of n"l"(cAY)Y in Eq. 1.2-34, we must remember that 

under the integral sign (CAy) Y is evaluated at points in the y-phase indicated by the 

position vector Yy illustrated in Figure 1.3. We make this point clear by writing 
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_1 fO (c )YdA = ar yr:. Ay 

~ 
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(1.3-1) 

This clearly indicates that Eq. 1.2-34 is a non-local transport equation since the 
dependent variable (CAy) y is evaluated at points other than the centroid, x. Non-local 

problems have been studied by Cushman (1983), Koch and Brady (1987), Quintard and 
Whitaker (1990a-b), Cushman and Ginn (1993), Goyeau et al. (1997) and many others. 
The analysis of non-local phenomena, or evolving heterogeneities (Cushman, 1990), is 
extremely complex, thus there is a great deal of motivation for avoiding a non-local 
problem whenever possible. From Eq. 1.2-34 we can extract a local theory provided 
certain length-scale constraints are satisfied, and in order to develop these constraints we 
need to represent (CAy)"'I in terms of a Taylor series. 

1.3.1 TAYLOR SERIES EXPANSION 

In order to remove the volume averaged concentration from the area integral in 
Eq. 1.2-34, we use a Taylor series expansion about the centroid of the averaging volume 
to obtain 

(cAy)yl = (cAy)"'I1 + Yy · V(cAy)"'I1 + tYyYy:VV(cAy)YI + ... (1.3-2) 
x+yy x x x 

Substitution of this result into Eq. 1.3-1 leads to 

= ~ f Oyr:.(CAy)t dA + ~ f oyr:.Yy · V(cAy>t dA 

~ ~ 

+ ~ f °Yl'tyyyy :VV(CAy)t dA + 

~ 

(1.3-3) 

Since all terms evaluated at the centroid can be removed from the integrals, we have 

(1.3-4) 

The terms in braces represent a series of geometrical integrals that are related to the 
structure of the porous medium. In their present form the integrals are difficult to 
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interpret; however, Quintard and Whitaker (1994b) have developed a set of geometrical 
theorems that relate these integrals to the spatial moments of the porous medium. These 
are given by (see Problems 1-12 and 1-13) 

_1 In dA - V(I) or "fIC 
A,. 

~ I n"fICYydA = - V(yy) 

A,. 

~ I n"fICYyYydA = - V(yyyy) 

A,. 

(1.3-5a) 

(1.3-5b) 

(1.3-5c) 

(1.3-5d) 

in which (I), (Yy), (YyYy), etc., should be thought of as the zeroeth, first, second, etc., 

superficial spatial moments of the y-phase contained in the averaging volume. If we 
recognize that 

(1) = ~ IldV = ey 
Vy 

we see that Eq. 1.3-5a leads to the well-known result given by 

_1_ In dA = -Ve or"fIC y 
A,. 

(1.3-6) 

(1.3-7) 

When Eqs. 1.3-7, 1.3-5b, and 1.3-5c are used in Eq. 1.3-3, the volume averaged 
transport equation given by Eq. 1.2-34 takes the form 

a(CAy)y 
e = 

y at 

v -[ g,,(., V(CA,)' - V(y,), V(CA,)' -tV(y,y,),VV(cA,)' - •••• + ~ L . ",cA,dA )] 

- avk(cAy)"fIC 

(1.3-8) 

Here we can see a major problem resulting from the use of the expansion given by 
Eq. 1.3-2. If the higher order terms are not negligible, the volume averaged transport 
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equation will contain a third order derivative of (CAy? and this leads to a 

mathematically ill-posed problem. 

If the y-phase is uniformly distributed about the centroid, and the radius of the 
averaging volume is large compared to the characteristic length scale for the y-phase, 

(1.3-9) 

it is intuitively appealing to think of (y y) as being zero. In a study of transport in 

ordered and disordered porous media, Quintard and Whitaker (1994a-e) considered the 
characteristics of the spatial moments in some detail, and they suggested the following 
definition of a disordered porous medium. 

A porous medium is disordered with 
respect to an averaging volume or 
when V(Yy)« I 

This definition of disordered is obviously well-suited for the method of volume 
averaging; however, it appears to be consistent with the concepts encountered in other 
studies of disordered systems (Strieder and Aris, 1973; Torquato, 1986; Shah and 
Ottino, 1987; Rubinstein and Torquato, 1989, Dagan, 1989). 

Goyeau et at. (1997) examined the geometrical characteristics of dendritic systems 
that appeared to be ordered and non-homogeneous; nevertheless, they found that 
suitable averaging volumes could be found such that V(yy)« I and we will make use of 

this inequality to impose the restriction 

(1.3-10) 

Under these circumstances Eq. 1.3-8 simplifies to 

(1.3-11) 

and we now need to direct our attention to the term involving VV(c Ay) Y • 
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1.3.2 ORDER OF MAGNITUDE ESTIMATES 

In this development, and elsewhere, we need estimates of terms such as V(cAy)Yand 

VV(cAy)Y (see Problems 1-14 through 1-16). We could estimate the first derivative of 

the average concentration as 

(1.3-12) 

where !J.(c Ay) y represents the change of the average concentration that occurs over a 

distance t:.L. The estimate of the gradient of the average concentration could also be 
expressed as 

(1.3-13) 

in which Lc represents a characteristic length associated with the average concentration. 
The estimate of the second derivative of the average concentration takes the form 

(1.3-14) 

in which !J.(V (CAy) Y) represents the change of the gradient of the average concentration 

that takes place over the distance t:.L. Alternatively, one could follow the type of 
nomenclature used in Eq. 1.3-13 in order to estimate the second derivative of the average 
concentration as 

(1.3-15) 

Here LeI represents a characteristic length associated with the first derivative of (CAy) y 

in the same sense that Le represents a characteristic length associated with the average 
concentration. Both Le and LeI will be functions of time for a transient process, and 
both may be significantly different than the generic large length-scale, L, that is 
illustrated in Figure 1.2. Rather than use Eq. 1.3-15 as our representation ofthe order of 
magnitude of the second derivative, we will simplify the nomenclature to 

(1.3-16) 

In this form, LeI accounts for both the change in V(CAy)Y and the distance over which 

this change takes place, and when the gradient of the average concentration is a constant 
one must remember that LeI is infinite. The conventions represented by Eqs. 1.3-13 and 
1.3-16 will be used throughout this monograph. 

It will be left as an exercise for the reader to demonstrate the order of magnitude 
estimate (see Problem 1-17) 

(1.3-17) 
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which immediately leads to 

(1.3-18) 

Here we have followed the convention indicated by Eq. 1.3-13 and defined Le by the 
estimate 

(1.3-19) 

We now return to Eq. 1.3-11 and note that the term involving V(YyYy):VV(CAy)Y can 

be estimated as 

This provides the important inequality 

when the following length-scale constraint is satisfied. 

2 
ro « Le Lei 

(1.3-20) 

(1.3-21) 

(1.3-22) 

Once again we note that neither Le nor Lei is necessarily equal to the generic large 
length-scale, L , illustrated in Figure 1.2. One must make a judgment about Le and Lei 
for every problem, and one must not think of the length scales as being unique for any 
given problem. For example, in the center of the region illustrated in Figure 1.2, one 
might think of Le as being infinite since the porosity is uniform. On the other hand, at 
the sUrface of a catalyst pellet it is appropriate to use 4. "" ro because the volume 
fraction of the y-phase changes significantly over the distance ro in this particular region. 
Sometimes one represents Eq. 1.3-22 as 

(1.3-23) 

with the idea that L represents the smallest large length-scale associated with the 
problem under consideration. On the basis of either Eqs. 1.3-22 or 1.3-23 we simplify 
Eq. 1.3-11 to 

a(CAy)'Y [[ 1 f 11 Ey at = v· 'fJlJy EyV(CAy)y + Of!" Ay.D"(KCAy dA - avk(CAy>"(K 

(1.3-24) 

and we are now confronted with only two problems: The presence of the spatial 
deviation concentration CAy in the area integral, and the area averaged concentration 
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(CAy)"fI' in the heterogeneous reaction rate term. We will deal with the area averaged 

concentration first and then move on to the determination of CAy in the next section. 

1.3.3 AREA AVERAGED CONCENTRA nON 

We begin our analysis of the area averaged concentration with the decomposition given 
by Eq. 1.2-33 which allows us to express (CAy)"fI' as 

(1.3-25) 

In the next section, we will show that for all practical problems of diffusion and reaction 
in porous media the spatial deviation concentration is small compared to the volume 
averaged concentration, i.e., 

(1.3-26) 

This means that Eq. 1.3-25 takes the form 

(CAy)"fI' = _1_ j(CAy)YI dA 
Ay.c X+Yy 

Ay. 

(1.3-27) 

and we can use a Taylor series expansion of (CAy) Y around the centroid of the averaging 

volume to express this result as 

No precise estimates of (y y)"fI' are available; however, one can easily generate 

arguments in favor of 
(1.3-29) 

On the basis of Eq. 1.3-13 this result leads to 

(1.3-30) 

when Yo «Lc- This allows us to simplify Eq. 1.3-28 in the obvious manner, and we 

move on to the next term involving VV(cAy)'Y. We can draw upon the same type of 

arguments that led to the estimate given by Eq. 1.3-17 in order to obtain 

(1.3-31) 

and this result, along with our estimate of VV(c Ay)'Y given by Eq. 1.3-16, leads to 
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(1.3-32) 

On the basis of this estimate, and the restriction given by Eq. 1.3-30, we can express 
Eq. 1.3-28 as 

(1.3-33) 

This indicates that when the following two length-scale constraints 

r2 « L L o Cl C (1.3-34) 

are valid, the rate of reaction can be expressed in terms of the volume average 
concentration according to 

(1.3-35) 

Under these circumstances the volume averaged diffusion equation given by Eq. 1.3-24 
takes the form 

., d~:,), = V -[ g,{ ., V(c Ay)' + ~ L n",cA, <fA )] - a,k(c A,)' (1.3-36) 

and we are left with the problem of determining the spatial deviation concentration, CAy' 

1.3.4 THE FILTER 

Before moving on to the closure problem and the determination of CAy' we should think 

about the role that the term 

(1.3-37) 

plays in the transport equation for (CAy)'Y. Let us consider the possibility that the 

original boundary value problem given by Eqs. 1.2-1 through 1.2-4 could be solved for 
some arbitrarily complex porous medium. Knowing CAy' we could compute (CAy)'Y and 

from Eq. 1.2-33 we could determine the spatial deviation concentration according to 

(1.3-38) 

Given an exact representation for CAy' one can wonder how much of the information is 

lost in the area integral in Eq. 1.3-37. A little thought will indicate that the area integral 
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acts as a filter which allows some information to pass from the original point equation 
and boundary conditions for CAy to the local volume average transport equation for 

(CAy) Y . Knowledge of how this filter operates on the 'if Ay -field is of crucial importance 

in the closure problem, and we will learn more about this in the following sections. 

1.4 The Closure Problem 

In Sec 1.2 we introduced the problem of diffusion and heterogeneous reaction in terms 
of the following boundary value problem 

<kAy 
= V· (Pl1y VCAY) , in the 'Y - phase (l.4-1) at 

B.C.l - D YK ' Pl1y VCAy = kCAy' at QS;(YK (1.4-2) 

B.C.2 CAy = r$(r,t) , at QS;(')'! (1.4-3) 

I.e. CAy = ~(r), att=O (1.4-4) 

and we showed that the volume averaged form ofEq. 1.4-1 could be expressed as 

= ~{W{E'V(CA')' + ~ L·~CAydA J]-
ditfusion 

avk(CAY)Y 
'-----v----" 
heterogeneous 

reaction 

(1.4-5) 

Our objective in this section is to obtain a closed form of this result and this means that 
we must develop a representation for the spatial deviation concentration, 'if Ay • This 

representation will be based on the boundary value problem for 'if Ay' and in order to 

develop the governing differential equation for the spatial deviation concentration we 
require the intrinsic form of Eq. 1.4-5. Thus we divide that result by £y to obtain 

(1.4-6) 

We now recall that the spatial deviation concentration is defined by 
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(1.4-7) 

and this leads us to subtract Eq. 1.4-6 from the point diffusion equation given by 
Eq. 1.4-1 in order to obtain 

a CAy 

at 
'---.r----' 

accumulation 

= ~ - ~~IV£y '~yV(CAY)Y. - £~IV.[:: f DYKCAydA] 
diffusion diffusive source Ay. 

, J 

non-local diffusion 

+ £~lavk(CAY)Y 
'-----v------"' 

reacti ve source 
(1.4-8) 

From Eq. 1.4-2 and the decomposition represented by Eq. 1.4-7 we obtain the interfacial 
boundary condition for CAy which we express as 

while the second boundary condition and the initial condition are given by 

B.C.2 CAy = Q/C'(r,t) , at ~e 

CAy = Q9'(r) , at t=O 

(1.4-10) 

(1.4-11) 

H 5ilOUId be clear that the spatial deviation concentration will not, in general, be known 
at the entrances and exits of the macroscopic system, thus Eq. 1.4-10 serves as a 
reminder of what we do not know about CAy rather that what we do know. The same 

comment can be made about the initial condition given by Eq. 1.4-11; however, there 
may be some processes for which CAy could be specified as zero at t = O. 

1.4.1 SOURCES 

The key to the successful development of the closure problem is to understand the role 
of the sources that have been identified in Eqs. 1.4-8 and 1.4-9. These sources represent 
non-homogeneous terms in the boundary value problem for CAy' as do the functions 

Q/C'(r,t) and Q9'(r). If all the non-homogeneous terms were zero, one could prove that 

CAy = 0, thus we must think of PlJy V(c A) Y and k (C A) Y , along with Q/C'(r,t) and Q9'(r) , 

as the generators of the CAy-field. Since the characteristic length-scale for CAy is the 

small length scale, fy, the function Q/C'(r,t) will influence the CAy-field only in a thin 

layer near the boundary of the macroscopic region. Because of this, the contribution of 
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Q/t'(r,t) to the closure problem can be ignored. Subsequently we will argue that the 
boundary value problem for CAy is quasi-steady and this means that the function Q1"(r) 

will have no influence on the cAy-field; thus, the dominant sources are rpjJy'V(CAY)Y and 

k (CAy) Y, and we will make use of this idea after we develop a simplified form of 

Eqs. 1.4-8 through 1.4-11. 

1.4.2 SIMPLIFICATIONS 

We begin the process of simplifying Eq. 1.4-8 by examining the non-local diffusion 
term, and noting that the estimate 

(1.4-12) 

is reasonable when D"'(lC and CAy are strongly correlated. Since we are dealing with an 

average quantity, we express our estimate of the divergence as 

(1.4-13) 

Here one should think of L as the characteristic length associated with the term on the 
left hand side of Eq. 1.4-12, and on the basis of Eq. 1.4-13 we estimate the non-local 
diffusion term in Eq. 1.4-8 as 

~;'V [~ L n~ CAy d4 j (1.4-14) 

non-local diffusion 

For most porous media, a reasonable representation of the interfacial area per unit 
volume is given by (see Problem 1-18) 

(1.4-15) 

This leads to the following form of our estimate for the non-local term 

e;'v[~ Ln~CAyd4 j (1.4-16) 

non-local diffusion 

while our estimate of the diffusion term in Eq. 1.4-8 is given by 
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~ = o(W;~A') 
diffusion y 

(1.4-17) 

At this point we need only recognize that £y «L in order to conclude that 

~;IV[~ Ln~CA,dAl (1.4-18) 

non-local diffusion 

and the governing differential equation for CAy can be simplified in the obvious manner. 

In addition, we can treat the closure problem as quasi-steady (Whitaker, 1988a) when 

a CAy 

at 
'----.r--' 

accumulation 

(1.4-19) 

and this condition will be satisfied whenever the characteristic time is large enough so 
that the following time-scale constraint is valid (Moyne, 1997): 

PiJ t* -+ » 1 , closure process is quasi - steady 
£y 

(1.4-20) 

When the macroscopic process is transient, one can argue that t * must be constrained by 
PiJ t* 
-y- = O( 1), macroscopic process is transient (1.4-21) 
LcLcl 

however, both these conditions can often be satisfied because £y is generally very small 

compared to the characteristic lengths associated with (CAy) Y and V(c Ay) Y . 

On the basis of Eqs. 1.4-18 and 1.4-19, we can express the quasi-steady closure 
problem as 

0 = V • (PiJyVCAY ) EylVEy . PiJy V(c Ay)'Y + Ey1avk(cAY)'Y (1.4-22) 
'---v----' \ I '--y------J 

diffusion diffusiv~ source reactive source 

B .C.l - DYIC . PiJy Vc Ay - kCAy = ~YIC . PiJyV(CAy)Y + k(CAY)y, at (§2{YIC (1.4-23) 

diffusi v~ source 
, 
~ 

reactive 
source 

B.C.2 CAy = dI'r(r,t) , at (§2{..,e (1.4-24) 
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Here it becomes apparent that there are volume sources involving f{!)y'v(c Ay) Y and 

k (CAy) Y , and there are suiface sources involving these same two parameters. A little 

thought will indicate that the term k(CAy)Y in the boundary condition given by 

Eq. 1.4-23 represents a sink since it creates a flux of CAy from the y-phase to the K-phase. 

In addition, one can show that this sUiface sink is exactly balanced by the volume source, 
£~layk(cAY)Y' in Eq. 1.4-22. This means that the average reactive source is zero, and 

the terms involving k(c Ay) Y only influence the manner in which CAy is distributed in the 

y-phase. The diffusive source in Eq. 1.4-23 has the same characteristic, i.e., the average 
surface diffusive source is zero; however, it changes sign over a distance .e y and it 

dominates the manner in which CAy is distributed in the y-phase. 

The order of magnitude of the sUiface diffusive source per unit volume can be 
estimated as 

{
order of magnitude} 

of the suiface = ~ JIOYK . f{!)yV(CAY)'Y1d4 

A."c diffusive source 

= O(ayf{!)yV(cAY)Y) 

while the estimate of the volume diffusive source per unit volume takes the form 

{
order of magnitude} 

of the volume = 

diffusive source 

~ JI£~lV£y .f{!)yV(cAy )yld4 

Vy 

= O(V£y f{!)yV(CAY)y) 

(1.4-25) 

(1.4-26) 

These two results allow us to estimate the ratio of the volume source to the surface 
source according to 

volume source 

suiface source = O(::y) 

For the typical porous medium av - .e~1 and we obtain 

volume source = 0(!:t.../1£) « 
suiface source Le y 

and the volume diffusive source in Eq. 1.4-22 can be discarded. 

(1.4-27) 

(1.4-28) 

Further simplification of the closure problem can be achieved if we can demonstrate 
that CAy is small compared to (CAy) y. Directing our attention to the boundary condition 

given by Eq. 1.4-23, we use the estimates 
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D"fIC'~yVCAy = O(~ycAy/fy) (1.4-29a) 

D"fIC .~y V(CAy)y = O(~yA(CAY)Y /Lc} (1.4-29b) 

to obtain 

B.C.l (1.4-30) 

This can be arranged in the form of an estimate for CAy 

(1.4-31) 

originally given by Ryan et al. (1981). In order to simplify this result we need to express 
the parameter k fy / ~y in terms of the particle Thiele modulus which leads us to 

kf 2 
~y = G/(fy/L) 

y 

(1.4-32) 

Here <I> represents the particle Thiele modulus which is given explicitly by 

<I> = L~avk /~y (1.4-33) 

In this representation the characteristic macroscopic length, L, is usually taken to the 
effective particle diameter (Carberry, 1976), and the small length scale fy is related to 

a v by 

(1.4-34) 

For practical reactor design problems, the particle Thiele modulus is usually less than ten 
(<1>2 ~ 100) while fy is typically many orders of magnitude smaller than L, thus Eq. 

1.4-32 indicates that k fy / ~y is very small compared to one. 

k£ 
-y <<< 1 (1.4-35) 
~y 

Use of this result with Eq. 1.4-31 leads to the following estimate for the spatial deviation 
concentration: 

(1.4-36) 
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On the basis ofEq. 1.4-35, and because ly « Le , this estimate leads us to conclude that 

(1.4-37) 

and we can discard kcAy relative to k(CAy)y in Eq. 1.4-23. This allows us to express 

the boundary value problem for CAy as 

B.C.1 

B.C.2 

V2CAY = _( avk )(CAY)Y 
Ey~y 

CAy = cPi"(r,t) , at Q9{ye 

(1.4-38) 

(1.4-39) 

(1.4-40) 

While Eq. 1.4-37 represents a reliable estimate of CAy relative to (CAy)y, one must be 

careful to remember that the length scales associated with CAy and (CAy)Y are very 

different and a similar inequality does not exist for the gradients of CAy and (CAy)"Y. In 

the absence of any chemical reaction, Eq. 1.4-39 immediately leads to the estimate 

(1.4-41) 

This relation between the gradient of CAy and the gradient of (CAy)"Y must be kept in 

mind whenever simplifications are made in the volume averaged transport equation for 
(CAy) Y or in the governing equation for CAy. 

1.4.3 THE LOCAL PROBLEM 

It should be clear that we have no intention of solving Eqs. 1.4-38 through 1.4-40 over 
the entire macroscopic region illustrated in Figure 1.2. Instead, we want to solve for CAy 

in some representative region and use the computed results in Eq. 1.4-5 to affect the 
closure. Such a region is illustrated in Figure 1.6, and if we want to solve for CAy in that 

region we must be willing to abandon the boundary condition given by Eq. 1.4-40. 
Since the source, cPi"(r,t) , only influences the CAy-field over a distance on the order of 

ly, the loss of the boundary condition at Q9{ye is of no consequence. If we treat the 

representative region shown in Figure 1.6 as a unit cell in a spatially periodic porous 
medium, we can replace the boundary condition imposed at Q9{ye with a spatially 

periodic condition on CAy. 

If we accept the model of a spatially periodic porous medium in order to solve the 
closure problem, we know that the unit normal vector must satisfy the condition 
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(1.4-42) 

Here fi represents the three non-unique lattice vectors that are required to describe a 
spatially periodic porous medium (Bensoussan, et ai, 1978; Brenner, 1980; Sanchez­
Palencia, 1980). While the geometry of our representative region may be invariant to a 
transformation of the type, r ~ r+fi' the governing equation and boundary condition 

given by Eqs. 1.4-38 and 1.4-39 will not be unless we can treat (CAY)y and V(CAy)'Y as 

constants. Since (c A'Y) 'Y cannot be a constant unless V(c A'Y) Y is zero, there are some 

approximations to be made before we can impose a spatially periodic condition on CAy' 

Figure 1.6. Representative region 

In order to identify these approximations, we need to express (CAY) Y and V(c Ay)'Y in 

terms of Taylor series expansions about the centroid of the representative region. These 
expansions are given by 

(CAy)t+yy = (CAy>t + Yy ' V(CAy>t + tyyY'Y: VV(CAy)t +... (1.4-43) 

(1.4-44) 
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in which x represents the centroid of the representative region shown in Figure 1.6, and 
Y y locates points in the y-phase relative to the centroid. We can estimate the higher 

order terms in Eq. 1.4-43 and use the resulting representation in Eq. 1.4-38 to obtain 

(1.4-45) 

Using both Eqs. 1.4-43 and 1.4-44 in the boundary condition given by Eq. 1.4-39 leads 
to the following form: 

B.C.l 
- D'Y"·VCAy = D'Y".V(CAy>t + o[(;:JV(CAy)'Y] 

(1.4-46) 

Here we have used the estimates given by 

(1.4-47a) 

(1.4-47b) 

in which Y y is on the order of '0 and the length scales, Lc and LCi' are defined by 

Eqs. 1.3-13 and 1.3-16. The estimate for Yy is based on the idea that the representative 

region will never be larger than the averaging volume. In order to discard the higher 
term in the governing equation for CAy we require the restriction 

(1.4-48) 

while the boundary condition given by Eq. 1.4-46 can be simplified on the basis of 

(1.4-49a) 
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(1.4-49b) 

These restrictions lead to the following constraints 

(1.4-50) 

and when these constraints are satisfied, the closure problem can be expressed as 

B.C.1 

Periodicity: 

V2CAY = _( ayk )(CAy)t 
E/Pl!y 

-DYJC·VCAy = DYJC.V(CAy)YL +(~J(CAy)t' atA,..c 

(1.4-51) 

(1.4-52) 

(1.4-53) 

in which A,..c represents the interfacial area contained within the representative region. 

Here we have discarded the boundary condition at cdye given by Eq. 1.4-40 and 

replaced it with the periodicity condition on CAy (see Problem 1-19). This periodicity 

condition is consistent with Eqs. 1.4-51 and 1.4-52 only if the geometry of the 
representative region is spatially periodic and the source terms are either constant or 
spatially periodic. By imposing the constraints indicated by Eqs. 1.4-50 we have been 
able to treat the reactive sources, (avk I E/!j)y)(c AY)y and (k I rpj}y)(c Ay) y , as constants 

while the diffusive source, DYJC· V(CAY)'Y, is spatially periodic because of the nature of 

the unit normal vector DYJC. 

It is important to understand that Eqs. 1.4-51 through 1.4-53 represent an 
approximation of the boundary value problem given by Eqs. 1.4-38 through 1.4-40 and 
the validity of this approximation is an important issue. It should be clear that the CAy-

field will be dominated by the governing differential equation and the flux boundary 
condition, both of which contain source terms that generate the CAy-field. Neither the 

boundary condition given by Eq. 1.4-40 nor the periodicity condition given by 
Eq. 1.4-53 will have an important influence on the CAy-field. This is especially true for 

the values of CAy evaluated at the 'Y-lC interface, and it is this value that enters the filter 

identified by Eq. 1.3-37. The role of this filter for diffusive transport processes has been 
explored in some detail by Ochoa-Tapia et al. (1994) for spatially periodic models and 
Maxwell's (1881) model, and their numerical calculations indicate why Maxwell's 
model provides good results for effective diffusivities and effective thermal 
conductivities even when the constraints inherent in the model are not satisfied. 
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One should keep in mind that the representative region shown in Figure 1.6 can be 
arbitrarily complex. In their study of two-phase flow in heterogeneous porous media, 
Ahmadi and Quintard (1996) used a log-normal distribution of permeabilities (Dagan, 
1989) to construct large unit cells that were representative of complex, disordered 
systems. In a study of dispersion, Noble et al. (1998) made use of unit cells in which 80 
octagonal cylinders were randomly distributed in order to determine the influence of 
disorder on longitudinal and lateral dispersion coefficients. It is clear from these initial 
studies of disordered systems that unit cells can indeed be constructed that are 
representative of real, disordered systems. 

It is of some importance to note that Eqs. lA-51 through lA-53 determine CAy only 

to within an arbitrary, additive constant. Sometimes this indeterminacy is removed by 
imposing the condition 

(lA-54) 

While this constraint is quite plausible, it is not necessary since any additive constant 
associated with CAy will not pass through the filter represented by Eq. 1.3-37. It is 

important to remember that in the development of the local volume averaged equation 
given by Eq. 1.3-36, we made repeated use ofEq. 1.3-7 which can be used to write 

~ J DYIC(constant)dA = -(VEy)(constant) 

A,. 

(lA-55) 

However, when the area integral in Eq. 1.3-36 is evaluated on the basis of the closure 
problem given by Eqs. lA-51 through lA-53, we find that 

~ J DYIC(constant)dA = 0, 

A,. 

{
for a spatially 

periodic porous 

medium 

(lA-56) 

Under these circumstances, the additive constant associated with CAy plays no role in the 

evaluation of the area integral in Eq. 104-5. However, this is not true for all processes, 
and in Chapter 4 we will see that a condition of the type indicated by Eq. lA-54 plays a 
crucial role in the closure problem. 

1.404 CLOSURE VARIABLES 

Given the linear nature of the boundary value problem for CAy' we propose a solution in 

terms o/the sources which we express as (see Problem 1-20) 

(lA-57) 
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This approach to solving the boundary value problem for CAy is known as the method of 
superposition, and we refer to the vector by and the scalar Sy as the closure variables. 
We can think of 'l'y as an arbitrary function and this allows us to specify by and Sy in 
any way we wish, and we choose to determine these closure variables by means of the 
following two boundary value problems: 

Problem I 
V2b = 0 (1.4-58a) y 

B.C.1 -DYK .Vby = DYK , at~ (1.4-58b) 

Periodicity: by(r+Jl i ) = by(r), i = 1, 2, 3 (l.4-58c) 

Problem II 

V 2s = 
_ ayk 

(1.4-59a) y 
£/!JiJy 

B.C.1 -DYK'VSy = k l'fJlJy , at~ (1.4-59b) 

Periodicity: sy(r+JI;) = syCr), i = 1, 2,3 (1.4-59c) 

We can now develop the boundary value problem for 'I' y by substituting the 

representation given by Eq. 1.4-57 into the closure problem given by Eqs. 1.4-51 
through 1.4-53 and imposing the conditions on by and Sy required by Eqs.1.4-58 and 

1.4-59. This leads to our third closure problem given by 

Problem III 

B.C.1 - DYK . V'I' y = 0, at ~ 

Periodicity: 'l'y(r+JI;) = 'l'y(r), i = 1,2, 3 

(1.4-60a) 

(1.4-60b) 

(l.4-60c) 

Certainly 'I' y = constant is one solution to Eqs. 1.4-60 and it will be left as an exercise 

to prove that this is the only solution (see Problem 1-21). Since this additive constant 
will not pass through the filter in Eq. 1.4-5, as we have indicated by Eq. 1.4-56, the value 
of 'I' y plays no role in the closed form of the volume averaged diffusion equation. 

1.4.5 CLOSED FORM 

Substitution of Eq. 1.4-57 into Eq. 1.4-5 leads to the closed form of the governing 
differential equation for (CAy) Y • Since (CAy)'Y and V (CAy) Yare evaluated at the 
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centroid of the representative unit cell, these terms can be removed from the area integral 
in Eq. 1.4-5 and this leads to 

= V {., ~{V«A')' + (~, L n~ b, dA l V«A,)' ]} 

+ V I( \~' L .~SydA )«Ay)'] - a.k«A,)' 

The effective diffusivity tensor is defined by 

and we represent the vector associated with the chemical reaction as 

Ey'TiJy J 
U = -- D')'KSydA 

Vy 
~ 

(1.4-61) 

(1.4-62) 

(1.4-63) 

Use of these two definitions in Eq. 1.4-61 leads to the following form of the closed 
equation 

(1.4-64) 

Since u has the units of velocity and is directly proportional to k, one can think: of 
U(CAy)y as a convective transport term that is generated by the heterogeneous reaction. 

Paine et al. (1983) have shown that this contribution to convective transport can be 
important when convection itself is important; however, we will demonstrate in the 
following paragraphs that this term is negligible for the case of diffusion in porous 
catalysts. 

At this point in our analysis, we should think about how the interfacial boundary 
condition given by Eq. 1.2-2 has influenced the volume averaged transport equation. 
For the process of diffusion and reaction, we found that the interfacial boundary 
condition entered into the analysis in two ways: 

1. In the process of spatial smoothing, the interfacial flux was 
incorporated directly into the volume averaged transport 
equation. That gave rise to the reaction rate term in Eq. 1.2-26. 
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2. In the closure problem we found that the heterogeneous 
reaction rate term acted as a source for the cAy-field. That gave 

rise to the convective-like term in Eq. 1.4-64. 

Chapter 1 

Although the second contribution will be negligible in this case, one should always keep 
in mind that boundary conditions influence the final form of a volume averaged transport 
equation both in the spatial smoothing process and in the closure problem. This is 
particularly clear in the case of the chromatographic equation and Forchheimer's 
equation (Whitaker, 1997). 

Turning our attention to the convective-like transport term, we can use Eqs. 1.4-59 
to develop the estimate given by (see Problem 1-22) 

and this can be used with Eq. 1.4-63 to conclude that 

U = O(k) 

(1.4-65) 

(1.4-66) 

From this result, and the fact that ay ... f.~1, we can see that the last two terms in Eq. 

1.4-64 are restricted by 

ayk(CAY? » V '(U(CAY?) 

and under these circumstances Eq. 1.4-64 simplifies to 

o(c AY)y ( ) 
Ey ot = V· EyDejJ' V(CAy? - avk(cAY)Y 

(1.4-67) 

(1.4-68) 

In this particular case, we see from Eqs. 1.4-62 and 1. 4-58 that the effective diffusivity 
is a linear function of the molecular diffusivity and that it depends on the geometry of the 
porous medium through the by-field. The boundary value problem for the by-field is 

purely geometrical in nature and we will examine solutions of this problem in Sec. 1.6 in 
order to compare theory with experiment for the effective diffusivity. In addition to 
using the closure problem given by Eqs. 1. 4-58 to determine the effective diffusivity 
tensor, one can also use it to prove that DejJ is symmetric (see Problem 1-23). 

1.S Symmetric Unit Cells 

In this section we develop some symmetry properties for the Sy and by-fields that occur 

when symmetric unit cells are used to solve the two closure problems given by 
Eqs. 1. 4-58 and 1.4-59. Although the unit cell illustrated in Figure 1.6 is not symmetric, 
most calculations are carried out using relatively simple unit cells that are completely 
symmetric. Under these circumstances one can prove that U = 0, and in the following 
paragraphs we present Ryan's (1983) proof. We begin with an explicit representation of 
Eqs. 1.4-59 for the x, y,z-coordinate system so that the closure problem takes the form 
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Problem II 

a2S a2 S a2 S 
[ avk ) --y + --y + --y = (1.5-la) 

ax2 ay2 az2 Ey'fdOy 

B.C.l - n 
asy asy asy 

= k/~, at~ (1.5-1b) --n--n-
x ax y ay z az 

Periodicity: sy(r+f;) = Sy (r), i = 1, 2, 3 (1.5-lc) 

Here we have used nx ,ny, and nz to represent the components of the unit normal vector 

DYK in order to simplify the nomenclature. 

Since Eqs. 1.5-1 are valid in any coordinate system, we consider the transformation 
x,y,z ~ x, y,z and express the closure problem in this new coordinate system as 

Problem II' 

B.C.l 
_ asy _ asy _ asy 

-n--n--n- = k/i())j, at A 
x ax y ay z az 1 '''YK 

Periodicity: sy(r+f;) = sy(r) , i=I,2,3 

In Eqs. 1.5-2 we have used Sy to mean 

Sy = 
We now consider a particular coordinate transformation given by 

x = -x, y = y, z = z 

and for this case we see that Eq. 1.5-2a takes the form 

a2s + a2:s + a2;s = -[~) 
ax2 ay2 az2 Ey'fdOy 

(1.5-2a) 

(1.5-2b) 

(1.5-2c) 

(1.5-3) 

(1.5-4) 

(1.5-5) 

In the boundary condition given by Eg. 1.5-2b, the transformation specified by Eg. 1.5-4 
leads to the following relations for the components of the normal vector 

nx = nx(x,y,z) = nx(-x,y,z) = -nx(x,y,z) (1.5-6a) 

In addition, the symmetry of the unit cell also leads to 

ny ny(x,y,z) ny(-x,y,z) ny(x,y,z) (1.5-6b) 

nz = nz(x,y,z) = nz(-x,y,z) = nz(x,y,z) (1.5-6c) 
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The derivatives in the boundary condition given by Eq. 1.5-2b can now be expressed as 

dS., dS., 
dy = dy' 

(1.5-7) 

and this allows us to write that boundary condition as 

dS., dS., dS., 
B.C.l - nx - - ny- - n - = k/~." at~ 

dX dy Z dZ 
(1.5-8) 

To be absolutely clear about the form of Problem II', we summarize these results to 
express this part of the closure problem as 

Problem II' 

(1.5-9a) 

B.C.l (1.5-9b) 

Periodicity: s.,(r+f;) = s.,(r), i = 1, 2, 3 (1.5-9c) 

When this boundary value problem is compared with that given by Eqs. 1.5-1, we 
conclude that 

S., = s., (1.5-10) 

for the coordinate transformation given by Eq. 1.5-4. We can also write Eq. 1.5-10 as 

S.,(-x,y,Z) = S.,(x,y,z) (1.5-11) 

and from this we see that s., is symmetric in x for a unit cell that is symmetric in x. One 

can repeat this proof of Ryan (1983) for cells that are completely symmetric to show that 
s., is completely symmetric. For this case we can prove that the vector u is equal to zero. 

Because of the periodic nature of s." we can express the area integral of s., over the 

entrances and exits of any unit cell as 

_1_ f D')tl s., dA = 0 
V., 

A,. 

(1.5-12) 

When this condition is used with Eq. 1.4-63, and the divergence theorem is applied in 
order to convert the area integral to a volume integral, we obtain the following 
expression for the vector u: 
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(1.5-13) 

The x-component of the this vector is given by 

u = E ~ {_I f OSy dV} 
x y y v. ox 

yv. 
y 

(1.5-14) 

and since Sy is symmetric in x we know that OSy I ax is skew-symmetric, i.e., 

~;Ix = - ~;I-x (1.5-15) 

This leads to the condition 
(1.5-16) 

and for a completely symmetric unit cell we have 

u = 0 , completely symmetric unit cell (1.5-17) 

Given that the convective transport term in Eq. 1.4-64 is negligible, as indicated in Eq. 
1.4-67, this result for completely symmetric unit cells is not particularly important; 
however, the characteristics of symmetric unit cells are important and the analysis 
leading to Eq. 1.5-17 will prove to be useful in other studies. 

Turning our attention to Problem I, we examine the x-component of the vector by 

for the transformation given by Eq. 1.5-4. We designate i·by as by and express the 

closure problem for this component as 

Problem I 

B.C.l 

Periodicity: 

02b a2b a2b 
--y+--y+--y = 0 
ox2 oy2 OZ2 

oby aby oby 
- nx ox - ny oy - nz OZ = nx ' at ~ 

In the x, y, z coordinate system we express this problem as 

(1.5-18a) 

(1.5-18b) 

(1.5-18c) 
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Problem I' 
a2b a2b a2b 
--y + --y + --y 
ai2 aj2 af2 o (1.5-l9a) 

aby aby _ aby 
-n--n--n-

x ai Y aj z af 
B.C.I (1.5-I9b) 

Periodicity: by(r), i == 1,2,3 (1.5-I9c) 

Here we have used by to mean 

(1.5-20) 

For the specific transformation given by Eq. 1.5-4, we can repeat the analysis given by 
Eqs. 1.5-2 through 1.5-9 to obtain 

Problem I' 
a2b a2b a2b 
--y + --y + --y == 0 
ax2 ay2 az2 (1.5-2Ia) 

B.C.I 
aJ;" aby aby 

- nx ax - ny ay - nzTz"" == -nx , at~ (1.5-2Ib) 

Periodicity: (1.5-21c) 

The key idea here is that the x-component of the unit normal vector on the right hand 
side of Eq. 1.5-18b controls the behavior of the by -field and nx is skew-symmetric in x. 

By comparing Eqs. 1.5-18 with Eqs. 1.5-21, we see that 

(1.5-22) 

and we can be more explicit by expressing this result as 

byx(x,y,z) == - byx(-x,y,z) (1.5-23a) 

For a completely symmetric unit cell, the above proof can be repeated for the y and 
z-components of the vector by, and this leads to 

byy(x,y,z) == - byy(x,-y,z) 

byz(x,y,z) - byz(x,y,-z) 

(1.5-23b) 

(1.5-23c) 

These conditions can be used to reduce the computational domain, and in the original 
numerical studies (Ryan, 1983) this reduction was of considerable importance. 
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1.6 Comparison Between Theory and Experiment 

Our objective in this section is to compare the theory that led to Eq. 1.4-68 with 
experiment; however, since the effective diffusivity is independent of the reaction rate it 
is sufficient to consider only the case of passive diffusion in porous media. The 
comparison between theory and experiment will be restricted to systems for which 
Ey and Oeff can be treated as constants, thus Eq. 1.4-68 can be simplified to 

(1.6-1) 

It is of some interest to note that we have retained the porosity in this result rather than 
canceling Ey from each side of Eq. 1.6-1. This has been done in an effort to avoid errors 

on the order of Ey ' since numerous errors of this type have made their way into the 

literature. 

It is important to remember at this point that our formulation of the diffusion 
problem was based on the restrictions given by Eqs. 1.1-12 and 1.1-13 and on the 
definition of the mixture diffusivity given by Eq. 1.1-15. This led to the molar flux 
being represented by 

(1.6-2) 

and one can quickly draw upon the developments in Secs. 1.2 and 1.4 to demonstrate 
that the superficial volume average molar flux takes the form 

(1.6-3) 

In many problems of practical importance, one is only interested in the transport of 
species A between a porous medium and the adjoining homogeneous fluid. We have 
shown this system in Figure 1.7 in which the (I)-region represents the porous medium and 
the T1-region represents the homogenous fluid. The molar flux associated with the (O-T1 
interface can be expressed as 

{
moles of species A } 
tra~sferred per unit = 

tlme and area 

however, this is often written in the form 

{
moles of species A } 
tra~sferred per unit = 

nmeandarea 

(1.6-4) 

(1.6-5) 

In this case the porosity has been incorporated into the effective diffusivity tensor, and 
this is entirely a matter of choice; however, one is less likely to commit an algebraic 
error if the porosity is retained as a separate factor as we have done in Eqs. 1.6-1 and 



42 Chapter 1 

1.6-4. The general problem of constructing conditions at the boundary between a porous 
medium and a homogeneous fluid has been discussed by Ochoa-Tapia and Whitaker 
(1995a, 1995b, 1997, 1998a, 1998b). 

ll-region 

Figure 1.7. Boundary between a porous medium and a homogeneous fluid 

1.6.1 EXPERIMENTAL STUDIES 

Experimental studies that are consistent with Eqs. 1.1-12 and 1.1-13 are very difficult to 
carry out, especially in the presence of a chemical reaction. On the other hand, one can 
perform experiments with passive systems at high molar concentrations that are 
consistent with the theory leading to Eq. 1.6-1 and the closure problem that is used to 
determine the effective diffusivity defined by Eq. 1.4-62. These experiments are done 
with binary systems at constant temperature and pressure, and for these systems the 
single Stefan-Maxwell equation takes the form 

(1.6-6) 

since the total molar concentration, cy , can be treated as a constant. In experimental 

systems that are set up to provide transient, one-dimensional molar fluxes, one can argue 
that 

(1.6-7) 

If one is willing to assume that the average of spatial deviations is zero, one can make 
use of Eq. 1.6-7 in conjunction with Eq. 1.6-6 to obtain the following representation for 
the intrinsic volume average molar flux of species A 

(1.6-8) 

On the basis of the result given by Eq. 1.4-37, one can make use of the inequality 



Diffusion and Reaction 

and this allows us to express the superficial average molar flux as 

(NAy) = - ('PlJABVCAy) 

43 

(1.6-9) 

(1.6-10) 

From here one can obtain Eq. 1.6-3 where 'PlJAB replaces 'PlJy in the expression for the 

effective diffusivity tensor given by Eq. 1.4-62. Since all of the experiments that we 
wish to compare with the theory were obtained under conditions that led to Eq. 1.6-7, the 
justification ofEq. 1.6-10 is an important matter. 

1.6.2 ISOTROPIC SYSTEMS 

It is worthwhile to note that there are no homogeneous, isotropic porous media. By 
isotropic one means invariant to any coordinate rotation and by homogeneous one 
means invariant to any coordinate translation, and a little thought will indicate that 
there are no porous media that could satisfy these geometrical requirements. On the 
other hand, there exist porous media for which the diffusion process is isotropic and for 
which the effective diffusivity tensor and the porosity can be treated as constants. We 
think of these porous media as being homogeneous and isotropic with respect to the 
diffusion process. 

As an example, we note that the representative porous medium illustrated in Figure 
1.6 is invariant to coordinate translations of the type r = r + Ri , but it is not invariant to 
an arbitrary translation and thus it is not homogeneous. Directing our attention of a 
simpler system, we note that the two-dimensional, square array illustrated in Figure 1.8 
is only invariant to 90° rotations about certain points, but it is not invariant to arbitrary 
coordinate rotations about any point. Thus the porous medium is neither homogeneous 
nor isotropic. On the other hand, the system illustrated in Figure 1.8 can be used to 
solve the closure problem given by Eqs. 1.4-58, and this has been done by Ryan (1983) 
to obtain 

Dxy = Dyx = 0 (1.6-11) 

Here we have used Dxx ' Dxy' etc., to represent the components of Deff , and Eqs. 1.6-11 

indicate that the system illustrated in Figure 1.8 is homogeneous and transversely 
isotropic with respect to the diffusion process. Ryan also solved the closure problem for 
the system shown in Figure 1.9, and for that array one might expect to find values of Dyy 

that are larger than the values for Dxx since diffusion in the x-direction would follow a 
more "tortuous path". However, the computed values of Dxx and Dyy differed by less 

that 1 % while the off-diagonal components were zero. This indicates that for practical 
purposes the system shown in Figure 1.9 is also homogeneous and transversely isotropic 
with respect to the diffusion process. In a more recent study of diffusion in cellular 
systems, Ochoa (1989) repeated the original work of Ryan (1983) using several different 
numerical techniques, all of which gave good agreement with Ryan's calculations. 
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Figure 1.B. Two-dimensional square array as a model of a spatially periodic porous medium 

Figure 1.9. Two-dimensional array as a model of a spatially periodic porous medium 

There are a number of unconsolidated porous media that appear to be isotropic with 
respect to the diffusion process and in Figure 1.10 we have compared the experimental 
data for these systems with several theories. The curve identified as Ryan et al. (1981) 
represents the solution of Egs. 1.4-58 with the single distinct component of the effective 
diffusivity tensor being predicted by Eg. 1.4-62. The theoretical results for the models 
illustrated in Figures 1.8 and 1.9 are essentially identical and are in good agreement with 
the experimental data shown in Figure 1.10. The curve identified by Quintard represents 
a solution for the three-dimensional array of spheres illustrated in Figure 1.11. The 
results of Quintard (1993) are slightly higher than those of Ryan et al. (1981) and are in 
excellent agreement with the experimental data. The curve identified by Weissberg 
(1963) in Figure 1.10 is an upper bound determined by means of a variational principle 
which yields the following analytical representation: 
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£ 
1Y ,Weissberg 

1 - 2"ln£y 
(1.6-12) 

This result is also in reasonably good agreement with the experimental data, and as an 
upper bound it is appropriate that it always predicts values that are greater than either 
those of Ryan et al. or Quintard. The first attempt at a theoretical prediction of the 
effective diffusivity is due to Maxwell (1881) who analyzed a dilute suspension of 
spheres to obtain the result 

2£y 

3 - £ ' y 

Maxwell (1.6-13) 

Although Eq. 1.6-13 was originally considered to be restricted to values of £y close to 

one, Hashin and Shtrikman (1962) have shown that it is an upper bound for any value of 
£y and the comparison shown in Figure 1.10 verifies their analysis. 

1.0 ,----------r---....----.------" 
Kimetal . 

• spheres 

Currie 
0.8 0 mixture ofspheres 

[J sand 

0.6 

0.4 

0.2 

o 
o 

e. carborundum 
... sodium chloride 

Hoogschagen 
ct mixture of spheres 
V carborundum 

0.2 0.4 

Ryanetal. 

0.6 0.8 1.0 

Figure 1.10. Comparison between theory and experiment for isotropic systems 
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Figure 1.11. Three-dimensional array of spheres as a model of a spatially periodic porous medium 

The micropore-macropore model of Wakao and Smith (1962) can be used to predict 
effective diffusivities for macropore systems and for the constraints associated with 
Eq. 1.2-1 their expression reduces to 

E~, Wakao and Smith (1.6-14) 

This result is illustrated in Figure 1.10 and one can see that it significantly under-predicts 
the effective diffusivity for values of the porosity in the range of practical importance. 
The problem of diffusion and reaction in a macropore-micropore model of a porous 
catalyst has been examined in some detail by Whitaker (1983a), and a comparison 
between theory and experiment is available in terms of effective diffusivities for packed 
beds of porous particles (Whitaker, 1988c). 

1.6.3 MAXWELL'S CLOSURE PROBLEM 

Equation 1.6-13 is of particular interest when viewed in terms of the closure problem 
given by Eqs. 1.4-58. Rather than solve that boundary value problem subject to the 
periodicity condition associated with the unit cell shown in Figure 1.11, Chang (1982, 
1983) proposed a solution subject to a Dirichlet condition imposed at the spherical 
surface illustrated in Figure 1.12. This special form of Eqs. 1.4-58 is given by 

V2b y = 0 (1.6-15a) 

B.C.l -nyx: .Vby = nyx:' r = ro (1.6-15b) 

B.C.2 by = 0, r = rl (1.6-15c) 

and in order to develop a precise correspondence with the spatially periodic model 
shown in Figure 1.11, we require that the porosity and the area per unit volume for the 
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two models be equal (Quintard and Whitaker, 1995a). The solution to Eqs. 1.6-15 
produces the expression for the effective diffusivity given by Eq. 1.6-13, thus this form 
of the closure problem gives reasonable agreement with experimental data as one can see 
from the curve identified by Maxwell in Figure 1.10. 

Figure 1.12. Chang's unit cell 

Since the space occupied by the unit cell associated with Eqs. 1.6-15 does not fill the 
space occupied by the porous medium, it is surprising that Maxwell's closure problem 
gives such good agreement with experiment. A detailed study of Eqs. 1.4-58 and the 
special form given by Eqs. 1.6-15 has been carried out by Ochoa-Tapia et at. (1994), 
and their work indicates that there are significant differences between the by -field 

determined by Eqs. 1.4-58 and Eqs. 1.6-15. However, it is the area integral of by"Y" 

that determines the effective diffusivity tensor, and this area integral is not strongly 
influenced by either the periodicity condition given by Eq. 1.4-58c or the Dirichlet 
condition given by Eq. 1.6-15c. 

1.6.4 ROLE OF THE F1L TER 

At this point we are in a position to learn something about the filtering characteristics of 
the area integral in Eq. 1.3-37 or in Eq. 1.4-62. To do so we consider the experimental 
data for sand (Currie, 1960) that are illustrated in Figure 1.10. We imagine that 
photomicrographs of the sand are available and that from them we can construct a 
detailed three-dimensional model of the sand. A two-dimensional rendering of the 
experimental system is illustrated in Figure 1.13, along with a theoretical model having 
the same porosity as the experimental system. Imagine that the boundary value problem 
represented by Eqs. 1.4-58 is solved for the experimental system shown in Figure 1.13 
and the results are used in Eq. 1.4-62 to determine the effective diffusivity tensor. We 
expect that the computed values for DeJf would be in excellent agreement with the 

experimental values illustrated in Figure 1.10, and this means that the experimental 
system illustrated in Figure 1.13 would provide essentially the same result as the 
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theoretical model shown in that figure. This leads us to the question: "What gets 
through the filter for the process of diffusion in an isotropic system?", and the answer is 
most certainly, "Not much more than the porosity." 

Experimental system Theoretical model 

Figure 1.13. Experimental system and theoretical model for sand 

1.6.5 ANISOTROPIC SYSTEMS 

While many systems that are isotropic with respect to diffusion are available in the 
laboratory, most natural systems and many processed materials are anisotropic. The 
process of extrusion may be the cause of anisotropy in catalyst pellets (Satterfield, 1970, 
Sec. 1.8.2), and the experimental results of Currie (1960) for kaolin suggest that any 
kaolin-based catalyst will exhibit anisotropic behavior. Natural minerals such as clay 
and sandstone tend to be anisotropic (Muskat, Sec. 6.7, 1949) as do most cellular 
systems (Crapiste et at., 1988a-b). Wood is a classic example of an anisotropic organic 
material and this has important consequences for the drying process (Bonneau and 
Puiggali, 1993; Turner, 1996). Although there are numerous anisotropic systems of 
practical importance, no experimental studies exist prior to those of Kim et at. (1987). 
Using a system similar to that employed by Currie (1960), Kim et al. (1987) measured 
the components of the effective diffusivity tensor parallel and perpendicular to the 
bedding plane. Three systems composed of mica particles were studied and 
measurements were also made for an artificial porous medium composed of mylar disks. 
Kim et al. (1987) described the properties of the mica and mylar particles in terms of the 
following three parameters: 

1. The average projected area, A. 
2. The average thickness, b. 

3. An effective length, a =.fA 

The properties of the four systems studied by Kim et al. (1987) are listed in Table 1.1 
and the degree of anisotropy can be thought of as characterized by the ratio, a/b. 

Given the success of the simple two-dimensional models illustrated in Figures 1.8 
and 1.9, it would seem reasonable to begin a study of anisotropic systems with similar 
models such as those shown in Figures 1.14. From those figures it becomes immediately 
apparent that anisotropic systems are much more complicated than isotropic systems. 
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TABLE 1.1. Geometrical characteristics of porous media particles 

projected area average thickness effective length 
material A (mm2) b(mm) a (mm) alb 
mica A 1.076 0.072 1.037 14.4 
micaB 0.481 0.043 0.694 16.1 
micaC 0.235 0.033 0.485 14.7 

mylar disks 2.483 0.076 1.576 20.7 

In the theoretical analysis of Kim et al. (1987), the particles were all parallel to the 
x-axis and the influence of the lattice vectors was accounted for by the ratio of the 
lengths of the sides of the unit cell, La I Lb, where La and Lb are illustrated in 
Figures 1.14. 

L 
&y =0.85 a/b=15 

Figure 1.14u. Geometrical model of anisotropic porous media 

Ey =0.75 alb = 15 

Figure 1.J4b. Geometrical model of anisotropic porous media 
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The expectation of Kim et al. (1987) was that anisotropic porous media could be 
modeled in terms of the porosity, £y, the particle geometry, a / b , and some choice of 

La / Lb (or the lattice vectors, f;). It was further assumed that a two-dimensional model 
would be acceptable and that the mean orientation of the particles was sufficient to 
characterize the porous medium. That these assumptions were incorrect is clearly 
demonstrated in Figures 1.15 and 1.16. There we have shown calculated and measured 

r--------------- --- --, ,.. .. .. .... .. ........ -_ .... --- ...... -, 
. ' ,_> ..... ~.,~!' ------------- - '.il' ", .. f!~ , .... .:, •• 

Ey =0.50 alb =15 

Figure 1.14c. Geometrical model of anisotropic porous media 

values of £yDyy / PiJy and £yDxx / PiJy as a function of the porosity for several values of 

La / Lb and we see no choice of La / Lb that provides good agreement between theory 
and experiment. The value of a / b = 15 used in the calculations is in the proper range 
for both the mica and the mylar disks studied by Kim et al. (1987); however, there is no 
geometrical information available for the vermiculite and the mica used by 
Currie (1960). 

While the presentation of theoretical results in Figures 1.15 and 1.16 is not 
exhaustive, it does indicate that one cannot find a single value of La / Lb that gives good 
agreement between theory and experiment. More extensive calculations are available in 
Kim et al. (1987) and in Ochoa (1989), and they all lead to the same conclusion that the 
two-dimensional models illustrated in Figure 1.14 are insufficient to capture the 
important characteristics of diffusion in anisotropic porous media. One of the interesting 
characteristics of the more extensive calculations is that under all circumstances the 
theory over-predicts the value of Dxx. The reason for this seems clear from the in situ 
photographs of the mica and mylar disk systems that were taken by Kim et al. (1987), 
and a sketch of the structure seen in the photographs is presented in Figure 1.17. It 
would appear that the average orientation of the particles was parallel to the x-axis or 
the bedding plane; however, the particles were arranged in groups that were inclined to 
the bedding plane at angles in the range of e = ± 20°. It seems clear that the orientation 
of the particles around the bedding plane is responsible for the experimental values of 
£y D xx / PiJy shown in Figure 1.16 being smaller than the theoretical values based on the 

models shown in Figure 1.14. In addition, it would appear that the effective value of 
a / b is less than the value listed in Table 1.1 because of the manner in which the 
particles align themselves in groups. 
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Figure 1.15. Effective diffusivities nonnai to the bedding plane 
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Figure 1.16. Effective diffusivities parallel to the bedding plane 
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y 

x 

Figure 1.17. Observed particle orientation for anisotropic systems 

On the basis of the results presented in Figures 1.15 and 1.16, we conclude that 
successful geometrical models will be based on knowledge of the porosity, E)" the 

particle geometry perhaps described by a I b, the mean orientation represented by (9), 
and the mean of the square of the orientation, (92 ). The key to understanding what 
geometrical information passes through the filter represented by Eq. 1.3-37 is the closure 
problem given by Eqs. 1.4-58, however, at this time we do not know how to extract this 
information directly and for the present we rely on intuition and comparison between 
theory and experiment. 

The first improvement on the calculations of Kim et al. (1987) was made by Saez et 
ai. (1991) who used a three-dimensional model of parallelepipeds in a planar 
configuration. This led to theoretical results which provided non-zero values of 
E)'Dyy I PlY)' over a wider range of porosities than the two-dimensional models of Kim et 

ai. (1987). In addition, Saez et ai. (1991) were able to obtain reasonably good 
agreement between the theory and the experimental results of Kim et ai. for E)'Dyy I PlY)' 

using La I Lb = 8 and a I b = 15. Not surprisingly, their calculations for the effective 
diffusivity parallel to the bedding plane, E)' D xx I PlY)" were uniformly too large since the 

particles in their model were all parallel to the bedding plane. 

The calculations of Saez et ai. (1991) were followed by those of Quintard (1993) 
who used a three-dimensional array of spheres to produce the results shown in Figure 
1.10. In addition, Quintard (1993) studied the problem of anisotropic systems using a 
three-dimensional model of cylindrical particles that were not arranged in a planar 
configuration. With this model, Quintard was able to reproduce some of the 
experimental data for E)'Dxx jPlY)' shown in Figure 1.16; however, the calculations were 

rather limited in nature because of the computational cost. Quintard's (1993) study 
clearly established that the mean orientation, (9), of the particles is not sufficient for the 
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determination of effective diffusivities parallel to the bedding plane and that one must 
know something about how the particles are distributed about the mean. 

The most recent study of diffusion in anisotropic systems is the work of Ochoa­
Tapia et al. (1994) who made use of Maxwell's closure problem in conjunction with an 
ellipsoidal unit cell. The closure problem has the same general form as Eqs. 1.6-15, but 
ellipsoidal coordinates are used to achieve an anisotropic system. Values of the effective 
diffusivity orthogonal to the bedding plane are represented by EyDzz/rg)y in order to be 

consistent with the nomenclature of Ochoa-Tapia et al. (1994), and the comparison 
between theory and experiment for oblate particles is shown in Figure 1.18 for various 

10 
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Figure 1.18. Experimental effective diffusivities nonna] to the bedding plane and theoretical effective 
diffusivities nonna] to the major axis of oblate particles 

values of alb. The parameter alb represents the ratio of the major axis to the minor 
axis and thus has very nearly the same significance as the parameter listed in Table 1.1. 
In this case we see good agreement between theory and the experimental results of Kim 
et al. (1987) for a value of alb - 9, while the experimental data of Currie (1960) would 
be better fit by a value of alb -15. The value of alb - 9 is consistent with the results 
listed in Table 1.1 and the idea that the particles tend to align themselves in groups as 
suggested in Figure 1.17. The predictions for effective diffusivities parallel to the 
bedding plane are similar to those shown in Figure 1.16, i.e., the ellipsoidal unit cell 
predicts values of EyDxx/rg)y that are too large. The use of Maxwell's closure problem 

with ellipsoidal unit cells has the attractive feature that it produces analytical solutions 
with a minimum of effort and the results can be used to determine some properties of 
anisotropic systems. However, a general theory identifying the geometrical 
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characteristics that pass through the filter represented by Eq. 1.3-37 still remains to be 
developed, and the relation between an experimental system and a theoretical model, 
illustrated in Figure 1.13 for isotropic systems, needs to be altered for anisotropic 
systems. The idea that more information passes through the filter for anisotropic systems 
is illustrated in Figure 1.19 where we see that the unit cell used for theoretical 
calculations must incorporate more information about the structure of the system. 

Experimental system Theoretical model 

Figure 1.19. Experimental system and theoretical model for anisotropic porous media 

1.7 Conclusions 

In this chapter we have developed the closed form of the volume averaged transport 
equation for bulk diffusion with heterogeneous chemical reaction in porous media. We 
have used this process to set up much of the mathematical apparatus associated with the 
method of volume averaging, and we have illustrated the general framework of this 
procedure which consists of: 

1. Spatial smoothing in which the governing equations and boundary 
conditions are joined. 

2. Simplification of the spatially smoothed transport equation on the basis 
of the disparate length scales that often exist for multiphase systems. 

3. Development of a closure problem, first in terms of the spatial deviation 
concentration and then in terms of the closure variables. 

4. Comparison between theory and experiment in the absence of adjustable 
parameters. 

For systems that are isotropic with respect to diffusion, all four of these objectives have 
been accomplished, while in the case of anisotropic systems we are still confronted with 
the problem of adjusting geometrical parameters in order to obtain agreement between 
theory and experiment. 
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1.8 Problems* 

1-1. Show that the surface transport equation given by Eq. 1.1-19 can be 
treated as quasi-steady when kst* »1. 

1-2. The interfacial flux constitutive equation given by Eq. 1.1-6 expresses 
the net rate of adsorption as 

(1) 

while the rate of adsorption is represented by 

{ rate of } 
. = k I CAy' at the 'Y -lc interface 

adsorptIOn 
(2) 

in which k\ is a constant. If one thinks of the surface as consisting of adsorption 
sites, the rate of adsorption should depend on the number of vacant sites. If the 
dependence of the adsorption rate on vacant sites is linear, Eq. 2 should be 
written as 

{ rate of } 
ads . = k l (1-{})CAy' at the 'Y -lc interface 

orptlOn 
(3) 

in which {} represents the fraction of occupied sites. Assume that {} is 
proportional to the surface concentration and use the chemical kinetic 
constitutive equation given by Eq. 1.1-18 in order to develop the following 
heterogeneous reaction rate equation: 

kCAy 
RAs = - , at the 'Y -lc interface 

I+KcAy 

This is generally known as the Langmuir-Hinshelwood formulation. 

1-3. For the process of pure adsorption in the absence of heterogeneous 
reaction and surface transport, Eq. 1.1-19 takes the form 

ClcAs at = DYJC' NAy' at the 'Y - lc interface 

When the linear interfacial flux constitutive equation given by Eq. 1.1-6 is 
applicable, this reduces to 

ClCAs 
= k IC A - k_1 CAs' at the 'Y -lc interface 

Clt 

* Solutions to all problems are available from the author. 

(4) 

(1) 

(2) 
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Under equilibrium conditions, one can use Eq. 2 to conclude that 

(3) 

in which the equilibrium constant is defined by 

K =.!:J... 
eq k_l 

(4) 

In order to analyze the adsorption process, Eq. 1 is typically written as 

dCAy . 
Keq at = D-yK· NAy' at the y -K Interface (5) 

which makes use of Eq. 3 even though the surface is not at equilibrium. The 
condition illustrated by Eq. 5 is known as local adsorption equilibrium and it 
occurs when the departure from the equilibrium condition is small enough so that 
it can be neglected. In order to find the constraint associated with Eq. 5, 
decompose the surface concentration according to 

(6) 

and then show that Eq. 5 is a valid approximation when the following constraint 
is satisfied: 

k_lt* » ! (7) 

Here t * represents the characteristic process time. 

1-4. A model of diffusion and heterogeneous reaction in porous media can 
be constructed in terms of a single cylindrical pore in which the process is 
described by the following boundary value problem 

dCAy 
= dt 

<» [L~{ dCA, ) + d'CA, J-
y r dr dr dZ2 

in the y - phase (1) 

B.C.! CAy = CAy' z=o (2) 

B.C.2 
dCAy 

kCAy' (3) -rpj) - r = ro y dr 

B.C.3 
dC Ay 

dz 
= 0, z=L (4) 

I.c. unspecified (5) 

Here we have assumed that the catalytic surface at r = ro is quasi-steady even 
though the diffusion process in the pore may be transient (Whitaker, 1986b). 
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The steady-state form of the boundary value problem for CAy could be solved 

by classical means; however, in this problem you are asked to develop the area­
averaged form of Eq. 1 and determine under what circumstances the 
concentration at r = ro can be replaced by the area-averaged concentration, 

(CAY)'Y. This is defined by 

(6) 

thus you are seeking a constraint that will allow you to use the approximation 

CAyl_ = (CAY)Y r-ro 
(7) 

In your analysis of this problem, you should not use the formalism of the method 
of volume averaging, but instead you should apply the definition given by Eq. 6 
directly to the governing differential equation given by Eq. 1. This will lead to the 
form 

(8) 

Since the limits of integration are independent of t and z, one can interchange 
differentiation and integration to obtain 

(9) 

Direct integration and imposition of the approximation indicated by Eq. 7 will lead 
to a useful form of the area-averaged transport equation. 

After you have developed the area-averaged diffusion-reaction equation, 
solve the steady-state problem and determine the effectiveness factor defined by 

= 
{tota~ rate of reaction} 

m the pore 

{
total rate of reaction } 
in the pore if the 

concentration were c~ 

and indicate how 11 depends on the Thiele modulus. 

(10) 
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1-5. If the function <p(t) is defined by 

T1=b(t) 

<p(t) = J f(t,n)drt 

T1=a(t) 

the one-dimensional Leibniz rule can be used to obtain 

d<p = 
dt 

T1=b(t) 

J af drt + f[t,b(t)]db 
at dt 

T1=a(t) 

Derive this result beginning with the definition 

d<p = lim r <p(t+&)-<P(t)] 
dt &--+01. & 

da 
f[t,a(t)]-

dt 

Chapter 1 

(1) 

(2) 

(3) 

and express the integral between a(t+&) and b(t+At) in terms of three 
appropriately chosen integrals. Then use a simple geometrical interpretation of 
the integrals between a(t) and a(t + &) and between b(t) and b(t + At) to 
complete the derivation. If the integrand in Eq. 1 depends only on the dummy 
variable of integration.n. we have the special case 

T1=b(t) 

<p(t) = J f(n)drt 

T1=a(t) 

and the special form of the Leibniz rule is given by 

d<p db da 
- = f[b(t)]- - f[a(t)]­
dt dt dt 

(4) 

(5) 

The three-dimensional version of this result is encountered in the next problem in 
which time is replaced by the arclength along a line. 

1-6. Derive the spatial averaging theorem using an approach analogous to 
the derivation of the Leibniz rule in one dimension (Whitaker. 1985). Begin the 
derivation by considering the derivative 

d<p = linJ <P(s+&-)-<P(S)] (1) 
ds As--+OL &-

in which <p(s) is the integral defined by 

<p(s) = J'I'ydV 

Vy(s) . 
(2) 
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Here s is the distance along any line imbedded in the Y-lC system illustrated in 
Figure 1-6a, and 'l/y is any function associated with the y-phase. On the basis of 

D')'e 

Figure 1-6a. Averaging volume and a two-phase system 

Eq. 2, the derivative given by Eq. 1 takes the form 

f'l/ydV - f'l/YdV 

= lim -,Vy_(s_+6s_) ___ v..:.y_(s) __ 
(3) 

6s~ 

The two averaging volumes, 'r(s+&s') and 'r(s) , are illustrated in Figure 1-6b, 
and a little thought will indicate that the intersection of Vy(s+&s') and Vy(s) will 

contribute nothing to the right hand side of Eq. 3. Once the intersection is 
removed, you should make use of the projected area theorem (Stein and 
Barcellos, 1992, Sec. 17.1) in the form 

(4) 
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Figure 1-6b. Differential displacement of the averaging volume 

Here dA represents a differential portion of the surface of the sphere located in 
the y-phase, and D'}e represents the outwardly directed unit normal vector 

illustrated in Figure 1-6a. Use of Eq. 4 will allow you to transform the two volume 
integrals to area integrals over the entrances and exits of the y-phase contained 
within the averaging volume, or. Make use of the fact that the derivative with 
respect to s can be expressed as (Stein and Barcellos, 1992, Sec. 14.7) 

!!.. = A. ·V 
ds 

(5) 

where A. is a unit vector tangent to the line illustrated in Figures 1-6a and 1-6b. 
Finally, you should use the divergence theorem 

J V", y dV = J D'}e '" ydA + J D"fIC '" ydA (6) 

Vy A,. Ay. 

in order to obtain the traditional form of the averaging theorem. 

1-7. In order to derive the averaging theorem for the divergence of a vector, 
replace", y in Problem 1-6 with the vector 8 y in order to prove that 
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(Vay) = V(ay} + ~ f DYKaydA 

A,. 

61 

(1) 

Form the double contraction of this result with the unit tensor I in order to obtain 
the desired result given by 

(V·ay) = V·(ay} + ~ f DYK ·aydA 

A,. 

(2) 

1-8. For multiphase transport problems that are one-dimensional at the 
macroscopic level, one would like to use an averaging volume in the shape of a 
disk or a slab such as we have illustrated in Figure 1-8. To derive the averaging 
theorem associated with this special averaging volume, one can follow the 
solution of Problem 1-6 to obtain 

(1 ) 

however, A. cannot be cancelled in this result en route to the traditional averaging 
theorem. Instead we multiply by A. and divide by or so that Eq. 1 takes the form 

N· V('I',) - N{~ l'l', .... dA] = 0 (2) 

in which N is the normal tensor defined according to 

N = U 

This is related to the unit tensor and the projection tensor by 

I = N + P 

(3) 

(4) 

in which P is the projection tensor for the plane that is orthogonal to the unit 
vector A.. When the thickness of the slab illustrated in Figure 1-8 tends to zero, 
show that Eq. 2 can be used to derive the form given by 

(VVy) = N.V(vY}+~fVyDYKdA, A;e=O 
A,. 

(5) 
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s 

Figure 1-8. Averaging volume in the shape of a slab or a disk 

1-9. Develop an extension of the averaging theorem for the y-phase in the 
three-phase system illustrated in Figure 1-9. This can be done by considering 
the lC-phase shown in Figure 1-6a to be made up of the a-phase and the 
~-phase. 

averaging 
volume, C1p"" 

Figure 1-9. Three-phase system 

1-10. In the process of drying a wet porous medium (Whitaker, 1998), one 
encounters the three-phase system illustrated in Figure 1-9 in which the y-phase 
represents humid air and the ~-phase represents pure water. The continuity 
equation for the ~-phase is given by 
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dPp ( ) - + v· Ppvp = 0 
dt 
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(1) 

and the volume averaged form of this equation is an essential feature of the 
theory of drying. Since the volume of the f3-phase contained within the averaging 
volume is a function of time, one needs to make use of the general transport 
theorem in order to complete the averaging process. The general form of this 
theorem is given by 

.E... J'IIP dV = dt 
"P,;{t) 

J d'llp J -atdV + 'lip W'DdA (2) 

"P,; (t) cd. (t) 

in which ~ (t) represents an arbitrary, time-dependent volume and ~ (t) 
identifies the bounding surface of this volume. The speed of displacement of the 
bounding surface is given by W· D in which D is the outwardly directed unit 
normal vector. Since ~ (t) is arbitrary, it can be set equal to Vp (t) in order to 

obtain the special form that is needed in the analysis of Eq. 1. A key quantity of 
interest in the drying process is the mass rate of evaporation per unit volume that 
is defined by 

(m) = ~ f pp(vp -W)'DpydA (3) 

Apy(t) 

In this problem you are asked to develop the volume averaged form of Eq. 1 in 
order to illustrate how the mass rate of evaporation, (m), is related to the time 
rate of change of the volume fraction of the f3-phase, Ep, and the superficial 

average velocity, (vp). Begin your analysis with Eq. 1 and consider the density 

to be constant to obtain the final form of the volume averaged continuity 
equation. If the a-phase is impermeable, the mass transfer boundary condition 
that can be extracted from Eq. 1.1-2 is given by 

B.C.l pp(Vp-W)'Dpo :;:: 0, at~a (4) 

and if the porous medium is rigid, we have 

vp 'Dpo = W'Dpa :;:: 0, at~ (5) 

At the f3--y interface, Eq. 1.1-2 leads to the following boundary condition 

B.C.2 pp(Vp-W)'Dpy = PAy(VAy-w)'Dpy. at~ (6) 

1-11. In the method of volume averaging, one often uses the approximation 

(1) 
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even though rg)y may vary significantly over the macroscopic region of interest. 

In general, the molecular diffusivity will depend on both the concentration and the 
temperature; however, in this problem we consider only the functional 
dependence of rg)y on the concentration CAy' The objective of this problem is to 

determine the constraint associated with Eq. 1 when rg)y on the right hand side is 

evaluated at the average concentration, (CAy) "I. Begin by representing rg)y in a 

Taylor series expansion about the concentration (CAY)"I to show that (Whitaker, 

1998, Sec. VIII) 

+ ... (2) 

Consider only the linear term in CAy and make use of the over-estimate 

(CAy VCAy) = O(CAy(VCAY») (3) 

to demonstrate that Eq. 1 is valid when the following constraint is imposed: 

f a'PlJ 
-y---y V(CA)"I « 1 (4) 
rg)y aCAy y 

Here we have made use of the estimate for CAy given by 

CAy = O(fyV(CAy)y) 

on the basis of the analysis presented in Sec. 1.4. 

1-12. Use the averaging theorem for the Y-K system to prove that 

_1 fn dA = -Ve 0J7 YK Y 

Ay. 

Begin by letting 'I' y in Eq. 1.2-15 be a constant. 

1-13. Use the averaging theorem for the y-K system to prove that 

(5) 
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Begin by letting 'I' y in Eq. 1.2-15 be equal to the position vector ry that locates 

points in the y-phase. Then let ry = x + Y y in order to prove the above result. 

1-14. Given some function, f(x), that has an estimated magnitude of A in 
the domain 0 ~ x ~ L, we can construct the order of magnitude estimates given 
by 

f = O(A) (I a) 

! = o(:~) = o(~) (lb) 

~{ = o( A(~~ ~) ) = o( df ~ ~) = o( ~ ) (Ie) 

One can define the magnitude of some function as 

x=L 

[ ] 1 J I I {magnitude of the} oft f(x) = - f(x)~ = . 
L junctlOn, f(x) 

x=o 

(2) 

and when we construct an order of magnitude estimate of the function, we are 
attempting to estimate oft[J (x)] . In the same manner, we can define the 

magnitudes of the first and second derivatives of this function according to 

=L =L 

oft[(df/~)) = ~JI(df/~)I~, oft[(d2f/~2)] = ~JI(d2f/~2)1~ (3) 
x=O x=O 

When we construct order of magnitude estimates of the derivatives, we are 
attempting to estimate oft[(df /~)] and oft[(d 2 f /~2)J. In this problem we 

consider four simple functions represented by 

f(x) A (4) 

f(x) = 2A(x/L) (5) 

f(x) 6A[(xfL) - (xfL)2] (6) 

f(x) A[ 1 + sin 21t(x/ L)] (7) 

Each of these functions has a magnitude equal to A, and our order of magnitude 
estimates of the function, and its first and second derivatives are given by Eqs. 1. 

In this problem you are asked to calculate the magnitudes for the first and 
second derivatives according to Eqs. 3 and compare them with the order of 
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magnitude estimates given by Eqs. 1. After you have completed the entries to 
Table 1-14, use your knowledge of the functions given by Eqs. 4 through 7 to 
construct improved order of magnitude estimates. 

TABLE 1-14. Comparison of magnitudes and estimates of the magnitude 

dfldx dfldx d 2 f /dx 2 d 2 f /dx 2 

function magnitude estimate magnitude estimate 

1 AIL A/L2 

2 AIL A/L2 

3 AIL A/L2 

4 AIL A/L2 

1-15. A steady, two-dimensional heat conduction problem is given by 

a2T a2T 
- + - = 0 (1) ax2 ay2 

B.C.l 

B.C.2 

B.C.3 

B.CA 

T=To'y=O 

T=T;,y=b 

T = To - (1) -7;,)sin(31ty12b), x = 0 

T = 7;, + (1) -7;,)(Ylb)2, X = L 

(2) 

(3) 

(4) 

(5) 

and the domain of interest is illustrated in Figure 1-15. If the length of the region 

T = 1i 

x= o x = L 

T = T" 

Figure ]·]5. Two-dimensional, steady heat conduction 
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in the x-direction is long enough, one can guess that the average heat flux in the 
y-direction is given by 

qyl = k(T., -Ti)/b 
avg 

(6) 

In this problem you are asked to use order of magnitude analysis in order to 
determine what is meant by long enough. It is convenient in problems of this 
type to decompose the solution for the temperature into the part that you think 
can adequately explain the phenomena and whatever is left. One convenient 
manner of doing this is to integrate the governing differential equation twice to 
obtain 

;7 11J=;a 2T 
T = - J ax2 dt] ~ + Ct Y + C2 (7) 

;=0 11=0 

The boundary conditions given by Eqs. 1 and 2 can then be applied to obtain a 
solution that consists of a linear part and terms involving the integral of the 
second derivative with respect to x. Constructing estimates of the integrals will 
lead to the constraint that must be satisfied in order for Eq. 6 to be a valid 
representation for the heat flux. 

1-16. Repeat Problem 1-15 for the boundary value problem given by 

a2T a2T - + - = 0 (1) 
ax2 dy2 

B.C. 1 

B.C.2 

B.C.3 

B.C.4 

T=T."y=O 

T=r;, y=b 

aT = 0 x=O ax ' 
aT 

-k ax = h( T - T_), x = L 

in order to find a constraint involving the Biot number. 

1-17. Consider the tensor (y y y y) and accept the intuitive relation 

~ f YyYydV = ~ f EyyydV 
Vy or 

Show that this leads to the convenient expression given by 

(2) 

(3) 

(4) 

(5) 

(1) 
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(2) 

and explain why 

~ J yyydV = 0 (3) 

"f/ 

Use a Taylor series expansion for £y about the centroid x in order to eventually 

arrive at the estimate 

~ J YyYydV = O(£yrn + O{ra4V2£y) (4) 
Vy 

One must always keep in mind that this result is based on the intuitive idea 
expressed by Eq. 1. 

1-18. Given an unconsolidated porous medium composed of particles, each 
of which has a volume Vp and an area Ap' show that the surface area per unit 

volume for the porous medium is given by 

a = y 

If the hydraulic diameter defined by 

Ap 
-(1 - £ ) V y 

p 

D _ 4x(void volume) 
h -

wetted sUrface 

is chosen to be the characteristic length, £Y' show that 

£ = 2dp £y 
y 3 1 - £ y 

(1) 

(2) 

(3) 

in which d p = 6Vp / Ap. In terms of the effective particle diameter d P' the surface 

area per unit volume can be expressed as 

a y = d6 (1 - £y) (4) 
p 

As a model of a consolidated porous medium, consider a bundle of parallel 
capillary tubes of diameter D embedded in a solid. Given the porosity £Y' derive 

expressions for a y and £y. 
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1-19. Prove that Eq. 1.4-53 is consistent with Eqs. 1.4-51 and 1.4-52 by 
demonstrating that these latter two equations are invariant to a transformation of 
the form r =r+£i. 

1-20. The following boundary value problem 

d 2 c __ A = A 

B.C.l 

B.C.2 

dx2 

can be solved by direct integration to obtain 

x=O 

x=L 

cA(x) = ~(x2-Lx) + B(I-~) 
An alternate approach is to propose a solution of the form 

cA(x) = l(x)A + g(x)B 

(1) 

(2) 

(3) 

(4) 

(5) 

in which land g are the closure variables that map the nonhomogeneous terms, 
A and B, onto the function, C A (x). Derive the two boundary value problems for 
land g and show that the solution in terms of the closure variables produces the 
same result given by Eq. 4. 

1-21. Prove that the solution to the boundary value problem given by 
Eqs. 1.4-60 is 'I' y = constant. Do this by developing the boundary value problem 

for '1'; and showing that it can be used to obtain 

J V'I' y . V'I' y dV = 0 

Vy 

Conclude from this that 'I' y must be a constant. 

1-22. Develop arguments leading to the following estimate 

rpj)ySy = O(£y k) 
that was used in Sec. 1.4 to discard the convective-like term in the volume 
averaged diffusion equation. 

1-23. In order to prove that the effective diffusivity tensor is symmetric, one 
must first use the boundary value problem given by Eqs. 1.4-58 to obtain 
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B.C.l 

Periodicity: 

- D"fIC . (Vby ) by = D"fICby , at ~ 

byCr+f;) = D"fICbyCr), i=I,2,3 

(1) 

(2) 

(3) 

From this representation of the closure problem, one can show that Eq. 1.4-62 
takes the form 

If 'A, and v are arbitrary constant vectors, one can use this result to prove that 

'A,.Oeff· v = v·Oeff·'A, 

(4) 

(5) 

In this problem you are asked to provide the details of the proof that the effective 
diffusivity tensor is symmetric. 

1-24. The catalytic, irreversible decomposition of species A to form products 
can sometimes be modeled as (see Problem 1-2) 

d;;y = V.(Pl\VCAy) , inthey-phase (1) 

kCAy 
-~'-- , at QQ("fIC 
l+K CAy 

-D"fIC . PlJyVCAy = (2) B.c. 1 

Form the volume average of Eq. 1 and indicate under what circumstances it 
takes the form 

Develop the restrictions that must be imposed in order that the non-linear 
reaction rate can be expressed directly in terms of (CAY> Y • 

(3) 

1-25. The problem of diffusion and adsorption in a porous medium can be 
described by 

(1) 

B.C.l w V dCAs cd.. -D"fIC . Y CAy = ~' at "fIC (2) 
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in which CAs represents the surface concentration of species A. If the adsorption 
isotherm is linear and the condition of local adsorption equilibrium is valid, the 
surface concentration and be related to the bulk concentration according to (see 
Problem 1-3) 

(3) 

In this problem, you are asked to derive the local volume averaged diffusion 
equation and develop a method of closure that can be used to determine the 
effective diffusivity tensor. Indicate under what circumstances the closure 
problem can be treated as quasi-steady, and under what circumstances the 
effective diffusivity tensor will be independent of the adsorption process. 

When certain length and time-scale constraints are imposed, the local 
volume averaged diffusion equation takes the form; 

.,(1 + a.K.,/.l~;)' : V [.,g;{ V(c.,)' + :, 1 n",c., dA)] (4) 

however, in order to use this result in the development of the closure problem, it 
is best to arrange it in a form containing only a(CA)'Y jat on the left hand side. 
Under these circumstances, the term representing adsorption becomes a source 
term in the closure problem. 

1-26. The catalytic, irreversible decomposition of species A by a second 
order mechanism can be modeled as 

a;;'Y = V -('PlY'Y V C Ay ). in the 'Y - phase (1) 

B.C.l (2) 

Indicate under what circumstances the volume averaged diffusion equation can 
be expressed as 

a(CAY)'Y ( ) ( )2 
£y at = V· £yO elf . (C Ay)'Y - avk (CAy)'Y (3) 

Most of the analysis associated with this problem is available in the text; 
however, some effort must be directed toward the quantity (c!y)YK that appears 

in the superficial average of Eq. 1. 
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Transient Heat Conduction in Two-Phase 
Systems 

In this chapter we consider the problem of heat conduction in two-phase systems without 
the complications associated with adsorption, chemical reaction, phase change, etc. Our 
objectives in this chapter are two-fold: 

1. To study a process in which transport occurs in two phases. 

2. To indicate how a one-equation model can be developed in 
order to describe transport in a two-phase system. 

In the previous chapter we analyzed a process involving transport in one phase 
(the 'Y-phase) with the second phase (the lC-phase) providing only a boundary condition. 
Extending our studies to include transport in two phases is an important step since there 
are many important processes involving heat and mass transfer in both two and three­
phase systems, and in many of these systems one can develop a reasonable model of the 
transport process using a single transport equation. Knowing how to derive this single 
transport equation and knowing when it is a valid representation of the process are the 
key objectives of this chapter. 

2.1 Governing Equations and Boundary Conditions 

The system under consideration is illustrated in Figure 2.1 and the governing equations 
and boundary conditions are given by 

aT~ ( (pcp)~at = V· k~VT~), inthep-phase 

B.C.l T~ Ta, at the p - a interface 

B.C.2 -n~a . k~ VT~ = - n~a . ka VTa , at the p - a interface 

(pcp)a ~:a = V ·(kaVTa), in the a-phase 

B.C.3 T~ = ~(r,t), at ~e 
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(2.1-1) 

(2.1-2) 

(2.1-3) 

(2.1-4) 

(2.1-5) 
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B.CA 

I.e. 1 

I.e. 2 

Ta = 8f(r,t), atQR{ae 

TI3 = Q/t"(r), att = 0 

Ta = g9'(r), att = 0 
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(2.1-6) 

(2.1-7) 

(2.1-8) 

The boundary conditions given by Eqs. 2.1-2 and 2.1-3 indicate that the temperature and 
the normal component of the heat flux are continuous at the ~-cr interface. If chemical 
reaction, adsorption, or phase change takes place at the ~-cr interface, a jump in the heat 

Figure 2.1. Macroscopic system 

averaging 
volume, or 

flux can occur and the heat transfer process becomes coupled to a mass transfer process. 
Under these circumstances, the problem becomes considerably more complex. 

In our formulation of this transient heat conduction problem, we have used QR{\3e and 

cdoe to represent the area of the entrances and exits for the ~ and cr-phases at the 
boundary of the macroscopic system. The boundary conditions at QR{\3e and QR{ae are 

generally known only in terms of the average temperature and not the point temperature, 
thus Eqs. 2.1-5 and 2.1-6 serve as reminders of what we do not know about TI3 and To . 

The same can be said of the initial conditions given by Eqs. 2.1-7 and 2.1-8; however, 
there are some processes for which one might be able to specify the point temperature at 
t = O. The conditions for the average temperature that are applicable at the boundary 
between a porous medium and a homogeneous fluid have been developed by Ochoa­
Tapia and Whitaker (1997, 1998a). 
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The details of the p-a system are illustrated in Figure 2.2 where we have used f~ 

and fo to represent the characteristic lengths for the p and a-phases respectively. In 
addition, we have used no~ to represent the unit normal vector directed from the a-phase 

toward the p-phase, and we will consistently use the convention that no~ = -n~o in 

which n~o represents the unit normal vector directed from the p-phase toward the 

a-phase. 

p-phase 

Figure 2.2. Rigid two-phase system 

2.2 Spatial Smoothing 

The process of volume averaging begins by forming the superficial average ofEq. 2.1-1 

(2.2-1) 

and neglecting variations of (pc p)~ within the averaging volume to obtain 

(2.2-2) 

Here we have considered the system to be rigid so that V~ is not a function of time. As 

in our study of diffusion in porous media, the desired dependent variable is an intrinsic 
average quantity and not the superficial average temperature that appears on the left 
hand side of Eq. 2.2-2. Thus we make use of the relation 

(2.2-3) 
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and the fact that Ep is independent of time to express Eq. 2.2-2 as 

(2.2-4) 

The left hand side of this result is in the final form, and we attack the right hand side 
with the spatial averaging theorem to obtain 

o{Tp)P 1 J 
Ep(PCp)Pae = V·{kpVTp) + or Dpa·kpVTpdA (2.2-5) 

~ 

In our previous study of diffusion and reaction in porous media, the area integral of the 
interfacial flux was used to incorporate the heterogeneous reaction rate into the volume 
averaged transport equation. In this case, the area integral of the interfacial flux 
connects the ~-phase transport equation to the O"-phase transport equation and our 
problem is more complex. 

We will ignore the last term in Eq. 2.2-5 for the present and turn our attention to the 
second term involving the average of the ~-phase heat flux vector. Once again we 
neglect variations of physical properties within the averaging volume (see Problem 1-11) 
and apply the averaging theorem to obtain 

(kp VTp) = kp (VTp) = kP[ V(Tp) + ~ L n""TPdA] (2.2-6) 

We can eliminate the superficial average temperature by the use of Eq. 2.2-3 and this 
leads to the following form of the volume averaged heat conduction equation for the 
~-phase: 

o{Tp)P 
Ep(pCp)p ---at 

accum'iIlation 

= ~[+PV(TP)P + (Tp)PVEp + ;} Ln""T,dA )1 
conduction 

+ ~ J Dpa . kp VTpdA 

~ 
interfacial 

flux 

(2.2-7) 

Two problems remain at this point; the area integral of DpaTp and the interfacial flux 

term. We attack the first of these with the spatial decomposition of the temperature for 
the ~-phase 



76 Chapter 2 

(2.2-8a) 

and in our analysis of the a-phase we will use the analogous decomposition given by 

(2.2-8b) 

Use ofEq. 2.2-8a leads to the non-localform ofEq. 2.2-7 which can be expressed as 

Cl(Tj3)j3 [ [ 1 f ej3(Pcp)j3~ = V· kj3 ej3V(Tj3)j3 + (Tj3)j3VEj3 + or ~Dj3a(Tj3)j3dA 

(2.2-9) 

The term in brackets is identical in form to the volume averaged diffusive flux in 
Eq. 1.2-33, and this term can be greatly simplified if a local representation of this non­
local form is acceptable. To obtain the local form we follow the development in Sec. 1.3 
and make use of the simplification 

This allows us to express Eq. 2.2-9 as 

+ ~ f Dj3a ·kj3VTj3dA 

~ 

(2.2-10) 

(2.2-11) 

Here one must be careful to remember that Eq. 2.2-10 is only valid when the following 
two length-scale constraints are satisfied 

r} « 4. 01 

and we remind the reader that 4. and 01 are defined by the estimates 

Vej3 = o( ~ ), VV(Tj3)j3 = o( ~1 V(Tj3)j3 ) 

(2.2-12) 

(2.2-13) 
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In arriving at Eq. 2.2-11, and the constraints indicated by Eq. 2.2-12, we have assumed 
that the ~-<J system is disordered (Quintard and Whitaker, 1993a, 1994a-e) and this 
leads to the first length-scale constraint in Eq. 2.2-12. The definition of a disordered 
system and the development of the length-scale constraints given by Eq. 2.2-12 are given 
in Sec. 1.3. The <J-phase transport equation is analogous to Eq. 2.2-11 and we list the 
result as 

(2.2-14) 

Here we have made use of the nomenclature given by 

DIJa = - Dati ' Apa = Aap (2.2-15) 

The first of these results from the fact that DIJa represents the unit normal vector pointing 

from the ~-phase toward the <J-phase whereas the unit normal vector Dati is pointing 

from the <J-phase toward the ~-phase. The two interfacial areas represented by Apa and 

Aap are identical; however, we have used a nomenclature that is consistent with the unit 

normal vectors in an effort to avoid making a sign error in terms of Dpa and Dati. 

Equation 2.2-14 is naturally restricted by the analogous form ofEq. 2.2-12 which we list 
for completeness as 

(2.2-16) 

If we were interested in developing separate equations for both the ~-phase and the 
<J-phase, we would represent the interfacial flux in both Eqs. 2.2-11 and 2.2-14 in terms 
of average temperatures and spatial deviation temperatures and then go on to develop the 
closure problem for Tp and TO' • This is often necessary if convective transport in the 

~-phase is important; however, for most problems of pure conduction one can use a 
single average temperature to describe the heat transfer process. In the next section we 
will derive the one-equation model for transient heat conduction, and we will develop 
the constraints associated with the principle of local thermal equilibrium. 

The essential feature of the principle of local thermal equilibrium is that the equality 

(2.2-17) 

represents a reasonable approximation. If one accepts this idea, Eqs. 2.2-11 and 2.2-14 
can be added to obtain 
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( )C a(T) 
P p at 

in which we have adopted the nomenclature represented by 

(p)Cp = E~(pCp)~ + Ea(PCp)a 

Chapter 2 

(2.2-18) 

(2.2-19) 

In Eq. 2.2-18 the single temperature (T) is referred to as the spatial average 
temperature which is defined by 

(T) = ~ f TdV = E~(T~)~ + Ea(Ta)a 

or 

and when the condition of local thermal equilibrium is valid we have 

(2.2-20) 

(2.2-21) 

To obtain a closed form of Eq. 2.2-18 we must develop representations for ~ and To 

and this is done in Sec. 2.4. There we will find that the conduction terms on the right 
hand side ofEq. 2.2-18 can be expressed as 

in which Kef{ is the effective thermal conductivity tensor. This leads to the closed form 

ofEq. 2.2-18 given by 

(2.2-23) 

and the macroscopic boundary conditions for this equation are available in the work of 
Ochoa-Tapia and Whitaker (l998a) 

2.2.1 THE FILTER 

As in our study of diffusion and reaction in a porous catalyst, our volume averaged 
equation contains a filter that we identify explicitly as 

{
spatial } 

~ f n~aT~dA + !; f na~TadA = deviation 

Ap., A,,~ filter 

(2.2-24) 

In our previous study of diffusion and reaction, we found that little more than the 
porosity passed through the filter for isotropic systems, while the situation was more 
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complex for anisotropic systems. For the case of heat conduction, we will find that the 
porosity is an important parameter, and under some circumstances the particle-particle 
contact will playa key role in the determination of the effective thermal conductivity. 

Before going on to the derivation of Eq. 2.2-23 and the comparison of predicted 
values of Keff with experimental results, we need to explore the idea of local thermal 

equilibrium; however, those readers who are willing to accept the condition of local 
thermal equilibrium can move directly to Sec. 2.4. 

2.2.2 TWO-EQUATION MODEL 

When local thermal equilibrium is not valid, one must develop the closed form of 
Eqs. 2.2-11 and 2.2-14, and Quintard and Whitaker (l993b) have shown that the two­
equation model for transient heat transfer is given by 

(2.2-25) 

(2.2-26) 

In their theoretical studies Quintard and Whitaker (l993b) were able to prove that the 
cross coefficients were equal 

(2.2-27) 

and solutions of the closure problems indicated that these coefficients were generally on 
the order of the smallest of either KI3I3 or Kaa' Detailed numerical experiments were 

used to test the theory leading to Eqs. 2.2-25 through 2.2-27, and we will draw upon 
those results in our discussion of local thermal equilibrium in the next section. 

2.3 Local Thermal Equilibrium 

The phrase local thermal equilibrium is strictly associated with heat transfer in 
multiphase systems, and it should not be confused with the concept of local 
thermodynamic equilibrium (Truesdell, 1969). In studies of multiphase transport 
phenomena, one encounters one-equation models of heat and mass transfer that are 
constructed on the basis of local thermal and mass equilibrium. In this section we will 
examine the concept of local thermal equilibrium for transient heat conduction in a two­
phase system and leave a variety of more complex heat and mass transfer problems for 
further study. 
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If one believes, on a purely intuitive basis, that (T~)~ and (TO')O' are essentially 

equal and can be represented by a single temperature, it is not unreasonable to put forth 
the assumption (Whitaker, 1988a) 

ASSUMPTION: (2.3-1) 

and then explore the consequences. The theoretical consequences have already been 
indicated by Eqs. 2.2-18 through 2.2-23. While intuition often encourages the use of 
Eq. 2.3-1, a more prudent approach (Whitaker, 1977) is to represent the two intrinsic 
average temperatures in terms of the spatial average temperature and two Darcy-scale 
spatial deviation temperatures 

(2.3-2) 

and then identify the conditions for which :ip and TO' are negligible. It is obvious that the 

condition indicated by Eq. 2.3-1 will be satisfied when the spatial deviations are zero, 
i.e., 

:ip = 0, TO' = 0, local thermal equilibrium is valid (2.3-3) 

This condition only occurs at thermodynamic equilibrium; however, it is possible that 
for some processes :ip and TO' will be small enough so that these spatial deviation 

temperatures can be neglected. In order to determine what is meant by small enough, we 
substitute Eqs. 2.3-2 into Eqs. 2.2-11 and 2.2-14 and add the result to obtain 

iJ(T) [ k~ f - kO' f - 1 (p)CPat = V· (E~k~+EO'kO')V(T) + or Atsa n~O'T~dA + or A"pn~TO'dA 

(2.3-4) 

If the last four terms are negligible (as opposed to being zero as indicated by Eq. 2.3-3), 
a valid one-equation model can be extracted from Eq. 2.3-4. By identifying the 
conditions for which the last four terms in Eq. 2.3-4 are negligible. the intuition 
represented by Eq. 2.3-1 will be replaced with a set of constraints that will indicate the 
domain of validity of the one-equation model. 

We can simplify the last four terms in Eq. 2.3-4 by using the decompositions given 
by Eqs. 2.3-2 to conclude that (see Problem 2-1) 

E~T~ = -EO'TO' = E~EO'(T~)~ -(TO')O') (2.3-5) 
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and if we are willing to ignore variations of the volume fractions in the last four terms we 
can express Eq. 2.3-4 as 

- {E~Ea[ (pcp)~ -(pcp)a] :t (T~)~ -(Ta)a) - V '[E~Ea(k~ - ka )V(T~)~ -(Ta)a)]} 

(2.3-6) 

Here it becomes clear that we must be able to estimate the temperature difference 
. (T~)~ - (Ta) a if we want to determine when the condition of local thermal equilibrium is 

valid. 

The process of discarding the last four terms in Eq. 2.3-4 deserves some thought 
since there is more than one way in which the restrictions (Whitaker, 1988a) can be 
arranged. To begin with, it is prudent to discard various terms in an equation relative to 
the smallest non-zero term that is retained. Since the left hand side of Eq. 2.3-4 will be 
zero for a steady-state process, it seems wise to center our attention on the conduction 
term on the right hand side of Eq. 2.3-4. It is reasonable to use Eq. 2.2-22 as a 
representation of this term, and then base the condition of local thermal equilibrium on 
the following restrictions: 

RESTRICTIONS: 

I. E~Ea[(PCp)~-(PCp)a]:t(T~)~-(Ta)a) « V.(Keff·V(T») (2.3-7) 

II. V '[E~Ea(k~ -ka)V(T~)~ -(Ta)a)] « V . (Keff . V(T») (2.3-8) 

To obtain useful forms of Eqs. 2.3-7 and 2.3-8, we need to estimate the time and space 
derivatives of (T(})P -(Ta)a and (T). The estimates for (1/i)~ -(Ta)a are given by (see 

Sec. 1.3.2) 

(2.3-9) 

(2.3-10a) 
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(2.3-lOb) 

in which t * is a characteristic process time, LA is the characteristic length associated 

with the changes in (T/i)1i -(Ta)a, and LA! is the characteristic length associated with 

the changes in V«TIi)/i -(Ta)a). Since the temperature difference (TIi)1i -(Ta)a 

represents a deviation, as indicated by Eqs. 2.3-2, we can approximate the change in this 
difference with the difference itself. This leads to the estimates 

(2.3-11) 

(2.3-12a) 

(2.3-12b) 

Turning our attention to the right hand side of Eqs. 2.3-7 and 2.3-8, we estimate the 
gradients of the spatial average temperature as 

V(T) = o( AZ) ) 

VV(T) = o( A(T») 
4\4 

(2.3-13) 

(2.3-14) 

Here we think of 4\ as the characteristic length associated with changes in the gradient 
of the spatial averaged temperature, and if the gradient is constant the form ofEq. 2.3-14 
indicates that 4\ is infinite. This situation occurs when the volume averaged heat 
conduction process is steady and one-dimensional. 

When the estimates given by Eqs. 2.3-11 through 2.3-14 are used in Eqs. 2.3-7 and 
2.3-8 we obtain the following two restrictions associated with the condition of local 
thermal equilibrium: 

I. 
EIiEa[(pcp)1i -(pcp )a]4\ 4 [(Tp)1i -(Ta)a] « 1 

Keff t* A(T) 
(2.3-15) 
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II. (2.3-16) 

In extracting the second of these from Eq. 2.3-8, we have assumed that the length scales 
for (T~)~ -(Tcr)cr are the same as those for (T), i.e. LI:J.JLI:J. '" Ln4. For many systems 

of practical importance, the physical parameters and the length and time-scales will be 
such that 

EpEcr[(PCp)p -(PCp )cr]41LT 

Keff t* 
~ 0(1) 

EpEcr(kp -kcr) = 0(1) 
Keff 

(2.3-17) 

(2.3-18) 

Under these circumstances, the condition of local thermal equilibrium will be dominated 
by the quantity (Tp)P -(Tcr)cr)/ A(T), and it is our ability to estimate this quantity that 

allows us to determine when local thermal equilibrium is valid and when it is not. The 
best estimate of (~)~ - (Tcr) cr is based on the governing differential equation for this 

quantity, along with the appropriate boundary and initial conditions. An analysis of the 
general heat transfer process is given by Whitaker (1991b), and in the following 
paragraphs we consider the special case of transient heat conduction. 

The governing differential equation for (Tp)P - (Tcr) cr can only be developed in an 

approximate sense, and in order to keep the analysis as simple as possible we ignore 
variations in the volume fraction so that the ~-phase transport equation given by 
Eq. 2.2-11 can be expressed as 

The analogous form for the a-phase is obtained from Eq. 2.2-14 according to 

(pc ) a(Tcr) cr 
p cr at 

(2.3-19) 

(2.3-20) 
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It is not immediately obvious that subtracting Eq. 2.3-20 from Eq. 2.3-19 will lead us to 
a useful expression for the temperature difference (TI3)13 -(To)O; however, we will 

explore this possibility to obtain 

(2.3-21) 

Here the last term has been extracted from the interfacial flux terms in Eqs. 2.3-19 and 
2.3-20 along with the flux boundary condition given by Eq. 2.1-3 (see Problem 2-2). 
We now make use of the representations given by Eqs. 2.3-2 so that the above result 
takes the form 

(2.3-22) 

This still represents a relatively unattractive form; however, if we use the expressions 
given by Eq. 2.3-5 for TI3 and To we can arrange Eq. 2.3-22 in the form 



Heat Conduction 85 

(2.3-23) 

Here we can see the beginnings of a transport equation for (T~)~ -(Ta)a with the 

accumulation and conduction terms on the left hand side, and the so-called source terms 
involving the spatial and temporal derivatives of (T) on the right hand side. In order for 
this result to be useful, we require that it contain only terms involving (Tp)~ - (Ta) a and 

the derivatives of (T). 

We can make use of the work of Quintard and Whitaker (1993b) in order to express 
the interfacial flux as 

~ f n~a·k~VTpdA = -avh(T~)P-(Ta)a) 
Ap., 

and we can introduce the mixed-mode parameters defined by 

so that our transport equation for (Tp)P - (Ta) a takes the form 

= 

(2.3-24) 

(2.3-25) 

(2.3-26) 
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When local thermal equilibrium is valid, we will show in Sec. 2.4 that 

T~ = Tcr, at the /3 -cr interface 

Chapter 2 

(2.3-27) 

and we will also show that the spatial deviation temperatures can be represented by 

(2.3-28) 

As an approximation, we can use these two results in Eq. 2.3-26 to obtain the following 
transport equation for (T~)~ -(Tcr)cr: 

accum~lation cond~ction 

+ ~E~Ecr)-lavh(T~)~ -(Tcr)cr) 

exchange 

accumulation source conducti~n source 

Here the second order tensor, C~cr' is defined by 

(2.3-29) 

(2.3-30) 

and we refer to C~cr as the phase geometry tensor since it provides important 

information concerning the physical properties of the two phases and the manner in 
which the two phases are arranged. One should note that the right hand side of 
Eq. 2.3-29 is zero when the physical properties of the two phases are equal, and this 
suggests the intuitively appealing result that 

(2.3-31) 

One must keep in mind that this conclusion is based entirely on the governing 
differential equation for (T~)~ - (Tcr) cr and does not take into account the influence of 

either the boundary conditions or the initial condition. 

In order to use Eq. 2.3-29 to estimate (T~)~ -(Tcr)cr)/A(T) we need estimates of 

the derivatives of (T~)~ -(Tcr)cr and (1). We begin with the left hand side ofEq. 2.3-29 
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and estimate the space and time derivatives in the manner indicated by Eqs. 2.3-11 and 
2.3-12. This leads to 

(2.3-32) 

(2.3-33) 

in which we have again assumed that LfllLfl '" 010' Use of these results allows us to 
estimate the left hand side of Eq. 2.3-29 as 

o[ L:~~T] + 
'---v---' 
conduction 

(2.3-34) 

Here one must keep in mind that the signs (±) of the three estimates are generally 
unknown. If the terms representing accumulation. conduction, and exchange are the 
same order of magnitude, our overall estimate will not be very reliable since we do not 
know whether the terms will add to produce a result that is large or will subtract to 
produce a result that is small. When we examine the right hand side of Eq. 2.3-29, we 
find a different situation since we can use Eq. 2.2-23 to express those two terms as 

- [(pcp )(3 - (pcp)cr ]a~~) + ~ .[( k(3 - kcr )(I+C(3cr)' V(T)] 

• conducti~n source accumulation source 
(2.3-35) 

It is reasonable to ignore variations in Keff and (k(3 - kcr)(1 + C(3cr) so that this result 

takes the form 
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- [(pcp)p -(pcp)o ]a~:, + ~ . [(kp -ko )(1+ Cpa ). V(T>] 

conducti~n source accumulation source 

At this point we express the second derivative of the temperature as 

VV{T) = o( A(T}) 
LTlLr 

in order to obtain an estimate of the form 

- [(pcp)p -(pcp)o ]a~~) + ~ . [(kp -ko )(1+ Cpa ). V(T}] 

conducti~n source accumulation source 

Chapter 2 

(2.3-36) 

(2.3-37) 

(2.3-38) 

in which Cpa and Keff are suitable norms of Cpa and Keff. Substitution of this result, 

along with Eq. 2.3-34, into the governing differential equation for (Tp}P - (To)O leads to 

the following estimate: 

1 ........... 
exchange 

Here we have defined the mixed-mode thermal diffusivity as 

kpo 
otpa = 

(pcp)po 

and the mixed-mode, small length scale is given by 

(2.3-39) 

(2.3-40) 
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2 EpEO'kpo 
ipO' = 

ayh 
(2.3-41) 

For simplicity we have replaced 41 4 with L2, and one must remember that these two 
length scales will depend on time for transient processes. It is of some importance to 
note that Lr. will be infinite for all steady, one-dimensional conduction processes, and 

for these conditions Eq. 2.3-39 indicates (Tp)P -(TO')O' will be zero. This means that 

local thermal equilibrium is always valid for steady, one-dimensional heat conduction. 
For many systems we expect that the following estimates will be satisfactory: 

(pcp)p -(pcp)O') Keff 

(p)Cp kpO' 
= 0(1), (2.3-42) 

Under these circumstances the ratio of length scales, (ipO' / L)2 , will control the estimate 

given by Eq. 2.3-39, and will thus determine when the condition of local thermal 
equilibrium is valid. 

Earlier we pointed out that information about a field, such as (Tp)P - (TO') 0', was 

best obtained by an examination of the governing differential equation, the boundary 
conditions, and the initial condition. However, the estimate of (1/i)p -(TO')O' given by 

Eq. 2.3-39 is based only on the governing differential equation and thus must be used 
with some care. For all its limitations, Eq. 2.3-39 does provide us with an estimate of 

(Tp)P -(TO')O')/Il(T) in terms of the system parameters and this means that it can be 

used with Eqs. 2.3-15 and 2.3-16 to produce constraints that identify the domain of 
validity of the one-equation model. From the estimate given by Eq. 2.3-39 and the two 
restrictions given by Eqs. 2.3-15 and 2.3-16, we can see that local thermal equilibrium 
will always be achieved when anyone of the following three conditions occurs: 

1. Either Ep or EO' tends to zero. 

2. The difference in the ~-phase and a-phase physical properties tends to zero. 

3. The square of the ratio oflength scales, (ipo / L)2, tends to zero. 

2.3.2 COMPARISON WITH EXPERIMENT 

Every theory should be compared with experiment, and the estimate given by Eq. 2.3-39 
is no exception. A comparison with laboratory experiments would be extremely 
difficult; however, a comparison with numerical experiments is possible and this has 
been done by Quintard and Whitaker (1993b, 1995a) who studied the spatially periodic 
array of cylinders shown in Figure 2.3. The experiment consisted of solving a boundary 
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a-phase 
unit cell 

x=O p-phase 

Figure 2.3. System used for numerical experiment 

value problem to produce values of T~ and Ta which were integrated over the /3 and 

a-phases contained in the unit cell illustrated in Figure 2.3. This provided the 
"experimental" values of (T~)~ and (Ta)a as a function of x and t while "theoretical" 

values of (T) were obtain from Eg. 2.2-23 and the theory described in Sec. 2.4. The 
boundary conditions for the macroscopic system were as follows: 

B.C.l T~ = To, at x= Lo' t~O (2.3-43) 

B.C.2 T~ = Ii, at x=O, t>O (2.3-44) 

I.e. ~ = 7;" Ta = 7;" t=O (2.3-45) 

The parameters for one of the numerical experiments performed by Quintard and 
Whitaker (1993b, 1995a) are given in Table 2.1, and those parameters are representative 
of a porous medium composed of glass beads and air with a volume fraction of the 

TABLE 2.1. Properties of a Two-Phase System. Numerical Experiment 

k~ ka (pcp)~ (pcp)a 'Keff/k~ 
(W/m-K) (W/m-K) (Jm3-K) (Jm3-K) (W/m-K) 

0.026 0.5 1202 1.7 x 106 2.1 

continuous phase given by E~ = 0.62. The thermal conductivities in the two phases 

differ by about a factor of 20, while the heat capacities differ by about a factor of one 
thousand. The effective thermal conductivity is dominated by the conductivity of the 
/3-phase and is about twice the value of k~. The numerical results for (T~)~ and (Ta)a 

are presented in terms of dimensionless temperatures defined by 
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= = (2.3-46) 

A comparison of these two intrinsic average temperatures can be used to determine 
whether the condition of local thermal equilibrium is satisfied for the system described 
by the parameters given in Table 2.1. This comparison is shown in Figure 2.4 where we 

0.8 
u 

~ 
~ 

S' 0.6 

u 

--- (9) theory 

.... 
'" '" u = 0.4 .9 

T = 0.0038 

ij 
~ 0.2 

~~ "/ T = 0.034 

... 

0.1 

0 0.2 0.4 0.6 0.8 

Figure 2.4. Comparison between theory and numerical experiments for the parameters in Table 2.1. 

have also presented results for the dimensionless spatial average temperature defined by 

(8) = (T) - To 
1]-7;, 

(2.3-47) 

This temperature was calculated using the one-equation model given by Eq. 2.2-23 and it 
represents a theoretical result. The values shown in Figure 2.4 are for two 
dimensionless times, 't = 0.0038 and 't = 0.034, where't is defined by 

Kef! t 
't = 

(p)Cp L~ 
(2.3-48) 

We expect steady state, and therefore local thermal equilibrium, to occur for values of't 
on the order of 0.3, thus the temperature profiles shown in Figure 2.4 are far from steady 
state. One should keep in mind that the system is originally in local thermal equilibrium 
according to the initial condition given by Eq. 2.3-45. At short times there is a departure 
from local thermal equilibrium; however, the agreement between the experimental values 
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of (9p)P and (9a)a clearly indicates that local thermal equilibrium is achieved for 

dimensionless times greater than or equal to 0.0038. 

Not only do the results shown in Figure 2.4 indicate that local thermal equilibrium is 
achieved for 't ~ 0.0038, but they also indicate excellent agreement between the 
experimental results and the theoretical values. One need only think about using (9p)P 

and (9a)a to compute an experimental value of the spatial average temperature 

(2.3-49) 

in order to see the excellent agreement between the theory and the numerical 
experiments. 

To explore the validity of the estimate given by Eq. 2.3-39, we express it in terms of 
the dimensionless temperatures according to 

(2.3-50) 

Quintard and Whitaker (1995a) have evaluated the right hand side of this result for the 
conditions illustrated in Table 2.1, and for the two dimensionless times indicated in 
Figure 2.4, they obtained the following estimates: 

(8p)P -(9a)a = 0(0.1), 't=0.0038 

(9p)P - (9a)a = 0(0.015), 't = 0.0345 

(2.3-51a) 

(2.3-51b) 

This first of these would seem to be quite reasonable while the second would appear to 
underestimate the difference between (9p)P and (9a )a. Given the number of estimates 

that are required to evaluate the right hand side of Eq. 2.3-50, we conclude that 
Eqs. 2.3-51 are in reasonably good agreement with the numerical experiments. 

One of the interesting characteristics illustrated by (9p)P and (9 a) a is the small­

scale fluctuation associated with the characteristic length of the unit cell, f p. These 

fluctuations were first observed by Prat (1989, 1990, 1992) in a set of numerical 
experiments dealing with the boundary condition between a porous medium and a 
homogeneous fluid, and the matter has been investigated in detail by Quintard and 



Heat Conduction 93 

Whitaker (1994a-e). In their study, it was proved that the proper average to be used 
with spatially periodic porous media is a weighted average known as the cellular 
average. By proper average, we mean an average that is devoid of fluctuations at the 
small length-scale. The cellular average can be obtained by averaging the results shown 
in Figure 2.4 over a unit cell, and a little thought will indicate that this second average of 
{e ll )1l and (eo)O would produce a result that would be indistinguishable from the 

theoretical values represented by (e). In addition to proving that the cellular average 
was the proper average to use with spatially periodic porous media, Quintard and 
Whitaker (1994a-e) demonstrated that the traditional spatial average is the proper 
average for disordered systems. 

Perhaps the most unusual aspect of the results presented in Figure 2.4 is the fact that 
excellent agreement between theory and experiment has been obtained even when the 
traditional length-scale constraints have not been satisfied. For the system illustrated in 
Figure 2.3 and the results shown in Figure 2.4, we see that the characteristic lengths, til' 

ro ' and L are all essentially the same order of magnitude and not at all disparate as 
suggested by the traditional constraints given by (Whitaker, 1969) 

(2.3-52) 

In addition to the experimental results illustrated in Figure 2.4, Quintard and Whitaker 
(1993b, 1995a) carried out calculations for several other systems, and compared their 
results with both the one-equation model given by Eq. 2.2-23 and the two-equation 
model represented by Eqs. 2.2-25 and 2-26. The main conclusion that can be drawn 
from the numerical experiments is that the ratio of temperature changes can psually be 
approximated by 

(2.3-53) 

and this result is entirely consistent with the use of Eqs. 2.3-42 in the estimate given by 
Eq. 2.3-39. When using Eq. 2.3-53, one must remember that L2 has been used to 
represent LTI LT and that L2 will depend on time for transient processes. A reasonable 
estimate of this macroscopic length scale for transient processes is given by 

(2.3-54) 

and this suggests that one can always find significant differences between 
{TIl )1l and {To)O if the time is small enough. On the other hand, at short times the 

difference between (TIl )1l and (To) 0 may be controlled by the initial condition and this 

was not taken into account in the development ofEq. 2.3-39. 

We close this section by noting that Eq. 2.3-53 can be used with reasonable 
confidence to identify conditions for which local thermal eqUilibrium is valid, and that 
Quintard and Whitaker (l995a) have given convenient analytical expressions for avh 
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that can used to determine "pa as defined by Eqs. 2.3-41. For regular arrays of cylinders 

one can use Chang's unit cell to obtain 

avh4 _ 87t£~ cylinders 
kfS - [£a(R+l)-3]£fS -4In(.JE:} , 

where R is given by 

For regular arrays of spheres one finds 

40a(a2 +a+ l)lC 
--------:-...,.---=------,,...--, spheres 
(1 +5lC)+a(2+lC)+(a4 +2a3 +3(2)(I-lC) 

in which the parameters a and lC are defined by 

(2.3-55) 

(2.3-56) 

(2.3-57) 

(2.3-58) 

In both Eq. 2.3-55 and Eq. 2.3-57, we have used l~ to represent the characteristic length 

for the J3-phase and the manner in which l~ is related to the parameters describing 

Chang's unit cell is described by Quintard and Whitaker (1995a). 

2.4 Closure 

In order to obtain a closed form of Eq. 2.2-18 we need to develop the boundary value 
problem for T~ and Ta , and much of our analysis in this section follows that presented in 

Chapter 1. We recall the original boundary value problem from Sec. 2.1 

ClTfS 
(pcp)~at = V.(kfSV~), intheJ3-phase (2.4-1) 

B.C.l T~ = Ta , at the J3 - cr interface (2.4-2) 

B.C.2 - n~a . k~ VT~ - n~a ·ka VTa , at the J3 - cr interface (2.4-3) 

oTa 
(pcp)aat" = V·(kaVTa), in the cr -phase (2.4-4) 

B.C.3 TfS = ~(r,t), at~ (2.4-5) 

B.C.4 Ta = rFP(r,t) , at a9fae (2.4-6) 
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and note that the spatially smoothed form of Eq. 2.4-1 was given in Sec. 2.2 as 

E,(P") •• ~:)' = vHE'V(1j,)'+ ~ L·",T,dA)1 + ~ L·.Ok.VT.dA 
(2.4-7) 

Here one must be careful to remember that this result is only valid when the following 
two length-scale constraints are satisfied 

(2.4-8) 

The spatial deviation temperature in Eq. 2.4-7 is defined by 

- ~ Tp = Tp - (Tp) (2.4-9) 

and in order to develop the governing differential equation for Tp we need to subtract the 

intrinsic/orm ofEq. 2.4-7 from Eq. 2.4-1. This is obtained by dividing Eq. 2.4-7 by Ep 

and the result can be expressed as 

(2.4-10) 

If we subtract Eq. 2.4-10 from Eq. 2.4-1 and make use of the definition of Tp given by 

Eq. 2.4-9, we obtain the following governing differential equation for the spatial 
deviation temperature. 

aTp 
(Pcp)Par = 
'---v------' 
accumulation 

v .(kpVT~) 
'----v------' 

conduction 

~~lVEp ·kp V(Tp}P, 

conducti~e source 
~"V[* L.",t.dAj 

non-local ~onduction 

- ~ f "po ·kpVTpdA 

~ 
interf~ial flux 

(2.4-11) 
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This result is analogous to the governing equation for the spatial deviation concentration 
given by Eq. 1.4-8; however, in this case we must deal directly with the interfacial flux 
and we begin that process by using Eq. 2.2-8 in order to express the interfacial flux as 

~ fDpa·kpVTpdA = -(VEp).kpV(Tp)P + ~fDpa·kpVipdA (2.4-12) 

~ ~ 

When this result is used in Eq. 2.4-11 we obtain the following governing differential 
equation for the spatial deviation temperature in the ~-phase: 

- 1 [1 f - 1 Epl f -= V·(kpVTp) - EpV. !7f"" ~DpaTpdA - or ~Dpa.kpVTpdA 

(2.4-13) 

The third term in this result represents a non-local contribution since it involves values 
of ip associated with points other than the centroid of the averaging volume. Our 

arguments for neglecting the non-local term are identical to those presented in Sec. 1.4, 
and we make use of that development in order to express Eq. 2.4-13 as 

dip 
(pcp)p~ = 
'--v--' 
accumulation 

V.(kpVTp) 
~ 

conduction 

~ f Dpa . kp VTpdA 

~ 
interfacial flux 

(2.4-14) 

Even when volume averaged heat conduction process is unsteady, the closure problem 
will generally be quasi-steady. This occurs because the following constraints 

0: t* 0: t* 
-P-»1 a 1 2 '-2-»' .ep .ea 

closure process is quasi - steady (2.4-15) 

are usually satisfied. Under these circumstances we can express the closure problem 
associated with Eqs. 2.4-1 through 2.4-6 as 

B.C.l 

B.C.2 

V.(kpVip) = ~ f Dpa .kpVipdA 

~ 

ip = Ta + (Ta)a -(Tp)p, at QQ(pa 

-Dpa . kp Vip = - Dpa . ka VTa + Dpa· kp V(Tp)P 

- Dpa· ka V(Ta)a, at QQ(pa 

(2.4-16a) 

(2.4-16b) 

(2.4-16c) 
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V· (ka VTa) = ta --I f 
~ Rail' ka VTadA (2.4-16d) 

A"p 

B.C.3 Til = f(r, t), at~e (2.4-16e) 

B.C.4 Ta g(r,t) , at edae (2.4-16f) 

Equations 2.4-16 represent the starting point for the two-equation model closure problem 
(Quintard and Whitaker, 1993b, Sec. III) that leads to the two-equation model 
represented by Eqs. 2.2-25 and 2.2-26. If we ignore the contributions of the non­
homogeneous terms associated with B.C.3 and B.C.4, we see that there are three source 

terms, (Ta)a -(TIl )Il, V(TIl )Il, and V(Ta)a that are the generators of the Til and Ta­

fields. If we were willing to impose local thermal equilibrium, i.e., 

(2.4-17) 

these three sources would be replaced by the single source, V(T). However, we should 
remember that Eq; 2.4-17 is the mathematical consequence of the restrictions given by 
Eqs. 2.3-7 and 2.3-8. Just because something is small enough to be neglected in the 
macroscopic equation does not necessarily mean that it is small enough to be neglected 
in the closure problem. 

2.4.1 LOCAL THERMAL EQUILIBRIUM 

To explore local thermal equilibrium, as it applies to the closure problem, we need to 
examine the interfacial boundary conditions which we write as 

B.C.1 (2.4-18) 

B.C.2 (2.4-19) 

Here klla represents the mix-mode thermal conductivity defined by 

(2.4-20) 

In order for local thermal equilibrium to be valid at the closure level, we require that the 
following two restrictions be satisfied 

(TIl )1l -(Ta)a « Til' Ta (2.4-21) 

Rl3a . kl3a V( (1/3)1l - (Ta )a) « Rlla' (kll - ka )V(T) (2.4-22) 
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The second of these is easy to put into a useful form, and we need only apply the 
estimates given in Sec. 2.3 to express Eq. 2.4-22 as 

« (2.4-23) 

This result can be used with Eq. 2.3-53 to obtain 

(
£f3a)2 kf3 -ka - « 
L kf3a 

(2.4-24) 

and for many problems of practical interest this constraint is easily satisfied. 

In order to deal with the restriction given by Eq. 2.4-21 we need estimates of the 
spatial deviation temperatures. When the constraint indicated by Eq. 2.4-24 is satisfied, 
we can simplify the flux boundary condition given by Eq. 2.4-19 to the following form 

B.C.2 Df3<J·kf3VTf3 + D af3·kaVTa = ~f3a·(ka~kf3)V(T~ (2.4-25) 

source 

Here we have placed both spatial deviation fluxes on the left .hand side and retained the 
source term on the right hand side. One should think of the source as being distributed 
between the two phases. 

In order to develop a constraint associated with the restriction given by Eq. 2.4-21, 
we need estimates of Tf3 and Ta. When local thermal equilibrium is valid in the closure 

problem, Eq. 2.4-18 will provide 

(2.4-26) 

and we want to distribute the source on the right hand side of Eq. 2.4-25 in a manner that 
is consistent with Eq. 2.4-26. To accomplish this, we distribute the fluxes according to 

Df3a· kf3VTf3 = <p[Df3a ·(ka -kf3 )V(T)] 

Daf3 ·kaV Ta = (l-<p)[Df3a ·(ka - kf3 )V(T)] 

(2.4-27) 

(2.4-28) 

in which the parameter <p is restricted by 0 ~ <p ~ 1. From these two results we obtain the 
following estimates for the spatial deviation temperatures 

f. = o[ ~,.( ko ~:. )V(T) 1 (2.4-29) 

(2.4-30) 
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If we now impose the condition indicated by Eq. 2.4-26, we find that <p is given by 

and our estimates of TJ3 and To can be expressed as 

It is convenient to represent this estimate in the form 

1p , To = O[fJ3f o(kJ3 -ko) V(T)] 
fokJ3 +fJ3ko 

(2.4-31) 

(2.4-32) 

(2.4-33) 

in order to indicate the intuitively appealing result that both TJ3 and To are zero under the 

following circumstances 

1. Either eJ3 or eo is zero. 

2. The thermal conductivities are equal, kJ3 = ko' 

3. The spatial average temperature is constant, V (T) = O. 

One might also like to have an estimate requiring that 1p and To be zero when 

(pcp )J3 = (pcp)o; however, that condition is circumvented by the quasi-steady nature of 

the closure problem given by Eqs. 2.4-16. 

Use of Eq. 2.4-33 in the restriction given by Eq. 2.4-21 leads to the inequality 

« 
fJ3fo(kJ3 -ko) 

LrUokJ3 +fJ3ko) 

and with the aid ofEq. 2.4-24 we can express this result as 

(2.4-34) 

(2.4-35) 

In order to clarify the meaning of this constraint, we recall Eqs. 2.3-37 through 2.3-39 
which indicate that L2 is given by 

(2.4-36) 

and we use this result in Eq. 2.4-35 to obtain 
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LPa « LpLa(kp -ka) 

Lrl Lpa(Lakp +lpka) 
(2.4-37) 

For many practical applications, the right hand side of this inequality will be on the order 
of one, thus the constraint will be satisfied whenever Lpa is small compared to Lrl. We 

should remember that this latter macroscopic length-scale is defined by the order of 
magnitude estimate 

VV(T) = O[V(T)/ LTlJ (2.4-38) 

thus L1'I is infinite for steady, one-dimensional heat conduction processes. 

We are now in a position to make use of the simplifications provided by Eqs. 2.4-21 
and 204-22 so that the closure problem given by Eqs. 2.4-16 can be expressed as 

B.C.l 

B.C.2 

B.C.3 

B.CA 

V.(kpVTp) = ~ f DPa .kpV~dA 
~ 

~ = Ta ' at QQ{Pa 

-DPa .kpVTp = -Dpa ·ka VTa +Dpa .(kp -ka)V(T) , at ~a 

- E~I f -V· (ka VTa) = op: Dap . ka VTadA 

A..~ 

Tp = f(r,t) , at~ 

Ta = g(r,t), at QQ{<Je 

(2A-39a) 

(2A-39b) 

(2.4-39c) 

(2A-39d) 

(2.4-3ge) 

(2A-39f) 

Obviously we have no intention of solving for ~ and Ta in the macroscopic region 

illustrated in Figure 2.1, but instead we want to determine these two spatial deviation 
temperatures in some representative region such as we have illustrated in Figure 204. 

204.2 LOCAL CLOSURE PROBLEM 

In order to discard B.C.3 and B.CA and develop a local closure problem, we need to 
adopt the model of a spatially periodic system and replace Eqs. 204-39 with 

-I 
2- Ep f -kp V Tp = C1p' DPa . kp VTpdA 

~ 

B.C.l Tp = Ta , at Apa 

B.C.2 -Dpa . kp V~ = -Dpa . ka VTa + Dpa . (kp - ka) V (T)lx' at Apa 

(2A-40a) 

(2A-40b) 

(2A-4Oc) 
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= e~1 fn f3' k VT. dA or cr cr cr (2.4-40d) 

A"p 

Periodicity: Tf3 (r), Tcr(r+£i) = Tcr(r), i=1,2,3 (2.4-40e) 

Here it is important to understand that the representative region shown in Figure 2.4 can 
be arbitrarily complex (Ahmadi and Quintard, 1996) and thus contain all the important 

Figure 2.4. Representative region of the ~-O' system 

geometrical characteristics of the 13-cr system. Under these circumstances the weak 
boundary conditions given by Eq. 2.4-40e do not play an important role in the 
determination of the effective thermal conductivity tensor. In our formulation of the 
local closure problem, we have ignored variations of kf3 and kcr within the unit cell and 

we have evaluated the gradient of the spatial average temperature at the centroid. This 
latter simplification is discussed in Sec. 1.4 and is based on the length-scale constraint 

(2.4-41) 

Within the framework of a local closure problem, the area integrals representing the 
interfacial flux are related by (see Problem 2-3) 

1 f -= -- nf3. kVT.dA or cr cr (J 
(2.4-42) 

A"p 
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and this means that the boundary value problem given by Eqs. 2.4-40 contains a single 
undetermined integral. If this integral were specified, Eqs. 2.4-40 could be used to 

determine Tp and Ta only to within a single arbitrary constant. Both the integral 

associated with the interfacial flux, and the arbitrary constant associated with Tp and Ta , 

can be determined by imposing the following conditions on the average values of the 
spatial deviation temperatures: 

Average: (2.4-43) 

In subsequent paragraphs we will indicate how these conditions can be used to solve the 
closure problem, and why they are unnecessary for the case of symmetric unit cells. 

2.4.3 CLOSURE VARIABLES 

Given that the single non-homogeneous term in the local closure problem is proportional 

to V(T)lx we express tp and Ta as 

Tp == bp ' V(T) + 'l'p 

Ta b a . V(T) + 'I' a 

(2.4-44a) 

(2.4-44b) 

in which bp and b a are referred to as the closure variables (see Problem 2-4) and it is 

understood that V(T) is evaluated at the centroid. We specify these two vector fields 
according to the following boundary value problem 

kp V2bp == ~ f npa . kp VbpdA (2.4-45a) 

Ape, 

B.C.l (2.4-45b) 

(2.4-45c) 

2 e-1 f ka V b a == ; naP' ka VbadA (2.4-45d) 

A.,~ 

Periodicity: bp(r+Jl i ) == bp(r) , ba(r+Jl i ) == ba(r), i == 1, 2, 3 (2.4-45e) 

and leave it as an exercise for the reader (see Problem 2-5) to demonstrate that 
'I' p == 'I' a == constant. This constant will have no influence on the closed form of the 

macroscopic equation since it will not pass through the filters represented by the area 
integrals in Eq. 2.2-18. One can prove that bp==ba==constant when kp ==ka (see 
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Problem 2-6), thus the source, Df3cr (kf3 - kcr), in Eq. 2.4-45c is entirely responsible for 

generating contributions to Tf3 and Tcr that will pass through the filter. 

It is important to understand that the integrals in Eqs. 2.4-45a and 2.4-45d are 
related by 

~ f Df3cr ·kf3Vbf3dA = - ~ f Dcrf3 ·kcrVbcrdA = c (2.4-46) 

~ A"p 

thus there is a single undetermined constant vector in the boundary value problem given 
by Eqs. 2.4-45. If this constant were known, one could use Eqs. 2.4-45 to determine bf3 

and bcr only to within another arbitrary constant vector. If the averages of Tf3 and Tcr 

are set equal to zero, this leads to the following condition on the averages of the mapping 
vectors. 

Averages: (2.4-47) 

These two conditions can be used to specify both the arbitrary constant associated with 
bf3 and bcr and the undetermined constant represented by Eq. 2.4-46, and in the 

following paragraphs we indicate how this can be done. 

2.4.4 ARBITRARY UNIT CELLS 

In order to develop a general solution for the closure problem given by Eqs. 2.4-45, we 
make use ofEqs. 2.4-46 and 2.4-47 to express the closure problem as 

B.C.I 

B.C.2 

Periodicity: 

Averages: 

kf3 V2bf3 = EpIc 

bf3 = bcr, at Apcr 

-Df3cr· kf3Vbf3 = -Df3cr· kcrVbcr + Df3cr(kf3- kcr), atApcr 

We now decompose the closure variables according to 

bo B f3 + f3'c 

(2.4-48a) 

(2.4-48b) 

(2.4-48c) 

(2.4-48d) 

(2.4-48e) 

(2.4-480 

(2.4-49a) 

(2.4-49b) 

where the new closure variables are defined by two boundary value problems. The first 
of these is given by: 
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Problem I 

B.C.l 

B.C.2 

Periodicity: 

Average: 

kpV2b p = 0 

bp = b~, at Apa 

-oJ3a .kpVbp = -oJ3a ·koVb~ + opo(kp -ko)' at Apo 

k V 2bo - 0 o 0-

bp(r+,ei) = b;(r), b~(r+,ei) = b~(r), i=I,2,3 

(b;)Ji = 0 

Chapter 2 

(2.4-S0a) 

(2.4-S0b) 

(2.4-S0c) 

(2.4-S0d) 

(2.4-S0e) 

(2.4-S0t) 

Here we see that Eqs. 2.4-S0a through 2.4-S0e determine bp and b~ to within a single 

arbitrary constant vector, and it is Eq. 2.4-S0f that specifies this constant. The boundary 
value problem that determines Bp and Bo is given by 

Problem II 

B.C.l 

B.C.2 

Periodicity: 

Average: 

kp V2BJi = tjill 

BJi = Bo, at Apo 

- oJio . kJi VBp = - opo . ko VBo ' at Apa 

ko V2Bo = _t~ll 
Bp(r+,ej) = BJi(r), Bo(r+,ej) = Bo(r), i=I,2,3 

(Bp)P = 0 

(2.4-S1a) 

(2.4-S1b) 

(2.4-S1c) 

(2.4-S1d) 

(2.4-S1e) 

(2.4-S1t) 

Here we see that Eqs. 2.4-S1a through 2.4-S1e determine Bp and Bo to within a single 

arbitrary constant tensor, and it is Eq. 2.4-S1f that specifies this tensor. On the basis of 
Eqs. 2.4-S0f and 2.4-S1f, we see that the constraint on the average given by the first of 
Eqs. 2.4-48f is automatically satisfied. The second of Eqs. 2.4-48f can be used to 
determine the constant vector in Eqs. 2.4-48a and 2.4-48d according to 

(2.4-S2) 

Since the non-homogeneous terms in the boundary value problem for Bp and Bo are 

both constants proportional to the unit tensor, one can prove that these two tensors can 
be determined by the solution of a scalar-valued boundary value problem (see Problem 
2-7). For symmetric unit cells, we can prove that the constant vector c is zero and the 
solution of the closure problem is simplified. 
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2.4.5 SYMMETRIC UNIT CELLS 

In order to prove that the undetermined constant represented by Eq. 2.4-46 is zero for 
symmetric unit cells, one begins by using the periodicity condition and divergence 
theorem for b~ and b a to obtain 

~ J n~ ·k~Vb~dA = 1 J 2 or k~V b~dV (2.4-53) 

Ap.. v~ 

~ J na~ . ka VbadA = _1 J k V2b dV or a a (2.4-54) 

A,,~ Vo 

Next, one follows the type of analysis given in Sec. 1.5 to prove ( see Problem 2-8) that 
the components of b~ and b a are skew-symmetric for a symmetric unit cell. Since V2 is 

a symmetric operator, and the components of b~ and b a are skew-symmetric junctions, 

the volume integrals of V2b~ and V2b a must be zero for any unit cell that is completely 

symmetric. This means that Eqs. 2.4-53 and 2.4-54 can be expressed as 

~ J n~a . k~ Vb~dA = 1 J 2 or k~V b~dV = 0 (2.4-55) 

Ap.. v~ 

. ~ J na~ . ka VbadA _1 J k V2b dV or a a = 0 (2.4-56) 

A,,~ Vo 

and under these circumstances the closure problem represented by Eqs. 2.4-45 simplifies 
to the form originally presented by Nozad et al. (1985a). This is given by 

V2b ~ = 0 (2.4-57a) 

B.C. 1 b~ = b a ' at Apa (2.4-57b) 

B.C.2 -n~a ·Vb~ = -n~a ·1CVba + n~(1-1C), at Apa (2.4-57c) 

V2b a = 0 (2.4-57d) 

Periodicity: b~(r+1!j) = b~(r), b a (r+1!j) = ba(r) , i = 1, 2,3 (2.4-57e) 

in which the parameter 1C is defined by 

1C = ka/k~ (2.4-58) 

When 1C = 0 our closure problem for heat conduction naturally reduces to the closure 
problem for diffusion given by Eqs. 1.4-58. For non-symmetric unit cells. we have no 



106 Chapter 2 

proof that the integrals in Eqs. 2.4-45a and 2.4-45d are zero, nor do we have a proof that 
this undetermined constant is negligible; however, comparison with experiment suggests 
that the effects of non-symmetric unit cells are not particularly important. 

2.4.6 CLOSED FORM 

In order to obtain the closed form of the macroscopic equation, we recall 
Eq.2.2-18 

( )C a(T) 
p P at 

along with the representations for Tp and To that took the form 

Tp b p ' V(T) + 'l'p 

To = bo·V(T) + '1'0 

(2.4-59) 

(2.4-60) 

(2.4-61) 

When used with a spatially periodic model, the area integrals in Eq. 2.4-59 have the 
characteristic that 

(2.4-62) 

and this means that if 'I' p and 'I' 0 are constants (see Problem 2-5), they cannot pass 

through these filters. Under these circumstances we can substitute Eqs. 2.4-60 and 
2.4-61 into Eq. 2.4-59 to obtain the following closed form 

a(T) ) (p)C - = V .(K if' V(T) 
P at e 

(2.4-63) 

Here the effective thermal conductivity tensor is defined by 

(2.4-64) 

and in the next section we compare theoretical calculations of KeJf for isotropic systems 

with several sets of experimental data. One can prove that the thermal conductivity 
tensor determined by Eqs. 2.4-64 and 2.4-48 is symmetric, i.e., 

(2.4-65) 

and the proof will be left as an exercise for the reader (see Problem 2-9). 
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2.5 Comparison Between Theory and Experiment 

In this section we wish to compare experimental values of the effective thermal 
conductivity with theoretical values determined by the solution of Eqs. 2.4-57 and the 
representation of Keff given by Eq. 2.4-64. All the experimental studies were based on 

the assumption that Keff was a constant, thus Eq. 2.4-63 was employed in the form 

a(T) . 
(p)C - = K.K· 'i/'i/(T) 

P at eJJ 
(2.5-1) 

For comparison with experimental results, it is convenient to work with a dimensionless 
form of this result given by 

(2.5-2) 

in which 1C = kcr/kr> as indicated earlier by Eq. 2.4-58. 

Nozad et at. (1985a) have solved the closure problem given by Eqs. 2.4-57 for the 
simple, two-dimensional unit cell shown in Figure 2.5. This produces an isotropic 

,- ---- ----- - k~ 

Figure 2.5. Unit cell in a two-dimensional, spatially periodic porous medium 

effective thermal conductivity tensor, thus only a single component of the vector fields 
bp and bcr is required in order to determine Keff . The computed values of Keff / kr> are 

shown in Figure 2.6 along with results determined by Perrins et at. (1979) who used an 
extension of the method of Rayleigh (1892). Similar results have been obtained by 
Sahraoui and Kaviany (1993) using direct numerical simulation for heat conduction in a 
unit cell, and one can prove (see Problem 2-10) that the results obtained in this manner 
are identical to those given by the solution of Eqs. 2.4-57. Figure 2.6 illustrates results 
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for a wide range of values of K = kG / kp and three different geometries: a square array of 

squares, a square array of cylinders, and a hexagonal array of cylinders. One can see a 
slight influence of geometry, but for all practical purposes the dimensionless effective 
thermal conductivity depends only on Ep and K. Once again we should think of the area 

integral in Eq. 2.5-2 as a filter, and then ask the question: What characteristics of the 
boundary value problem given by Eqs. 2.4-57 pass through the filter? For the case of 
non-touching particles, only the volume fraction and the ratio of thermal conductivities 
pass through the filter. 

100 

Kejf 10 
kp 

Perrins et al. 
o (square array of cylinders) 
• (hexagonal array of cylinders) 

-- Nozad et al. £p = 0.19 

10 

Figure 2.6. Effective thenna! conductivity for two-dimensional arrays of non-touching particles 

One can use the closure problem given by Eqs. 2.4-57 and an asymptotic analysis 
for small values of K-1 to demonstrate that Kef! /kp is independent of K for large values 

of K, and the intuitive explanation is quite straightforward. When kG for the non­
touching particles is much, much larger than kp for the continuous phase, the 

temperature in each particle becomes uniform. Further increases in kG have no 
influence on the temperature distribution in the a-phase and the effective thermal 
conductivity is controlled entirely by kf3 and the geometry of the two-phase system. For 

the geometries represented in Figure 2.6, the geometrical effects are almost entirely 
accounted for by Ef3. 

2.5.1 MAXWELL'S CLOSURE PROBLEM 

For a two-phase system made up on non-touching particles, Chang's (1982, 1983) unit 
cell shown in Figure 2.7 represents an attractive model. As we mentioned in Sec. 1.6, 
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p-phase 

Figure 2.7. Chang's unit cell for the j3-e system 

Chang's unit cell leads to Maxwell's model with the special form of the closure problem 
given by 

B.C.l bp = 0, r= r. (2.S-3a) 

V2b p = 0, ro < r::; r. (2.5-3b) 

B.C.2 bp = b" ' r = ro (2.S-3c) 

B.C.3 -op" ·Vbp = -op" . KVb" + 0pa(l-K), r = ro (2.5-3d) 

V2b 
" = 0, O~r::;ro (2.S-3e) 

For two-dimensional arrays of non-touching cylinders (Rayleigh, 1892) this closure 
problem leads to (Ochoa-Tapia et al. , 1994) 

2K - Ep(K-l) 
= cylinders 

2 + Ep(K-l) , 
(2.S-4) 

and the results for the effective conductivity are essentially identical to the calculations 
of Nozad et al. (l98Sa). For a three-dimensional array of spheres, Eqs. 2.S-3 provide 
the following result (Maxwell, 1881) 

3K - 2Ep(K-l) 
= spheres 

3 + Ep(K-l) , 
(2.5-S) 

and this solution produces values of the effective thermal conductivity that are slightly 
higher than the two-dimensional version given by Eq. 2.5-4. 

For non-consolidated porous media, there is obviously particle-particle contact and 
when K is much larger than one this contact plays an important role in the determination 
of the effective thermal conductivity. In order to account for this effect, Nozad et al. 
(198Sa) made use of the two-dimensional model illustrated in Figure 2.8. 
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Figure 2.8. Two-dimensional square array with particle-particle contact 

The fractional contact area is given by c / a, and this represents a parameter that can only 
be determined by a detailed study of the appropriate solid mechanics problem. The 
effective thermal conductivities calculated by Nozad (1983) using this geometrical 
model and the closure problem given by Eqs. 2.4-57 are shown in Figure 2.9 for a value 
of c / a = 0.02. The agreement with a wide range of experimental results is quite good, 
especially when one takes into account the variations in the void fraction which ranges 
from EJ} = 0.31 to EJ} = 0.52. Nozad's calculations for non-touching particles are also 

illustrated in Figure 2.9 along with Maxwell's theory given by Eq. 2.5-5. The latter is in 
excellent agreement with the experimental data for values of 1( less than one hundred. 
When 1( = ka/kJ} tends to zero, the closure problem given by Eqs. 2.5-3 reduces to the 

closure problem for the effective diffusivity and one recovers Eq. 1.6-13 which is 
compared with experimental results in Figure 1.10. While the predicted effective 
diffusivities are too high by about 20%, the results shown in Figures 1.10 and 2.9 
indicate that Chang's unit cell can be used with the method of volume averaging to 
produce reliable effective transport coefficients for a wide range of values of the 
parameter J(, and this has led Ochoa-Tapia et al. (1994) to explore this approach for a 
variety of transport processes in two-phase media. 

In an experimental study, Nozad et al. (1985b) measured the effective thermal 
conductivity for a narrow range of porosities, and the comparison of those results with 
the theory is shown in Figure 2.10. The agreement between theory and experiment is 
extremely good; however, there are important characteristics of the theoretical 
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Figure 2.9. Theoretical and experimental values of the effective thennal conductivity 

calculations that differ from the experiments. The two-dimensional model illustrated in 
Figure 2.8 is different from the three-dimensional character of the experimental systems, 
and the spatially periodic boundary conditions used in the closure problem given by 
Eqs. 2.4-57 are not consistent with the random nature of the non-consolidated systems 
represented in Figures 2.9 and 2.10. From the results presented in Figure 1.10 for the 
effective diffusivity, and from Eqs. 2.5-4 and 2.5-5, we know that there are differences 
between two and three-dimensional models; however, these differences are not great. 
The fact that the periodic boundary conditions do not playa particularly important role is 
confirmed (for diffusive processes) by the good agreement between results obtained 
using Chang's unit cell and those obtained using a spatially periodic model. To be clear 
about this point, we note that the solution of Eqs. 2.5-3 (non-periodic boundary 
conditions) for a two-dimensional array of cylinders leads to Rayleigh's (1892) theory 
given by Eq. 2.5-4, while the solution of Eqs. 2.4-57 (periodic boundary conditions) for 
a two-dimensional array of cylinders (Ochoa, 1989) leads to results that are essentially 
identical to Eq. 2.5-4. In a general study of periodic and non-periodic systems, Quintard 
and Whitaker (1993a) demonstrated that the difference between these two types of 
systems is not particularly important for diffusive processes, and we conclude that the 
existence of the adjustable parameter, c I a, does not invalidate the successful 
comparison of theory and experiment illustrated in Figure 2.10. However, it is certain 
that the fitted value of c I a is sensitive to the details of the numerical scheme used to 
solve the closure problem given by Eqs. 2.4-57. To emphasize this particular point, we 
note that Nozad et al. (1985a) obtained good agreement between theory and experiment 
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for c I a = 0.02, while Sahraoui and Kaviany (1993) concluded that the value of c I a 
should be 0.002. 

103 ~------~------~~------~------~----~ 
o Experiment £~ = 0.39 - 0.41 

- Theory cia = 0.02 

102 

10 

10 

Figure 2.10. Effective thermal conductivities for a narrow range of porosity 

An interesting example of the influence of particle-particle contact is the case of 
point-contact, i.e., c I a -+ 0, that was studied by Batchelor and O'Brien (1977). They 
considered a regular array of spheres and developed a solution for large values of 
I( = ka / k(3 in terms of an inner expansion. The result took the form 

Kef! 
---- = 4In(l() - 11 

k(3 
(2.5-6) 

in which the number eleven represents an adjustable parameter that can only be 
determined precisely by matching the inner expansion with an outer expansion. The 
value of the adjustable parameter was chosen on the basis of experimental data with 
values of I( ranging from 30 to 3000. The analysis of Batchelor and O'Brien is 
compared with that of Nozad et al. in Figure 2.11 where the good contact results 
represent an expansion in terms of 1(-1. This leads to a linear dependence of Kef! I k(3 on 

I( instead of the logarithmic dependence for the point contact condition. 

The theory of Batchelor and O'Brien (1977) has been compared with experiment by 
Shonnard and Whitaker (1989) and the results, along with those of Swift (1966), are 
shown in Figure 2.12. The experiment performed by Shonnard and Whitaker consisted 
of bringing two spheres into point contact in a unit cell, thus the experiment was 
designed explicitly to test the theory of Batchelor and O'Brien. Errors resulted from the 
fact that it was difficult to maintain a uniform temperature gradient and it was difficult to 
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Figure 2.11. Effective thennal conductivity for good contact, point contact, and no contact 

completely eliminate natural convection since the diameter of the spheres was on the 
order of 5 cm. Nevertheless, the experimental results of Shonnard and Whitaker tend to 
confirm the theory of Batchelor and O'Brien. The results of Swift were obtained with 
packed metal powders for which the particle diameter was on the order of hundreds of 
micrometers, thus no specific effort was made to create a point-contact porous medium. 
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Figure 2.12. Comparison of theory and experiment for point-contact heat conduction 
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We would expect Swift's results to exhibit the type of behavior illustrated in Figure 2.9 
rather than the point contact behavior shown in Figure 2.12, but it is clear that they do 
not. 

2.6 Conclusions 

In this chapter we have examined the process of transient heat conduction in two-phase 
systems. We have developed constraints associated with the principle of local thermal 
equilibrium, and these constraints are in reasonable agreement with numerical 
experiments. When the condition of local thermal equilibrium is valid, the heat transfer 
process can be represented in terms of a one-equation model. The closure problem 
associated with the one-equation model was developed and values of the effective 
thermal conductivity were compared with experimental values for non-consolidated 
porous media. Good agreement between theory and experiment was obtain provided 
that the particle-particle contact was taken into account in terms of an adjustable 
parameter. 

2.7. Problems· 

2-1. Show how the Darcy-scale temperature deviations defined by Eqs. 2.3-2 
can be used to obtain the form indicated by Eqs. 2.3-5. 

2-2. Indicate how the last term in Eq. 2.3-21 is obtained from Eq. 2.3-19, 
Eq. 2.3-20, and the interfacial flux boundary condition given by Eq. 2.1-3. 

2-3. Show how the flux boundary condition given by Eqs. 2.4-40c can be 
used to develop the integral condition represented by Eq. 2.4-42. 

2-4. Given the following steady, one-dimensional heat conduction problem 

B.C.l 1iJ = 0, X=O (1) 

(2) 

B.C.2 (3) 

B.C.3 -kR dTp = _ k dTo + n 
"dx °dx Po' 

(4) 

d 2 T. 
__ 0_ = 0, in the 0" - phase 
dx2 

(5) 

• Solutions to all problems are available from the author. 
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B.CA (6) 

develop a solution in terms of the closure variables the appear in the 
representations 

(7) 

Take cI>p and ilpcr to be constants and show that the solution in terms of the 

closure variables gives the same result as the direct solution that is given by 

1 2 [I (2+CP) ilpcr 1 Tp = -cI>px - -cI>pRp -- + X 
2 2 1 + cp kp ( 1 + cp ) 

in which the dimensionless parameter cp is defined by 

cp = Rpkcr/Rcrkp 

(8) 

(9) 

(10) 

2-5. Develop the boundary value problem for 'lip and'll cr which are defined 

by Eqs. 2.4-44, and identify the circumstances for which you can demonstrate 
that these two variables are equal to a constant. Follow the approach suggested 
in Problem 1-21. 

2-6. Prove that b p = bcr = constant when the thermal conductivity of the 

p-phase is equal to that of the a-phase. Restrict you analysis to symmetric unit 
cells and note that the proof is similar to that used in Problem 2-5. 

2-7. Given the boundary value problem 

kpV2Bp Ejill (1) 

B.C.1 Bp = Bcr , at Apcr (2) 

B.C.2 - Dpcr . kp VBp = - Dpcr . kcr VBcr ' at Apcr (3) 

kcr V2Bcr = -E-11 (4) cr 

Periodicity: Bp(r+Ri) = Bp(r) , Bcr(r+Ri) = Bcr(r) , i = 1, 2, 3 (5) 

Averages: {Bp)P = 0 (6) 

prove that Bp and Bcr can be expressed as 
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Bp = Bpi 

Bo = Bol 

and derive the boundary value problem for Bp and Bo. 

(7a) 

(7b) 

2-8. Consider the closure problem given by Eqs. 2.4-48, and show that it 
reduces to the closure problem given by Eqs. 2.4-57 for the case of completely 
symmetric unit ce/ls. Consider only the x-components of the vectors bp and bo 

given by 
(1) 

and a unit cell that is symmetric in x. Develop the closure problem for bp and bo 

and consider a coordinate transformation of the type 

x,Y,z ~ x,y,z (2) 

in which x=-x, y=y, z=z. The constants in Eqs. 2.4-48a and 2.4-48d are 
invariant to the coordinate transformation indicated by Eq. 2. Show that 

~(x.y.z) = -~(-x,y,z). bo(x,y,z) = -bo(-x,y,z) (3) 

and that, by analogy, bp and bo are completely skew-symmetric for a unit cell 

that is completely symmetric. Indicate why this leads to the result 

C = ~ J npa . kp VbpdA = 1 J 2 0/' kpV bpdV = 0 

Ap., v~ 

c = __ 1 In p·k Vb dA 0/' a a a = __ 1 J k V2b dV 
0/' a a = 0 

~ Va 

thus proving that Eqs. 2.4-48 simplify to Eqs. 2.4-57 for completely symmetric 
unit cells. 

(4) 

(5) 

2-9. Use Eqs. 2.4-48 in order to prove that the thermal conductivity tensor is 
symmetric, i.e., Keff = K~ . Notice that the dyadic product of bp with the 

boundary condition given by Eq. 2.4-48c will lead to a boundary condition 
containing the term (k(! - ko )npab(!, and it is this term which appears in the 

expression for the thermal conductivity tensor given by Eq. 2.4-64. 

2-10. Sahraoui and Kaviany (1993) determined the effective thermal 
conductivity for the system illustrated in Figure 2.5 by first solving the following 
boundary value problem associated with the unit cell illustrated in Figure 2-10. 
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B.C.1 

B.C.2 

B.C.3 

B.C.4 

B.C.5&6 

iJ2r. iJ2r. o = __ Il + __ Il in the ~ - phase 
iJx2 iJi' 

Til = To. at x=O 

Til = Ta. at the ~ - (J interface 

-ofla . kll VTIl = - ofla . ka VTa . at the ~ - (J interface 

Til = 11. at x=L 

y 

L 

iJTp = 0 
cry y=O.L 

1,-------------,-----
I· L -I 

x 

Figure 2-10. Unit cell used for the detennination of the effective thenna! conductivity 
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(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

Given the temperature field in the ~-phase. the average heat flux was computed 
according to 

(8) 

and this was used to determine an effective thermal conductivity on the basis of 

K 7;,-11 
elf L (9) 
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The boundary conditions given by Eqs. 2 and 5 are intuitive; however, they can 
be proved to be the correct representations for a spatially periodic system on the 
basis of the closure problem given by Eqs. 2.4-57. To do so, one begins with 

Tf3 = (T) + Tf3 = (T) + bf3· V(T) 

and then considers the special case in which 

V(T) = i a(T) 
ax 

(10) 

(11) 

The fact that i· bf3 is skew-symmetric for a symmetric unit cell can then be used 

to develop the boundary conditions given by Eqs. 2 and 5. 

2-11. Consider a ~-a system in which the a-phase is a rigid solid and the 
~-phase is a stagnant fluid. If a uniform, homogeneous thermal source exists in 
the a-phase, the heat conduction process can be described by 

aTf3 
(pcp )f3 i)t = V· (kf3 VT(3) , in the ~ - phase (1) 

B.C.l 

B.C.2 

Tf3 = To, at the ~ - a interface 

-nf3a . kf3 VTf3 = - nf30 . ko VTo ,at the ~ - a interface 

(pcp)o dTo = V·(koVTo) + <1>0' in the a-phase at 

(2) 

(3) 

(4) 

Consider <1>0 to be a constant and develop the one-equation model for heat 
conduction. Carefully identify the constraints that must be satisfied and develop 
the closure problem that can be used to predict the effective thermal conductivity 
tensor. 

2-12. Develop the constraints associated with the principle of local thermal 
equilibrium for the heat conduction process described in Problem 2-11. 

2-13. When chemical reactions take place in porous catalysts, the heat 
conduction process can be described by 

aTy 
(pcp)Yat = V·(kyVTy) , inthey-phase (1) 

B.C.1 Ty = TIC' at the 'Y - K interface (2) 
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(4) 

Here n'YK represents the source or sink of thermal energy at the y-K interface 

owing to heterogeneous chemical reactions. Under realistic conditions n'YK 
depends on the temperature and the concentration of the reactants; however, in 
this problem n'YK should be treated as a constant in order to develop a one-

equation model for the transient heat conduction process. In addition, the 
porous medium should be treated as homogeneous. Assume that local thermal 
equilibrium is valid and develop the closure problem that is required to predict 
the effective thermal conductivity tensor. 

2-14. Develop the constraints associated with the prinCiple of local thermal 
equilibrium for the heat conduction process described in Problem 2-13. The 
interfacial flux terms must be treated carefully, and in the absence of a complete 
study of the two-equation model one is forced to estimate how the thermal 
source is distributed between the two fluxes. Use the estimate given by 
Whitaker (1986c) 

-~JD'YK'kyVTydA = avh«T.,)Y-<TlCYc) + tn'YK ) 
1+0 fyk~/f~ky 

~ 

in order to complete the analysis. 

2-15. In an experimental study of transient heat conduction in a two-phase 
system, Glatzmaier and Ramirez (1988) described the process in terms of the 
following point equations 

aTp 
(pcp)p at = V ·(kp VTp), in the J}-phase (1) 

B.C.1 Tp = To, at the J} - cr interface (2) 

B.C.2 -Dpa 'kpVTp = - Dpa . ko V1" ' at the J} - (J interface (3) 

( ) aTo 
pcp oat = V . (ko VTo) ,in the cr - phase (4) 

The volume averaged forms of both Eqs. 1 and 4 are identical in form and are 
given by Eqs. 2.2-11 and 2.2-14. Glatzmaier and Ramirez assumed that the 
conductive fluxes in these equations could be expressed as 
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and they assumed that the interfacial flux took the form 

- ~ I Dpa ·kp VTpdA = avh(Tp)P -(Ta)a) 
Ap., 

Chapter 2 

(5a) 

(5b) 

(6) 

A more thorough approach would make use of the decompositions given by Eqs. 
2.2-8 to arrive at 

= - ~ I Dpa.kpV(Tp)PdA - ~ I Dpa·kpVTpdA (7a) 

Ap., Ap., 

__ 1_ ID p·k VT. dA = OJ!" a a a - ~ I Dap·kaV(Ta)adA - ~ IDap·kaVTadA (7b) 

~ ~ A"p 

The closure problem can then be used to predict the correct functional forms for 
the conductive flux and the interfacial flux in the volume averaged transport 
equations. In the analysis of the closure problem, assume that variations of 
V(Tp)P, V(Ta)a, and (Tp)p -(Ta)a can be neglected so that the functional 

dependence of Tp and Ta can be easily deduced and used to prove that the 

correct form of the two-equation model is given by Eqs. 2.2-25 and 2.2-26. 

2-16. The problem of diffusion in two-phase systems can be described by 
(Ochoa et al., 1986) 

B.C.l Cp = Keq Ca , at the p -cr interface 

B.C.2 -Dpa . '!lJ p V cp = - Dpa . '!lJ a V ca ' at the p -cr interface 

ika ( ) dt = V· '!lJaVca • inthecr-phase 

(1) 

(2) 

(3) 

(4) 



Heat Conduction 121 

Here c~ and Co represent the concentrations of the diffusing species in the /3 and 

a-phases respectively, and Keq represents the equilibrium coefficient for a linear 

equilibrium relation. In this problem you are asked to: 

1. Identify an average concentration that can be used to construct a one­
equation model of the diffusion process. Be sure to define this concentration so 
that all spatial deviation concentrations are zero when the system is at 
equilibrium. State the assumptions associated with the principle of local mass 
equilibrium, then state the restrictions, but do not attempt to develop the 
constraints. 

2. Develop the closure problem for the one-equation model, and show how it can 
be transformed to the same closure problem used to determine the effective 
thermal conductivity tensor. 

2-17. The problem of diffusion in a packed bed of porous particles can be 
described by (Whitaker, 1988c) 

dc~ 
= V·(fEl~Vc~) , in the /3 - phase (1) 

dt 

B.C.1 c~ = (CA)Y , at the /3 - 0" interface (2) 

B.C.2 - n~o ·fEl~Vc~ = -n~o . EyDeff ·(cA)'Y , at the /3 -a interface (3) 

d(CA)'Y 
Ey - dt- = V . (EyDeff . V(CA)Y) ' in the porous particle (4) 

The system under consideration is illustrated in Figure 2-17 where the porous 
particles are identified as the a-region. The void space in the packed bed is 
identified as the /3-phase, and the point concentration of species A in this phase 
is be represented by c~. The boundary conditions given by Eqs. 2 and 3 can be 

inferred from the studies of Ochoa-Tapia and Whitaker (1998a). In this problem 
you are asked to develop the one-equation model for diffusion in the system 
shown in Figure 2-17, along with the closure problem that will allow you to 
predict the overall effective diffusivity tensor. 
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Figure 2-17. Packed bed of porous particles 

2-18. If the system described in Problem 2-16 contains a membrane 
between the ~ and a-phases, and if a linear, homogeneous reaction takes place 
in the a-phase, the boundary value problem takes the form (Wood and Whitaker, 
1998) 

ikp 
= V·('PllIlVcp) , in the ~ - phase (1) at 

B.C.l -opa ·'PllIlVcp = k(cp - Keqca), at the ~ - a interface (2) 

B.C.2 -0jla . 'Pllll V cp = -0jla ·'PllaVca ' at the ~ - a interface (3) 

aCa = V·('PllaVca) - ~ca' in the a - phase (4) at 
If the membrane permeability k is sufficiently large and the reaction rate 
coefficient Jl is sufficiently small, the principle of local mass equilibrium will be 
valid and a one-equation, equilibrium model can be developed. 'Assume that the 
condition of local mass equilibrium is valid and develop the one-equation, 
equilibrium model. 

2-19. For the process described in Problem 2-18, small values of k and large 
values of Jl typically lead to the necessity for a two-equation modet, however, if 
the reaction rate coefficient is large enough so that 

Keqca « cll' at the ~ - a interface (1) 

a pseudo one-equation model results. In this case the boundary conditions 
given by Eqs. 2 and 3 of Problem 2-18 can be replaced with 
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B.c. (2) 

and a volume averaged transport equation for the ~-phase can be derived that is 
equivalent to the result presented for the y-phase in Chapter 1. We refer to this 
as the pseudo one-equation model since the system is described in terms of two 
concentrations. The concentration in the ~-phase is determined by a transport 
equation for (cp)1i while the concentration in the a-phase is specified by 

(CO)O = O. pseudo one-equation model (3) 

In this problem you are asked to find the constraint that leads to Eq. 1 and then 
make use of the developments in Chapter 1 to determine the form of the 
effective diffusivity tensor and the effective reaction rate coefficient for the 
pseudo one-equation model. 

2-20. Develop the constraints associated with the principle of local mass 
equilibrium as it applies to Problem 2-18. 
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Dispersion in Porous Media 

In this chapter we will study the simplest possible convective transport process; that of 
passive convection and diffusion in a rigid, impermeable porous medium. The word 
passive is used to mean that there is no adsorption or reaction at the fluid-solid interface, 
nor is there any mass transfer from the fluid phase to the solid phase since the latter is 
impermeable. Very few real processes are passive in the sense used here; however, it is 
best to begin our studies of convective transport with as few complications as possible. 

3.1 Governing Equations and Boundary Conditions 

We consider a fluid-solid system such as the one illustrated in Figure 3.l. The fluid 
phase is identified as the ~-phase while the rigid and impermeable solid is represented by 
the O'-phase. The governing equation, the initial condition, and the boundary conditions 
are given by 

B.C.I 

B.C.2 

I.C. 

OCAP ) --at + V'(CApVp) = V'(~pVCAP' inthe~-phase 

-npG'~pVCAP = 0, at~ 

CAP = @"(r,t), at~ 

CAP = l1(r) , att=O 

(3.1-1) 

(3.1-2) 

(3.1-3) 

(3.1-4) 

Here we have used ~G to represent the area of the ~-O' interface contained within the 

macroscopic region shown in Figure 3.2, while ~ identifies the area of entrances and 

exits associated with the macroscopic region. It is important to keep in mind that 
Eq. 3.1-1 is limited to dilute solutions for which CAP «cp, and that ~p is a mixture 

diffusivity defined by Eq. 1.1-15. 

The problem described by Eqs. 3.1-1 through 3.1-4 differs from that of pure 
diffusion in porous media only because of the presence of the convective transport term, 
thus our analysis will be very similar to that given in Chapter 1. In our treatment of the 
convective-diffusion equation given by Eq. 3.1-1, we will consider only incompressible 
flow so that the continuity equation takes the form 

V.vp = 0 (3.1-5) 

124 
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Figure 3.1. Convective transport in a fluid-solid system 

Often the fluid mechanical problem associated with dispersion in porous media can be 
described by Stokes' equations which lead to Darcy's law for the volume averaged 
velocity. The derivation of Darcy's law is presented in Chapter 4 and the development 
of the more general Forchheimer equation is given elsewhere (Whitaker, 1996). 

Figure 3.2. Macroscopic region 

averaging 
volume, "fI' 
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3.2 Spatial Smoothing 

We begin the process of spatial smoothing by forming the superficial average of 
Eq. 3.1-1 to obtain 

1 f ac AI3 1 f 1 f ( ) or --atdV + or V.(vl3cAI3}dV = or V· ~I3VCAI3 dV (3.2-1) 

~ ~ ~ 

In terms of the nomenclature used in the previous two chapters, we express this result as 

(3.2-2) 

and we note that the a-phase is rigid so that the accumulation term can be expressed as 

(aCAI3) = a(CAI3) 
at at 

(3.2-3) 

As in our previous studies of diffusion and heat conduction, we seek an equation for the 
intrinsic average concentration, thus we make use of 

so that Eq. 3.2-2 takes the form 

a(CAI3)13 
EI3 at + (V.(VI3CAI3}) = <V.(~I3VCAI3» 

(3.2-4) 

(3.2-5) 

Once again we have used the fact that the a-phase is rigid so that Eli is independent of 

time. Turning our attention to the convective transport term, we employ the averaging 
theorem to obtain 

(V·(VI3CAI3» = V·(vl3cAIi) + ~ f nfla· vl3cAli dA 

Ap" 

(3.2-6) 

Since the a-phase is treated as a rigid, impermeable solid, we impose the condition 

so that Eq. 3.2-6 simplifies to 

Use of this result in Eq. 3.2-5 provides us with 

a(cAI3)1i 
Eli at + V·(VIiCAI3) = <V.(~I3VCAI3» 

(3.2-7) 

(3.2-8) 

(3.2-9) 
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and we need only follow the type of development given in Sec. 1.2 to arrive at the form 

d(CAP)P [ ( 1 J Jl Ep dt + V'(VpCAP) = V· ~P EpV(CAP)P + or ~DPOCAPdA 

+ ~ J Dpo '~pVcApdA 
Ap., 

(3.2-10) 

Here we should remember that this result requires that we impose the following length 
scale constraints: 

(3.2-11) 

In our study of diffusion and reaction in Chapter I, the interfacial flux term was used to 
join the governing equation and the boundary condition that described the heterogeneous 
chemical reaction. In our study of heat conduction in Chapter 2, the interfacial flux term 
joined the ~-phase transport equation to the· a-phase transport equation. In many 
problems of great practical importance, diffusion, adsorption, and reaction will be taking 
place within the a-phase illustrated in Figure 3.1, and for those processes the interfacial 
flux term in Eq. 3.2-10 willjoin the ~-phase transport process to the process taking place 
in the a-phase. In this study we treat only the case of passive dispersion, thus we impose 
the boundary condition given by Eq. 3.1-2 and express Eq. 3.2-10 as 

Our analysis of the right hand side of this result will follow that given in Chapter I, and 
the only new problem with which we are confronted is the convective transport term, 
(VpCAp), 

3.2.1 CONVECTIVE TRANSPORT 

We begin our analysis with the spatial decompositions 

(3.2-13) 

so that the volume averaged convective transport is described as 

(3.2-14) 
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At this point we put forth the hypothesis that variations of volume averaged quantities 
can be ignored within the averaging volume, and this allows us to express Eq. 3.2-14 as 

The removal of averaged quantities from volume integrals is certainly consistent with 
much of the analysis in Chapters 1 and 2, and if we make use of this simplification with 
Eqs. 3.2-13 we obtain 

(3.2-16) 

Under these circumstances our volume averaged convective transport simplifies to 

(3.2-17) 

Substitution of this result into Eq. 3.2-12 provides the following form of our volume 
averaged convective-diffusion equation 

+ ~'(Ep(VP,>P(CAP)P) := 

convective transport 
(3.2-18) 

= v[ q+. V« •• )· + ~ L n .. c •• dA J] 
\ I 

diffusi ve 'transport 

At this point we need only develop the closure problem for CAP in order to obtain a 

closed form; however, before moving on to the closure problem in Sec. 3.3 we need to 
think about the filter that appears in Eq. 3.2-18 and we need to consider the 
approximation associated with Eqs. 3.2-16 and 3.2-17. 

3.2.2 THE FILTER 

The filter that appears in Eq. 3.2-18 can be expressed as 

(3.2-19) 

and here we see what could be referred to as a diffusive filter, involving the interaction 
between Dpa and CAP' and a convective filter, involving the interaction between \TJ3 and 

CAP' In Chapter 1 we saw that very little geometrical information passed through the 

diffusive filter for isotropic systems, while in Chapter 2 we saw that the details of the 
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particle-particle contact passed through the conductive filter when ka / k~ was large 

compared to one. In our discussion of experimental results in Sec. 3.4, we will see that 
much more geometrical information will pass through the convective filter in Eq. 3.2-19 
and this will make the prediction of dispersion coefficients much more difficult than the 
prediction of effective diffusivities. 

3.2.3 SIMPLIFICATION OF THE CONVECTIVE TRANSPORT 

Before continuing our analysis of Eq. 3.2-18, we need to explore the restrictions that are 
associated with the simplified representation of the convective transport given by 
Eq.3.2-17. We begin with Eq. 3.2-14 

(3.2-20) 

and note that the average of the average can be expressed precisely according to 

= _1 J(cA~>~1 dV or x+Yp 
(3.2-21) 

Vp(x) 

Here Y~ represents the position vector relative to the centroid as illustrated in Figure 3.3. 

Taylor series expansions about the centroid of the averaging volume can be used to 
express the average concentration and velocity as 

These results can be used to express the superficial averages of the spatial deviations 
according to 

(CA~>L = - (y~>. V(cAIl)~L - t(YPYIl):VV(cAIl)PL -

(vp>!,. = - (Yp>' V(vp)PL - t(Ypyp):VV(vp)PL -

(3.2-23a) 

(3.2-23b) 

Substitution of Eqs. 3.2-22 and 3.2-23 into Eq. 3.2-20 leads to the following expression 
for the local volume averaged convective transport (see Problem 3-1): 
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£~(V~)~(CA~)~ 
'---v-------' 

traditional 
convective 

flux 

+ (V~CA~) 
'----v---' 
traditional 
disJ>ersive 

flux 
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+ ~V(v~)~r .(y~y~).V(CA~)~ + (V~y~).V(CA~)~, + +(v~y~y~):VV(CA~)~, 
additional macro;copic dispersion ske~ness 

+ ~V(V~)~r ·(y~CA~) + +(y~y~CAP):VV(vp)p, + .... 
additional micro~opic dispersion 

(3.2-24) 

Here we have used the phrase additional macroscopic dispersion to describe the terms 
that are directly proportional to V(CAp)~. The skewness term is identified as such 

because it will cause a pulse to become asymmetric. and the terms involving CA~ are 

referred to as additional microscopic dispersion since they will generate terms 
proportional to V(c A~)P indirectly through the closure problem. 

Figure 3.3. Position vectors associated with the averaging volume 

While the skewness term in Eq. 3.2-24 needs to be kept in mind. it will not be part of our 
comparison between theory and experiment. thus for our purposes the convective 
transport given by Eq. 3.2-24 can be simplified to 
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EIJ(vIJ}Ii(CAIJ}1i 
~ 

traditional 
convective 

flux 

+ 

+ ~V(Vll}lir ·(YIJYp)· V(cAll}P + (vllYIJ)· V(CAll}ll, 

additional macro';copic dispersion 

+ ~V(VIi}lir . (YliCAll) + t(YliYliCAIJ}:VV(VIi}Il, + 
additional micro;copic dispersion 
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(3.2-25) 

There is certainly some intuitive appeal for neglecting the last two terms relative to the 
traditional dispersive flux on the basis of length-scale arguments. This would lead to 

EIi(Vll}lJ(cAP)1J 
~ 

traditional 
convective 

flux 

+ 

+ ~V(VIJ}pr ·(YliYp)· V(CAP}IJ + (VliYIi)· V(CAIi}Ii, 

additional macro~copic dispersion 

(3.2-26) 

however, it is more difficult to justify the neglect of the additional macroscopic 
dispersion relative to the traditional contribution given by (v liC All). The first 

contribution to the additional macroscopic dispersion might be important if there are 
significant local heterogeneities (Volkov et al, 1986) that produce large values of 
V(vIJ)IJ. Estimates of this term can be obtained from measured porosity variations, 

while a reasonable estimate of the magnitude of (y liY II) is given in Problem 1-17. The 

second contribution involves (vPYll)' and it is difficult to estimate this type of term. For 

uniform flow in a spatially periodic porous medium, one can demonstrate that (vllYIJ) is 

zero, but in a real porous medium this term might make a contribution to the dispersive 
flux. If we wish to neglect these two terms in order to obtain the traditional form given 
by Eq. 3.2-17, we must impose the following two restrictions (see Problem 3-2) 

(V(VIJ}Il)T . (YllYp}·V(cAIJ}1i « (VliCAIJ}1i 

(vllYIi}·V(cAIi}1i « (vlicAll}1l 

(3.2-27a) 

(3.2-27b) 

In order to develop useful constraints on the basis of these inequalities, we need an 
estimate of CAll and this will be available to us when we develop the closure problem in 

the next section. 
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3.2.4 CONTINUITY EQUATION 

The development of the closure problem requires the intrinsic average form of the 
volume averaged transport equation given by Eq. 3.2-18, and we need to make use of the 
volume averaged continuity equation in order to develop this form. We recall Eq. 3.1-5 

and form the superficial average to obtain 

(V·vp) = 0 

Use of the averaging theorem immediately leads us to 

(V ,vp) = V ·(vp) + ~ J Dpa ,vpdA 

Atsa 

(3.2-28) 

(3.2-29) 

(3.2-30) 

and since the p-cr interface is impermeable we see that the volume averaged continuity 
equation takes the form 

(3.2-31) 

If we express the superficial average velocity in terms of the intrinsic average velocity, 
Eq. 3.2-31 becomes 

(3.2-32) 

There is a preference for working with the superficial average velocity since It IS 
solenoidal as indicated by Eq. 3.2-31; however, the form given by Eq. 3.2-32 can be 
applied directly to Eq. 3.2-18. For compressible flow, the continuity equation takes on a 
more complex form (see Problem 3-3) 

3.3 Closure for Passive Dispersion 

To develop the governing differential equation for cAP' we recall the original boundary 

value problem and make use of the continuity equation given by Eq. 3.2-28 to obtain 

B.C.l 

B.C.2 

I.e. 

aCAP ---at + Vp,VCAP = V'(~pVCAP)' inthep-phase (3.3-1) 

- Dpa <~?JpVCAp = 0, at ~a 

CAP = d1(r,t), at <dj3e 

CAP = ~(r), at t=O 

(3.3-2) 

(3.3-3) 

(3.3-4) 
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This represents the starting point for our development of the volume averaged transport 
equation given by Eq. 3.2-18. Use of the volume averaged continuity equation 
represented by Eq. 3.2-32 allows us to express Eq. 3.2-18 as 

+ ~~(v~)~ ~ V(CA~)~, 
convective transport 

(3.3-5) 

~l ~.[E'V(CA')' +~ I n~c~dA )] 
diffusive • transport 

and the intrinsic form of this result is obtained by dividing by E~. This can be expressed 

as 

(3.3-6) 

From the decompositions presented in Sec. 3.2 

(3.3-7) 

we see that subtracting Eq. 3.3-5 from Eq. 3.3-1 yields the governing equation for CA~ 

given by 

(3.3-8) 

-~'V[~ In~CA'dAl 
non-local diffusion 

Here two terms have been identified as non-local since they involve values of the 
dependent variable evaluated at points throughout the averaging volume rather than at 
the centroid. The second and third terms in Eq. 3.3-8 can be rearranged according to 
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and when this is used in Eq. 3.3-8 we obtain 

dCAP 
dt 

'---v--' 
accumulation 

+ Vp,VCAP + 
'---v---' 
convection 

Vp' V(CAP)P 
'----v-----' 

convective source 

= V'(~PVCAP) 
'----v---' 

diffusion 

Chapter 3 

(3.3-9) 

(3.3-10) 

~,IV [~ L no-cA, dA 1 ~~lVep '~pV(CAP)P. + 
diffusiv~ source 

~~lV '(VpCAP~ 
non-local 

convection 
non-local diffusion 

The non-local diffusion term can be discarded on the basis of 

(3.3-11) 

and the arguments associated with this simplification are given in Sec. 1.4. We can also 
follow the development in Sec. 1.4 to discard the diffusive source in Eq. 3.3-10 on the 
basis of the length-scale constraint given by (see Problem 3-4) 

(3.3-12) 

This constraint is automatically satisfied in homogeneous porous media for which 4 is 
infinite, and if we impose Eqs. 3.3-11 and 3.3-12 on our transport equation for cAP we 

obtain 

dCAp 
dt 

'---v--' 
accumulation 

+ vp' VCAP + vP' V(CAP)P 
'---v---' '----v-----' 
convection convective source 

= V'(~pVCAp) + E~lV'(VpCAP) 
'---v----" • 

diffusion non-local 
convection 

(3.3-13) 

The order of magnitude of the non-local convective transport term can be expressed as 

(3.3-14) 

Here we have made use of the no-slip condition which requires that vp be the same 

order of magnitude as (v p)p, and we have used L as the characteristic length associated 

with the term (VpCAp), The order of magnitude of the local convective transport is 

given by 
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(3.3-15) 

and this indicates that the non-local convective transport can be neglected when ever 

(3.3-16) 

Under these circumstances our transport equation for the spatial deviation concentration 
takes the form 

dCAIi Ii at + VIi·VCAIi + ~ = (3.3-17) 

convective source 

and we can complete the closure problem for cAli by writing the initial and boundary 

conditions analogous to Eqs. 3.3-2 through 3.3-4 as 

B.C.l - olio ·Pli~VcAIi = ofia . Plili V(C Ali )Ii, ' at~ (3.3-18) 

diffusiv~ source 

B.C.2 cAli = f(r,t) , at~ (3.3-19) 

I.C. cAli = g(r) , at t =0 (3.3-20) 

While many dispersion processes will be inherently unsteady, the closure problem for 
cAli will be quasi-steady whenever the following constraint is satisfied 

Pli t* 
_Ii _ » 1 (3.3-21) 
~2 
Ii 

This constraint is based on an estimate of the diffusive transport term given by 

(3.3-22) 

along with the inequality 

(3.3-23) 

When the transport process is purely diffusive, one can follow the developments in 
Chapter 1 to conclude that 

~~ "" .eli' diffusive process (3.3-24) 

On the other hand, when convective transport is important, the situation is more complex 
and we will say more about the length scale, ~~, in subsequent paragraphs. 
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The quasi-steady closure problem takes the form 

B.C.I 

B.C.2 

V~·VCA~ + V~.V(CA~)~ = V-('~~VCA~) 
'-----v----' 
convective source 

-n~a ·~~VCA~ ~~a .~~V(CA~)~" at ~a 
diffusiv~ source 

CA~ = f(r,t), at ~ 

Chapter 3 

(3.3-25) 

(3.3-26) 

(3.3-27) 

and it becomes clear that CA~ will depend on r, t, and V(CA~)~' in addition to any 

parameters that appear in the boundary condition imposed at cUpe. 

3.3.1 LOCAL CLOSURE PROBLEM 

It should be obvious that we have no intention of solving for CA~ in the macroscopic 

region illustrated in Figure 3.2, but instead we wish only to determine CA~ in some 

representative region so that the area and volume integrals in Eq. 3.2-18 can be 
expressed in a closed form. A representative region is illustrated in Figure 3.4 and in 
order to solve the closure problem in that region we must be willing to discard the 
boundary condition given by Eq. 3.3-27. Given that CA~ is dominated by the small 

length scale, the boundary condition imposed at ~ can influence the cA~-field only in 

a very thin region near the entrances and exits of the macroscopic system. This means 
that the governing differential equation, Eq. 3.3-25, and the interfacial boundary 
condition, Eq. 3.3-26, dominate the cA~-field. However, if we discard the boundary 

condition given by Eq. 3.3-27, we must treat the representative region shown in Figure 
3.4 as a unit cell in a spatially periodic model of a porous medium. This leads us the 
closure problem given by 

B.C.l 

Periodicity: 

V~·VCA~ + V~.V(CA~)~ = V.(~~VCA~) 
'-----v----' 
convective source 

-n~a ·~~VCA~ = ,n~a .~~V(CA~)~" at ~a 
diffusiv~ source 

(3.3-28) 

(3.3-29) 

(3.3-30) 

When the Dirichlet condition given by Eq. 3.3-27 is replaced by the periodic condition 
given by Eq. 3.3-30, we lose the ability to completely specify the cA~-field. This results 

from the fact that Eqs. 3.3-28 through 3.3-30 only specify CA~ to within an arbitrary 

constant. We could eliminate this arbitrary constant by requiring that the average of CA~ 

be zero; however, this is not necessary since a constant will not pass through the filter 
indicated by Eq. 3.2-19. 
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Figure 3.4. Representative region 

The use of a spatially periodic condition for CA~ is based on the assumption that the 

gradient of the intrinsic average concentration can be treated as a constant within the unit 
cell. In order to identify the length-scale constraint associated with this simplification, 
we follow the development presented earlier in Sec. 1.4 and expand V(CA~}~ about the 

centroid of the unit cell . 

(3.3-31) 

Given the estimate of the second derivative 

(3.3-32) 

we see that variations in V(CA~)~ can be ignored within a unit cell when the following 

length-scale constraint is valid. 
(3.3-33) 

Here we have assumed that the characteristic length for the unit cell must be equal to or 

less than ro' thus the magnitude of y~ is restricted by IY~I:$; roo Equation 3.3-33 was 

presented in Chapter 1 as Eq. 1.4-50 and the analogous result for the heat conduction 
process described in Chapter 2 was given by Eq. 2.4-41. 
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3.3.2 CLOSURE VARIABLE 

Given that the two non-homogeneous terms in the closure problem for c AI3 are 

proportional to V(cAI3)I3L, we are motivated to express CAI3 as 

(3.3-34) 

in which it is understood that V(cAI3)13 is evaluated at the centroid. Once again, we refer 

to bl3 as the closure variable which is specified by the following boundary value 

problem: 

(3.3-35a) 

B.C. 1 (3.3-35b) 

Periodicity: bl3(r+f;) = b13 (r), i=1,2,3 (3.3-35c) 

It is left as an exercise for the reader (see Problem 3-5) to prove that '1113 is a constant 

that will not pass through the filters represented by the area and volume integrals in 
Eq.3.2-19. 

3.3.3 CLOSED FORM 

In order to develop the closed form of our convective-dispersion equation that was 
presented in Sec. 3.2, we recall Eq. 3.2-18 in the form 

a(cAI3)13 
Ep at 
'---v------J 
accumulation 

+ ~.( EI3 (vl3)13 (c AI3)13 ~ 
convectiv~ transport 

+,~{ V(c~)' + * LD~".dA )1 
diffusive Vtransport 

and substitute Eq. 3.3-34 in order to obtain 

V'(VpCAI3) 
'----v---' 

dispersive transport 

(3.3-36) 
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Here we have used the fact that the constant 'I' p will not pass through the filters 

represented by the area and volume integrals in Eq. 3.3-36, and we have removed 
V(cAP)p from both the area and volume integrals in that equation. We can now define 

and effective diffusivity tensor according to 

(3.3-38) 

which is analogous to the effective diffusivity defined in Chapter 1 by Eq. 1.4-62. We 
can also define a hydrodynamic dispersion tensor by 

(3.3-39) 

in which the intrinsic volume average is used so that the hydrodynamic dispersion tensor, 
like the effective diffusivity tensor, will be an intrinsic quantity and not a superficial 
quantity. We now define the total dispersion tensor according to 

Op = DejJ + Op (3.3-40) 

so that the closed form of the convection-dispersion equation represented by Eq. 3.3-37 
can be expressed as 

(3.3-41) 

In Chapters 1 and 2, we were able to use the closure problems to prove that the effective 
diffusivity tensor and the effective thermal conductivity tensor were symmetric; 
however, for dispersion one cannot follow the same procedure to prove that Op is 

symmetric (see Problem 3-6). One often sees Eq. 3.3-41 in a form that is appropriate for 
processes in which the porous medium is homogeneous. For that case, we can write 
Eq. 3.3-41 as 

(3.3-42) 
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and this is the form given by Carbonell and Whitaker (1983). When Eq. 3.3-42 is a 
valid approximation of Eq. 3.3-41, only the symmetric part of the dispersion tensor plays 
a role in the transport equation; however, the skew-symmetric part may enter into a 
particular problem because of a flux boundary condition (see Problem 3-7). 

At this point we need only solve Eqs. 3.3-35 for the closure variable b p so that the 

total dispersion tensor can be calculated and theory can be compared with experiment; 
however, before doing that we need to return to the problem of the small length-scale, 
op, in order to establish what is meant by the quasi-steady constraint on the closure 

problem. 

3.3.4 SMALL LENGTH SCALE 

In order to simplify the governing differential equation for CAP given by Eq. 3.3-17 from 

a transient form to the quasi-steady form given by Eq. 3.3-25, we imposed the following 
time-scale constraint: 

CONSTRAINT: 
fiJ t* 
-p- » 1 

02 
P 

(3.3-43) 

For diffusive processes, we can use Op "" t p in order to give this constraint a reasonably 

precise meaning; however, when convective transport effects are important, diffusion of 
the CAp-field occurs both within the concentration boundary layer and outside of the 

boundary layer. In addition, there is both a volume source and a surface source of the 
CAli-field as indicated by Eqs. 3.3-28 and 3.3-29, and we need to have some idea how 

these sources influence the dispersion coefficient defined by Eq. 3.3-40. 

In order to examine the small length scale associated with the dispersion process, we 
direct our attention to the closure problem for the bll-field In that boundary value 

problem, we note that there is a convective volume source represented by v II in 

Eq. 3.3-35a and a diffusive surface source represented by DpafiJp in Eq. 3.3-35b. The 

volume average of the former is zero while the surface area average of the latter is zero, 
thus these sources are distributed in a complex manner throughout the unit cell illustrated 
in Figure 3.4. Since vp changes sign over the distance t p, this might suggest that the 

characteristic length for CAli is til when convective effects are important. While the 

convective source is distributed in a complex manner, it does take an especially simple 
form at the ~-o interface where vp = - (vlI)P. This means that Eq. 3.3-35a leads to 

-(vp)p = fiJpV2bp , atthe~-ointerface (3.3-44) 

while the flux boundary condition given by Eq. 3.3-35b can be expressed as 
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B.C.I 

From this latter result we conclude that 

~f3Vbf3 = 0(~j31), near the ~-(J interface 

and when this result is used in Eq. 3.3-44 it suggests that 

(vj3)f3S f3 

~j3 
= 0(1), near the ~ - (J interface 

We now define a Peclet number according to 

(vf3) f3 ej3 
Pe = 

~j3 

so that Eq. 3.3-47 can be used to express Sf3 as 
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(3.3-45) 

(3.3-46) 

(3.3-47) 

(3.3-48) 

(3.3-49) 

This indicates that the length scale associated with the diffusive surface source is quite 
different than the length scale associated with the convective volume source, and we 
express this idea as 

{ diffusive surface source} ~ / 
-- .lj3 Pe 

length scale 

{ convective volume source} "" .l 
length scale f3 

(3.3-50) 

(3.3-51) 

In order to determine which of these length scales dominates the dispersion process, and 
therefore which of these length scales should be used in the constraint given by 
Eq. 3.3-43, we need to assess the importance of the diffusive sUrface source and the 
convective volume source. The average value of the volume source is zero, 

{
average} 
volume = ~ f vf3dV = 0 

source f3 v~ 
(3.3-52) 

while the order of magnitude of the volume source per unit volume is given by 

= - v dV = { order of magnitude} 1 f 1- 1 
of the volume source or f3 

vp 

(3.3-53) 

Similarly, the average value of the surface source is zero 
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{
average} 
sUrface = Al(JInlkr'~IIVblldA = -1-Inll(J~lIdA = 0 (3.3-54) 
source II Ape ~(J Ape 

while the order of magnitude of this source per unit volume can be expressed as 

{ order of magnitude } 1 II I 
of the surface source = or nll(J~1I dA 

Ajla 

On the basis of Eqs. 3.3-53 and 3.3-55 we see that 

volume source = o[ £11 (v II )11] 
surface source av~1I 

Since av - £~1 we see that the estimates associated with this result lead to 

volume source = O(Pe) 
sUrface source 

(3.3-55) 

(3.3-56) 

(3.3-57) 

This indicates that it is the volume source that dominates at large Peclet numbers, and 
under these circumstances it would seem that the diffusive transfer that takes place 
outside the boundary layer is the dominant term in Eq. 3.3-17. Under these 
circumstances the dominant small length scale would be given by 

011 '" £11' dominant small length scale 

and the constraint given by Eq. 3.3-43 should be expressed as 

CONSTRAINT: 

(3.3-58) 

(3.3-59) 

Eidsath et al. (1983) have pointed out that this result is not always satisfied for typical 
laboratory experiments, and unsteady closure problems may be necessary for the 
interpretation of some laboratory experiments. 

3.4 Comparison Between Theory and Experiment 

In order to compare theory and experiment, we must first solve the Navier-Stokes 
equations for some representative region. This will provide the velocity field, v II' and 

from this we can calculate (v 11)11 and then v II' The original calculations of this type 

were carried out by Eidsath (1981) for periodic arrays of cylinders such as the in-line 
cylinders shown in Figure 3.5. The mixture of cylindrical and rectangular surfaces for a 
unit cell associated with an array of cylinders motivated Eidsath to use a finite element 
method to solve the governing differential equations; however, finite difference 
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(Launder and Massey, 1978) and finite volume (Quintard and Whitaker, 1995b) methods 
can also be used to obtain the solutions. The fluid mechanical calculations of Eidsath 
(1981) were compared with the experimental results of Bergelin et al. (1950) and the 
comparison for several different arrays of cylinders is given in Eidsath et al. (1983). 
The solution for the bjJ-field given by Eqs. 3.3-35 can be carried out using essentially 

the same numerical code that provides the velocity field, and once the components of the 
vector bjJ are known the effective diffusivity tensor and the hydrodynamic dispersion 

tensor can be calculated using Eqs. 3.3-38 and 3.3-39. These, in turn, can be used to 
calculate the total dispersion tensor defined by Eq. 3.3-40, and the longitudinal and 
lateral components of Op can then be compared with experimental results that are 

interpreted on the basis ofEq. 3.3-42. 

meanjlow 
j3-phase 

Figure 3.5. In-line cylinders 

From dimensional analysis, one knows that the dimensionless quantity Op I ~p will 

depend on the Reynolds number, the Peclet number, and the dimensionless parameters 
that are needed to describe the geometry of the spatially periodic model. In order to 
compare theory with experiment, or one theoretical calculation with another, one must 
take care to insure that all quantities are defined in a consistent manner. For example, 
one could interpret dispersion experiments with the local volume averaged transport 
equation 

(3.4-1) 

and this would lead to a dispersion coefficient that is smaller by a factor of EjJ than the 

one defined by Eqs. 3.3-38 through 3.3-40. By the same token, there are a variety of 
ways in which the Reynolds number and Peclet number can be defined, and if one is not 
absolutely clear about these definitions confusion can result. 

3.4.1 COMPARISON WITH EXPERIMENT 

In experimental systems, it would appear that the most appropriate characteristic velocity 
is the intrinsic velocity, (vp)p, and it seems best to define the Reynolds number and the 
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Peelet number using the magnitude of this velocity which we designate by (vlI}lI. In 

non-consolidated porous media. particles are often characterized by the effective particle 
diameter 

(3.4-2) 

in which V p is the volume of the particle and Ap is the surface area of the particle. One 

could use d p as the characteristic length in the definitions of the Reynolds number and 

Peclet number; however. in studies of heat transfer in packed beds and tube bundles 
(Whitaker. 1972. 1983b) it was found that the hydraulic diameter provided a more 
attractive characteristic length. The hydraulic diameter. Dh • for a porous medium can be 
defined by 

{
volume of the porous } 

medium available for flow 
Dh = 4 -:---~--------~--~ 

{
area of the fluid - solid interface associated} 

with the volume available for flow 

and this can also be expressed as 

(3.4-3) 

(3.4-4) 

This indicates that the hydraulic diameter is composed of two of the important 
parameters used to characterize the geometry of a porous medium. For a non­
consolidated porous medium, Eq. 3.4-4 can also be expressed as 

Dh = 4(Vp/Ap)~ (3.4-5) 
1-£11 

and this led Eidsath et al. (1983) to choose the small-scale characteristic length as 

t = dp(~) (3.4-6) 
1-£11 

This choice for the small length-scale provides a particle Reynolds number defined by 

Rep = PII(vlI}lIdp (~) (3.4-7) 
lip I-Ell 

while the particle Peclet number takes the form 

Pe = (vp}lIdp (~) 
p ~p 1-£p 

(3.4-8) 

Eidsath (1981) carried out dispersion calculations for P6clet numbers ranging from 1.0 

to 104 and for Reynolds numbers of 0.006 and 56.1. The higher Reynolds number 
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produced longitudinal dispersions coefficients that were only 10% greater than those 
obtained under Stokes flow conditions, thus the results presented here are all for 
Reynolds numbers on the order of 0.006. 

The experimental results of Gunn and Pryce (1969) for the longitudinal dispersion 
coefficient, D:, represent an attractive set of data since they were obtained for both 
ordered and disordered systems. While the former are often disdained as not being 
"real" porous media, they provide an excellent test of theoretical results and they lead to 
important insight into the influence of order and disorder on the process of dispersion. 
The results of Gunn and Pryce (1969) are shown in Figure 3.6 along with the 
calculations of Eidsath et al. (1983) for a system of in-line cylinders having a porosity of 
0.37. The theoretical results are in excellent agreement with the experimental data for 

102 

10 

Gunn & Pryce 
o cubic array, 6p = 0.48 

c random packing, 6p = 0.37 
- theory 

Figure 3.6. Theory and experiment for ordered and random packing of spheres 

Peclet numbers less than 100; however, the trend of the two sets of data is rather 
different with the cubic array illustrating a much stronger dependence on the Peclet 
number than the random packing. The Peclet-number dependence of the theoretical 
values for in-line cylinders is quite close to that illustrated by the cubic array, and it is 
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not improbable that theoretical calculations for a cubic array would be in excellent 
agreement with the experimental results. As of this writing, those calculations have not 
been carried out; however, the computational power available when Eidsath's work was 
done is trivial compared to current standards and the complete three-dimensional 
calculations will soon appear. Although the experimental data are not extensive, they 
give a clear indication that longitudinal dispersion coefficients increase with increasing 
order. 

The use of simple unit cells, such as the one illustrated in Figure 3.5, provides 
reasonable agreement with measured longitudinal dispersion coefficients for moderate 
Peclet numbers. This indicates that the complexities associated with real systems are 
largely filtered by the area and volume integrals in Eq. 3.2-19. The situation for lateral 
dispersion coefficients is quite different, and in Figure 3.7 we see very poor agreement 

D* 
Y.Y 

~fl 

102 

10 

o Harleman & Rumer 
C Gunn & Price 
<> Hassinger & von Rosenberg 
• Han, Bhakta & Carbonell 

Random cylinders 

In-line cylinders 
Staggered cylinders 

R./RJ = 2 

10-1 L-______ ~ ______ ~ ______ ~ ______ ~ ______ ~~ 

10-1 10 102 

Figure 3.7. Theoretical and experimental values for the lateral dispersion coefficient in randomly packed beds 

between theory and experiment for simple unit cells. The results for in-line cylinders 
represent the calculations of Eidsath et al. (1983) for the system shown in Figure 3.5 
while the results for staggered cylinders with ro I r1 = 2 were determined using the 

configuration shown in Figure 3.8. In both cases, the predicted values of D;y are much 

less than the measured values. The calculated values of D:y for the in-line cylinders 

shown in Figure 3.7 illustrate a weaker dependence on the Peclet number than the 
staggered cylinders shown in Figure 3.8, and the reason must certainly be the diminished 
lateral motion that occurs in the system of in-line cylinders. 
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The most interesting theoretical results shown in Figure 3.7 are for unit cells 
composed of random cylinders. Noble et al. (1998) obtained those results using unit 
cells consisting of dozens of randomly distributed cylinders, and while the results are 
limited because of the complexity of the numerical calculations, the agreement with the 
experimental data is extremely attractive. From the calculations of Noble (1997) and of 
Eidsath (1981), it is clear that lateral dispersion coefficients increase with increasing 
disorder. This is just the opposite type of behavior that we see in Figure 3.6 for 
longitudinal dispersion coefficients. 

~-phase 

meanjlow 
• 

Figure 3.B. Array of staggered cylinders of unequal diameter 

The good agreement between theory and experiment illustrated in Figure 3.6 is 
somewhat misleading because of the limited nature of the data. If we examine the more 
extensive data shown in Figure 3.9, we see a significant difference between the theory 
based on the system illustrated in Figure 3.5 and the measured values of the longitudinal 
dispersion coefficient for a wide range of Peclet numbers. We have included in that 
figure the Taylor-Aris theory (Taylor, 1953; Aris, 1956) for a bundle of capillary tubes 
which can be represented by (see Problem 3-8) 

D* 
---B... - 0.002 Pe;, bundle of capillary tubes (3.4-9) 
~~ 

The results for flow orthogonal to the array of in-line cylinders illustrated in Figure 3.5 
are quite different and can be expressed as 

D* 
---B... _ 0.07 Pet.7 in -line cylinders 
~ P' 

~ 

(3.4-10) 

Both of these results deviate significantly from the major portion of the experimental 
data that can be approximated by 

D';.. _ 0.7 Pe~2 , randomly packed beds 
~~ 

(3.4-11) 

This clearly indicates that simple, two-dimensional unit cells cannot be used to explain 
longitudinal dispersion phenomena for large Peclet numbers; however, the randomly 
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distributed cylinders used by Noble et al. (1997) are in remarkably good agreement with 
the functional dependence indicated by Eq. 3.4-11. 

10-4 

A Pfannkuch 
v Ebach & White 
• Carberry & Bretton 
o Edwards & Richardson 
• Blackwell et al. 
<> Rifai et at. 

,~ Taylor-Aris Theory 

I 

" ~ In-Line cylinders 

Figure 3.9. Theory and experiment for randomly packed beds 

• 

The experimental data for very high Peclet numbers should not be considered in the 
comparison between theory and experiment since those data were obtained under 
conditions which do not satisfy the quasi-steady constraint given by Eq. 3.3-59. 
Han et al. (1985) studied axial dispersion in packed beds in which the axial dispersion 
coefficient was measured at five different locations in the bed. This allowed them to 
determine that the constraint associated with the quasi-steady condition is given by 

rq; t* + ~ OJ, experimental result for packed beds 
d p 

(3.4-12) 

Here t* represents the distance traveled by a pulse divided by the intrinsic average 
velocity, and d p represents the effective particle diameter (see Problem 1-18). Most of 

the experimental data obtained by Ebach and White (1958) and by Carberry and Breton 
(1958) do not satisfy the constraint given by Eq. 3.4-12, and it is not appropriate to 
compare their results with the theory given by Eqs. 3.3-35. The experimental work of 
Han et at. (1985) clearly indicates that axial dispersion coefficients increase with 
increasing time until an asymptotic value is reached, and their experimental studies are 
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confirmed by the numerical experiments of Paine et al. (1983) for dispersion in capillary 
tubes. The behavior of the high-Peelet number data shown in Figure 3.9 is caused by 
two competing phenomena. In the domain where the elosure problem is unsteady, the 
axial dispersion coefficient increases with increasing velocity but decreases with 
decreasing time. Since the time associated with a measurement made at a fixed point in 
a packed bed decreases with increasing velocity, we have two competing effects that 
cancel and tend to produce dispersion coefficients that are nearly independent of the 
P6clet number. 

3.4.2 COMPARISON WITH OTHER CALCULATIONS 

Since the original work of Eidsath (1981), the solution of the closure problem given by 
Eqs. 3.3-35 has been carried out by other workers. The results are compared in Figure 
3.10 where we have shown the original calculations presented by Eidsath et al. (1983), 
along with the more recent calculations of Edwards et al. (1991, 1993), Sahraoui and 
Kaviany (1994), and Quintard and Whitaker (1994f). The comparison in this case is not 

A Edwards et al. 
• Eidsath et al. 
• Sahraoui & Kaviany 

• Quintard & Whitaker 

1 

10-2 1 102 

(vp)p lp 
Pe = ---

~ 

Figure 3.10. Theoretical calculations for square arrays of circular cylinders 

based on the particle P6clet number, but instead we have used the cell Peciet number 
which is defined by 

(3.4-13) 
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with the length scale, ell' identified explicitly in Figure 3.11. The cell Peclet number has 

Figure 3.11. Lengths associated with a unit cell 

been used for this comparison in order to avoid any confusion concerning the definition 
of this dimensionless group. For Peclet numbers ranging from 1 to 10,000 we see 
excellent agreement between Eidsath et at. (1983), Sahraoui and Kaviany (1994), and 
Quintard and Whitaker (19941), while the calculations of Edwards et al. (1991, 1993) 
are larger by about a factor of e~l. The computational techniques represented in Figure 

3.10 are finite element (Eidsath et al., 1983 and Edwards et al., 1991, 1993), finite 
difference (Sahraoui and Kaviany, 1994), and finite volume (Quintard and Whitaker, 
19941). More recently, Noble et al. (1998) have used the lattice Boltzmann method to 
solve the closure problem, and their results for a periodic array of squares are compared 
with those of Eidsath (1981) in Table 3.1. The agreement is excellent, and it seems clear 

Table 3.1. Theoretical calculations for square arrays of square cylinders 

Eidsath Noble et at. 

D;'J tpj)p D· /tpj) xx p 
Pe - 1 0.641 0.643 
Pe - 10 3.91 3.96 
Pe - 100 263 267 
Pe - 1000 14,290 14,810 

that one can solve Eqs. 3.3-35 with confidence using a variety of numerical methods. 
For the single exception, the reader is referred to Edwards et al. (1991) who provide 
some definitive comments concerning the disparity between their results and the work of 
others. 
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3.5 Conclusions 

In this chapter we have examined the process of passive dispersion, and we have 
compared theoretical results with experimental values for both ordered and disordered 
packed beds of spheres. The comparison indicates that longitudinal dispersion 
coefficients increase with increasing order while lateral dispersion coefficients decrease 
with increasing order. Our comparison between theory and experiment indicates that 
simple unit cells cannot be used to predict dispersion coefficients with confidence, while 
unit cells composed of dozens of randomly distributed cylinders provide remarkably 
good agreement with experimental data. The experimental data for longitudinal 
dispersion coefficients clearly indicate that the quasi-steady constraint associated with 
the closure problem can be easily violated in typical experimental systems and this tends 
to occur for high values of the Peclet number. 

3.6 Problems' 

3-1. Verify Eq. 3.2-24 on the basis of the expansions given by Eqs. 3.2-22 
and 3.2-23. 

3-2. In place of the assumptions indicated by Eqs. 3.2-16, one can draw 
upon the restrictions given by Eqs. 3.2-27 to support the form of the convective 
transport represented by Eq. 3.2-17. In this problem you are asked to explore 
the constraints associated with Eqs. 3.2-17, and these are difficult to develop 
because of the complexity of terms such as (vlicAli)~ or as (v~Yli)' Some help is 

available for the first of these terms since one can use Eqs. 3.3-36 through 
3.3-39 to show that 

(1) 

Note that this representation assumes that the restrictions given by Eqs. 3.2-27 
are valid; however, Eq. 1 should provide a reasonable estimate even when the 
additional terms in Eq. 3.2-25 are not negligible. The experimental results for 
longitudinal and lateral dispersion suggest that 

O;/PlJli = O{Pe) (2) 

and one can make use of this result to 'lxtract some length-scale constraints 
from Eqs. 3.2-27. The constraint associatt. :I with Eq. 3.2-27a should be reliable; 
however, the development of a satisfactory constraint for Eq. 3.2-27b is quite 
difficult. 

. Solutions to all problems are available from the author. 
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3-3. For compressible flow in a rigid porous medium, the continuity equation 
can be expressed as 

a:: + V.(pJJvp) ::;: 0 (1) 

and the volume averaged fonn is given by 

Ep a(~)p + V.(Ep(Pp)P(vp)P) + V.(ppvp») ::;: 0 (2) 

Hsu and Cheng (1988) have suggested that the dispersive transport can be 
expressed as 

(3) 

and in this problem you are asked to identify the simplifications that lead to this 
result. 

3-4. Develop the constraint given by Eq. 3.3-12. 

3-5. Prove that the function 'l'p in Eq. 3.3-34 is a constant when the mapping 

vector bp is determined by Eqs. 3.3-35. Do this by developing the boundary 

value problem for 'I'~ and showing that it can be used to obtain V'I'p ::;: o. 

3-6. Use the closure problem given by Eqs. 3.3-35 to explore the possibility 
that the total dispersivity tensor Op is symmetric. Begin by forming the dyadic 

product of Eqs. 3.3-35 with the closure variable bp, and then search for a result 

that would lead to A· Op . v = v .Op . A in which A and v are arbitrary unit vectors. 

3-7. When Eq. 3.3-42 represents a valid description of the dispersion 
process, one can prove that only the symmetric part of Op influences the 

transport equation. This can be accomplished by decomposing the dispersion 
tensor into its irreducible parts and making use of the orthogonality 
characteristics associated with the irreducible parts of second order tensors. 
Carry out this proof to show that only the symmetric part of Op need be retained 

in Eq. 3.3-42. When a particular problem involves a flux boundary condition 
containing the term, n.Op.V(cAP)p, the skew-symmetric part of Op cannot be 

automatically discarded. 
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3-8. The process of passive mass transport of a pulse of solute (species A) 
in a capillary tube can be described by 

O;:~ + v, ~;~ = ~~[~ :r(r O;;~ ) + O::~~] (1) 

I.C. cAP = r:fT(Z) , t=O (2) 

B.C.l 
dCAP 

= 0, r= ro (3) 
ar 

B.C.2&3 cAP = 0, z=±oo (4) 

One can think of a bundle of capillary tubes as a model of a porous medium in 
which the fluid is the ~-phase and the solid is the G-phase. The intrinsic average 
concentration is the area average concentration defined by 

(5) 

and you are asked to develop the governing differential equation for this 
concentration. In that equation the dispersion coefficient should have the form 

Du. = cq)p[1 + 418 (vz)p ro/cq)p)2] (6) 

The velocity in the tube is given by 

Vz = 2(Vz)P[1 - (r/ro)2] (7) 

in which (vz)p is the area averaged velocity. You should restrict your analysis by 

cq) t* P -2-»1, 
ro 

(8) 

in which L should be thought of as the time-dependent pulse width. The result 
you seek is known as Taylor-Aris dispersion theory and it provides the following 
governing differential equation for (CAp)P: 

d(CAP)P P d(CAP)P = cq) [1 + ..Lpe2]d2(CAP)P 
dt + (vz) dZ P 48 dZ2 (9) 

In order to estimate the pulse width, L. consider a coordinate transformation to a 
frame of reference moving with the fluid. This is given by 
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z = z - (v~}~t 

and it allows one to express the time derivative in the fixed frame as 

dt 

Substitution of this result into Eq. 9 leads to 

d(CA~)~ _ (?VI [1 ...Lp 2]a2(CA~)~ 
dt - =~ + 48 e az2 

z 
in which we have made use of the relation given by 

a2(CA~}~ = a2(CA~}~ 

az2 az2 

Chapter 3 

(10) 

(11) 

(12) 

(13) 

One can make use of Eq. 12 to estimate the pulse width as a function of time 
and then develop a single constraint of the form 

-~-»..j4s fft* 

r. 2 
o 

This represents the most severe of the three constraints given by Eq. 8. 

(14) 

3-9. In order to gain some insight into the process of chromatographic 
separations, it is helpful to analyze the following problem of convection, diffusion, 
and adsorption in a capillary tube 

a;;. +v:;;. = w.[ ~ ;, (,";;' ) <:~. ] (1) 

I.c. cA~ = rff(z) , t=O (2) 

B.C.1 
aCA~ 

-rgy~--ar = 
aCA~ 

Keqat , r=ro (3) 

B.C.2&3 cA~ = 0, z=±oo (4) 

In Chapter 1 (see Problem 1-4) the process of diffusion and reaction in a 
capillary tube was considered, and the governing differential equation for the 
area averaged concentration was obtained subject to an approximation of the 
form 

(5) 
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If one accepts this approximation, one can form the area average of Eq. 1 to 
easily obtain what is known as the chromatographic equation. It is consistent 
with the approximation represented by Eq. 5 to impose the condition 

CA~ = 0 (6) 

and this means that the dispersive transport is negligible. Show that the area 
average of Eq. 1 can be arranged in the form 

d<CA~)~ d<CA~)~ d2<CA~)~ 
--'-- + u = D (7) 

dt P dz zz dZ2 

where the pulse velocity is given by 

u = 
P 

The quantity (1 + 2Keq I ro) is often referred to as the retardation factor. 

(8) 

3-10. The problem of diffusion, convection, and adsorption in a capillary tube 
can be analyzed without imposing the restrictions given by Eqs. 5 and 6 in 
Problem 3-9. To do so one must first form the area average of the point 
equation and then develop the closure problem for CA~' In your analysis of the 

closure problem you should identify the constraints that are necessary so that 

CA~ « <CA~)~ (1) 

The quasi-steady closure problem will contain two source terms, thus suggesting 
a representation of the form 

_ d(CA~)'Y d<CA~)~ 
CA~ = b~ dz + s~ dt (2) 

Set up and solve the boundary value problems for the closure variables, b~ and 

s~, and use the results to determine the coefficients that appear in the area 

averaged transport equation. Two unusual terms 

d2(CA~)~ d2(CA~)~ 
and 

dt 2 dtdZ 
(3) 

will appear in the transport equation for <c A~)~' On the basis of the constraints 

that have already been imposed in order to achieve the condition indicated by 
Eq. 1, you will be able to neglect the term involving the second derivative with 
respect to time. Demonstrate that this is the case. 
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In order to extract a convective-dispersion equation having the classical 
form, one must eliminate the mixed derivative term. This can be achieved, at the 
expense of a severe constraint, by considering that (CAP)P is quasi-steady in a 

frame of reference moving at the pulse velocity. This moving frame is defined by 

(4) 

in which up is the pulse velocity. The spatial moments of (CAP)P are given by 

+00 

mn = J(CAIJ)PZ"dZ. n=0,1.2, .... (5) 

and the pulse velocity is defined explicitly as the time rate of change of the first 
reduced moment, i.e., 

d 
up = dt (m.J"Io) (6) 

This will provide the result given by Eq. 8 of Problem 3-9. 

If the mixed derivative term in the area averaged transport equation is 
treated as quasi-steady in the moving frame indicated by Eq. 4, one can show 
that 

a2(CAp)P _ a2(CAP)P 
- -u 

ataz - p az2 
(7) 

Use of this result allows the area averaged transport equation to be expressed 
as 

a(CAP)P (v )p a(cAP)p a2(CAP)P 
at + ~ az = Du az2 

in which the dispersion coefficient is given by 

D. = 9lP{l~k + :8(v~:r')l::~2l} 
and the dimensionless equilibrium coefficient is defined by 

k = 2Keq/ro 

(8) 

(9) 

(10) 

Develop the constraint associated with the approximation given by Eq. 7 and 
solve the closure problem in order to show that the dispersion coefficient is given 
by Eq. 9. 
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3-11. Re-examine the boundary value problem given in Problem 3-10 from 
the perspective of Golay (1958) who eliminated the source term, a(CA~)~ fat, in 

the closure problem by means of the approximation 

a(CA~)~ _ a(CA~)~ 
at = -up az (1) 

This led to a closure problem containing the single source term, a(CA~)~ faz, and 

an area averaged transport equation containing the mixed derivative, 
a2(CA~)~ fataz. This was represented in the manner indicated by Eq. 7 in 

Problem 3-10 in order to obtain a convective-dispersion equation of the form 

a(CA~)~ (v)~ a(CA~)~ a2(CA~)~ 
-..:.:!:...- + ~ = D (2) at l+k az zz az2 

In this case the dispersion coefficient is given by 

D = ~ {_I + ...!..(vz)~ro)2[1+6k+llk2]} 
zz ~ l+k 48 ~~ (1+k)3 

(3) 

and you are asked to develop this result beginning with the boundary value 
problem given in Problem 3-10. 

3-12. If a pulse of species A is injected into a capillary tube in 'Which an 
instantaneous, heterogeneous chemical reaction takes place, the transport 
process is described by the following boundary value problem 

I.c. 

B.C.1 

aCA~ + v aCA~ = ~~[L.~(r aCA~) 
at z az r ar ar 

CA~ = @"(r,z), t=O 

CA~ = 0, r = ro 

(1) 

(2) 

(3) 

First derive the area averaged transport equation, and then develop the quasi­
steady closure problem for the case in which the spatial deviation concentration 
is constrained by c A~ « (c A~)~ • This condition exists when the mass transfer 

process between the fluid and the wall is essentially complete; nevertheless, the 
analysis leads to some interesting results. Show that the closed form of the area 
averaged transport equation can be expressed as 

a(CA~)~ 5 ( )~ a(CA~)~ a2(CA~)~ 2k loc ( )~ 
at + 3" Vz aZ = Dzz aZ2 - --;::- CA~ (4) 
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Here the local mass transfer coefficient is given by 

4'fi'p 
kloc = -­

ro 

and the dispersion coefficient takes the form 

Chapter 3 

(5) 

(6) 

These results are slightly different from those determined by Paine et al. (1983) 
by direct numerical solution of the boundary value problem. Their studies led to 

3'fi'p 
k/oc = -­

ro 

Dn - ~P[l + (;~~~ rJ 
(7) 

(8) 

In addition, Paine et al. (1983) found that the convective transport was 
augmented by a factor of 1.57 while Eq. 4 indicates a factor of 1.67. The 
differences are probably due to the fact that the numerical method was not very 
accurate when the concentration was small enough so that CAP« (CAP)P, 

3-13. Consider the problem of dispersion and adsorption (Whitaker, 1997) in 
porous media as described by the following governing differential equation and 
boundary condition 

OCAP () at + V '(VpCAp) = V· 'fi'pVcAP , in the p-pbase (1) 

B.C. 
OCAP 

- Dpa . 'fi'p V C AP = Keq at ' at the p - a interface (2) 

Consider only homogeneous porous media so that the porosity can be treated as 
a constant, and assume that the flow is incompressible so that the continuity 
equation takes the form 

V'Vp = 0 (3) 

The a-phase is rigid, thus the no-slip condition can be imposed at the p-a 
interface. 

In this problem you are asked to develop the volume averaged form of the 
convective-diffusion equation along with the closure problem that will allow you 
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to predict the coefficients which appear in that equation. Show that the following 
constraints 

rq; t' 
-~-»1 

2 ' f13 
(4) 

must be satisfied in order that the closure problem can be treated as quasi­
steady. 

3-14. If the a-phase illustrated in Figure 3.1 is taken to be the porous catalyst 
that was studied in Chapter 1, we have the classic problem of mass transport 
and reaction in a catalytic packed bed reactor. This situation is illustrated in 
Figure 3-14 where the porous catalyst has been identified as the a-region. The 
governing equations and boundary conditions for this process can be expressed 
as 

(1) 

B.C.1 -n~()" ·rq;~VcA~ = - EyDeff · V(cAy)y, at the ~-a boundary (2) 

B.C.2 C A~ ::: (CAy) 'Y, at the p -a boundary (3) 

a(CAy)Y ( ) 
Ey at = V· EyDeff ·V(CAy)'Y - aVk(CAy)Y, inthea-region (4) 

Here we have used C A13 to represent the point concentration in the p-phase, and 

(c Ay) y to represent the intrinsic volume averaged concentration in the y-phase 

that is contained in the a-region. The boundary conditions are based on the 
studies of Ochoa-Tapia and Whitaker (1995a-b, 1997, 1998a-b) who have 
developed jump conditions for the boundary between a porous medium and a 
homogeneous fluid. If the principle of local mass equilibrium is valid, the mass 
transport process in a packed bed catalytic reactor can be described by a one­
equation model. In terms of the averaging volume shown in Figure 3-14, the 
average concentration in the one-equation model is defined by 

{CA} ::: ~ J cA~dV + ~ J(CAY)Y dV (5) 

Vp Va 

and you are asked to derive the governing differential equation for {C A} . 
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Figure 3-14. Mass transport and reaction in a packed bed catalytic reactor 

3-15. In order that a one-equation model can be used to represent the mass 
transport process in the packed bed catalytic reactor described in Problem 3-14, 
the principle of local mass equilibrium must be valid. In this problem, you are 
asked to develop the constraints associated with this condition. 

3-16. When the constraints associated with local mass equilibrium are not 
valid, the one-equation model for a packed bed catalytic reactor must be 
replaced with a two-equation model. In this problem you are asked to develop 
the two-equation model associated with Eqs. 1 through 4 of Problem 3-14. In 
order to simplify the nomenclature, the original problem should be expressed as 

B.C.l 

B.C.2 

dCA~ at + V'(V~CA~) = V·(PlJ~VCAI})' inthe/3-phase 

-n~O ·PlJ~VCAI} = - Do,VcA<J' atthe/3-<Jboundary 

CAl} = C A<J' at the /3 -<J boundary 

£y d;;o = V.(DO'VcAO ) - avkCAa' inthe<J-region 

(1) 

(2) 

(3) 

(4) 
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Single-Phase Flow in Homogeneous Porous 
Media: Darcy's Law 

The process of single-phase flow in rigid porous media is of importance to a variety of 
engineers and scientists who are concerned with problems ranging from the financial 
aspects of oil movement in petroleum reservoirs to the social problems of groundwater 
flows in polluted aquifers. In this chapter we will explore the simplest aspect of this 
problem i.e., incompressible flow in homogeneous porous media, while in Chapter 5 we 
will explore the problem of flow in heterogeneous media. Our treatment of 
homogeneous porous media is based on prior studies by Whitaker (1986d), Barrere et al. 
(1992), and Quintard and Whitaker (1994c). 

4.1 Volume Averaging 

The physical process under consideration is that of single-phase flow in a rigid porous 
medium, such as we have illustrated in terms of the p-cr system shown in Figure 4.1. 

Figure 4.1. How in a rigid porous medium 
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The boundary value problem describing flow in the macroscopic region shown In 

Figure 4.2 is given by 

° = Vp~ + p~g + ~~V2V~, in the ~ - phase (4.1-1) 

V · v~ = 0, in the ~ - phase (4.1-2) 

B.C.1 v~ = 0, at ~(J (4.1-3) 

B.C.2 v~ = f(r,t), at 01l3e (4.1-4) 

Here ~(J represents the area of the j3-<J interface contained within the macroscopic 

region illustrated in Figure 4.2, while 01l3e represents the ~-phase entrances and exits 

associated with that region. 

averaging 
volume, or 

Figure 4.2. Macroscopic region and local averaging volume 
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4.1.1 CONTINUITY EQUATION 

We begin the averaging process with the continuity equation and fonn the superficial 
average ofEq. 4.1-2 to obtain 

~ J V·vpdV = (V·vp) = 0 

vp 

Use of the averaging theorem yields 

(V· v (3) = V· (v (3) + ~ J Dpa . V 13 dA = 0 

Ape, 

(4.1-5) 

(4.1-6) 

and the boundary condition given by Eq. 4.1-3 allows us to express the superficial 
average fonn of the continuity equation as 

V·(Vp) = 0 (4.1-7) 

The fact that the superficial average velocity, (vp), is solenoidal encourages its use as 

the preferred representation of the macroscopic or volume averaged velocity field. This 
situation is quite different from that encountered in Chapters 1, 2, and 3, where we 
suggested that intrinsic average concentrations and temperatures were the preferred 
dependent variables. We will also need the continuity equation expressed in terms of the 
intrinsic average velocity, (v (3)13, thus we use the relation between the superficial 

velocity and the intrinsic velocity 

to obtain an alternate fonn of the continuity equation given by 

V.(vp)p = -Epl VEp .(vp)p 

(4.1-8) 

(4.1-9) 

We have already used this fonn of the continuity equation in our study of the closure 
problem for passive dispersion, and we will use it again in our study of the closure 
problem for single-phase flow in rigid porous media. 

4.1.2 MOMENTUM EQUATION 

The superficial average of Stokes' equations can be expressed as 

(4.1-10) 

Variations of the density and viscosity within the averaging volume can be ignored, 
allowing us to write Eq. 4.1-10 in the fonn 

(4.1-11) 
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We begin by directing our attention to the first term, and make use of the averaging 
theorem to represent the average of the gradient of the pressure as 

(VPr» = V(Pr» + ~ f Dr>crPr> dA 

Ap., 

(4.1-12) 

While the superficial average velocity is generally preferred in the analysis of flow in 
porous media, the intrinsic average pressure is used exclusively because it more closely 
corresponds to the measured value or the value that one could impose as a boundary 
condition. To obtain the intrinsic average pressure, we use 

in order to express Eq. 4.1-12 as 

(VPr» = €r>V(Pr»~ + (Pr»r>V€r> + ~ f D~crPr>dA 
Ap., 

(4.1-13) 

(4.1-14) 

As in our studies of heat and mass transfer, we will need to decompose the point values 
of the pressure and velocity according to 

(4.1-15) 

and the use ofthe first of these in Eq. 4.1-14 leads to the non-local form for the average 
of the pressure gradient 

(Vp~) = €r>V(p~)r> + (Pr»r>VEr> + ~ f Dr>cr(Pr»r>dA + ~ f Dr>crPr>dA 

Ap., Ap., 

(4.1-16) 

To develop the local form, we remove the average pressure from the area integral 
according to the development given in Sec. 1.3, and this leads to 

~ L·pa <l'Jl)' dA = {~ L .padA }<l'Jl)' = - (VE,)(p,)' (4.1-17) 

Substitution of this result into Eq. 4.1-16 provides the following expression for the 
average of a gradient that we have used in previous chapters: 

(Vp~) = €r> V(Pr»r> + ~ f Dr>crPr> dA 

Ap., 

(4.1-18) 

One should remember that the length-scale constraints associated with this result are 
given by 
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in which 4. and LPI are defined by the estimates (see Sec. 1.3.2) 

Substitution ofEq. 4.1-18 into Eq. 4.1-11 provides 

o = - £IiV(PIi)1i - ~ f DI3<rPli dA + £IiPlig + JlIi(V·Vvli) 

AtIcr 

165 

(4.1-19) 

(4.1-20) 

(4.1-21) 

and we are ready to turn our attention to the viscous term. Application of the averaging 
theorem yields 

(V·VVp) = V·(Vvli) + ~ fDPo·VVlidA 

AtIcr 

and we now repeat the procedure used with the pressure gradient to obtain 

(V.VVp) = V.(Vvli) - V£p.V(vli)1i + ~ fDpo·VVpdA 

AtIcr 

(4.1-22) 

(4.1-23) 

Here we have used the velocity decomposition given by the second of Eqs. 4.1-.15, and 

we have removed V(vli)P from the area integral on the basis of the length-scale 

constraints given by 

(4.1-24) 

The characteristic length 4. is defined by the first of Eqs. 4.1-20 while the new 
characteristic length 42 is defined by the estimate 

(4.1-25) 

A second application of the averaging theorem to Eq. 4.1-23 provides 

(V. Vvp) = V'(Vp) + V {~ Lnp. vp dA]- VEp' V(vp)p 

(4.1-26) 

and on the basis of the no-slip condition given by Eq. 4.1-3 this can be simplified to 

(V· VVIi) = V2 (vli) - V£p· V(vli)P + ~ f DI3<r· VVIi dA 

AtIcr 

(4.1-27) 
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We are now ready use this result along with Eq. 4.1-18 in Eq. 4.1-11 to obtain 

+ ~ f npa .(-Ipp + ~pVvp)dA 
Ap., 

Chapter 4 

(4.1-28) 

The superficial velocity can be eliminated by using Eq. 4.1-8, and the result can be 
arranged in the form 

(4.1-29) 

If the porosity is assumed to be constant, the terms involving gradients of Ep can be 

discarded; however, it would be more appropriate to impose the restrictions 

(4.1-30) 

and leave it as an exercise for the reader to develop the appropriate constraints (see 
Problem 4-1). Given these restrictions, we can express Eq. 4.1-29 as 

o = -V(pp)p + ppg + ~pV2(vp)p + _1 fnpa'(-'Pp +~pVvp)dA (4.1-31) 
Vp 

Ap., 

The third term in this result is generally referred to as the Brinkman correction 
(Brinkman, 1947) and it is easy to show that it is negligible compared to the last term for 
homogeneous porous media. Often the Brinkman correction is retained to allow for the 
use of boundary conditions involving continuity of the volume averaged velocity; 
however, such boundary conditions are usually imposed in regions where 4. == Lv and 
under those circumstances the restrictions given by Eqs. 4.1-30 usually fail. In addition, 
the length-scale constraints given by Eqs. 4.1-19 and 4.1-24 generally fail in those 
regions and the entire analysis leading to Eq. 4.1-31 needs to be reconsidered. This has 
been done by Ochoa-Tapia and Whitaker (1995a-b) who used the non-local form of the 
volume averaged Stokes' equations to develop a jump condition that is applicable at the 
boundary between a porous medium and a homogeneous fluid. 

In order to demonstrate that the Brinkman correction is negligible under the 
circumstances that have been imposed during the derivation of Eq. 4.1-31, we need to 
develop estimates of the last two terms in that equation. Since the spatial deviation 
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velocity undergoes significant variations over the small length-scale l I}' we have the 

estimate 

(4.1-32) 

and on the basis of the no-slip condition we know that the magnitude of v I} is given by 

(4.1-33) 

This means that the area integral in Eq. 4.1-31 can be estimated as 

(4.1-34) 

in which we have made use of the fact that ~ /or is on the order of l~l and we have 

assumed that PI} is not greater than Ill} Vvp. Our estimate of the Brinkman correction is 

given by (see Problem 4-2) 

IlI}V2(Vp)1} = o(IlI}(VP)PJ 
414 

This estimate leads us to conclude that 

~ ]n/la.(-lpl}+llpVVI})dA » IlpV2(Vp) 

Ape, 

(4.1-35) 

(4.1-36) 

except in regions where extremely large gradients in the volume averaged velocity occur. 
In these regions Eq. 4.1-31 cannot be considered to be a valid form of the volume 
averaged Stokes' equations. This means that the Brinkman correction is unimportant for 
flow in homogeneous porous media and could be discarded on the basis of the length­
scale constraints that have been imposed in the development ofEq. 4.1-31. However, at 
this point we will retain the generality of Eq. 4.1-31 and remind the reader that it is 
constrained by Eqs. 4.1-19, 4.1-24, and 4.1-30. 

4.2 Closure 

In order to develop the closed form of Eq. 4.1-31, we need to develop the governing 
differential equations and boundary conditions for v p and PI} . This will lead us to a 

local closure problem in terms of closure variables and a method of predicting the 
permeability tensor that appears in Darcy's law. 



168 Chapter 4 

4.2.1 BOUNDARY CONDmON 

The no-slip boundary condition plays a key role in the closed form of Eq. 4.1-31, thus 
we begin our analysis with Eq. 4.1-3 and make use of the velocity decomposition 
represented by the second of Eqs. 4.1-15 to obtain 

B.C.l vp = - (vp)p, at ~a 
'--v--' 
source 

(4.2-1) 

Here we have identified the intrinsic average velocity, evaluated at the ~-O" interface, as a 
source, and we will soon see that it is the dominant source in this closure problem. It is 
of some interest to note that the no-slip condition did not have any dramatic impact on 
the volume averaged form of the Stokes' equations when it was imposed on Eq. 4.1-26. 
However, the situation in the closure problem is quite different, and we shall see in the 
following paragraphs that Eq. 4.2-1 controls the form of the closure problem. 

4.2.2 CONTINUITY EQUATION 

In order to develop the continuity equation for vp, we recall Eq. 4.1-2 

V·vp = 0 

along with the intrinsic average form given by Eq. 4.1-9 

V.(vp)p = -tji1Vtp·(vp)p 

(4.2-2) 

(4.2-3) 

Subtracting the latter from the former provides the continuity equation for the spatial 
deviation velocity 

(4.2-4) 

Since the terms on the left hand side of this result are on the order of order (vp)p lip 
and the term on the right hand is on the order of (vp)p 14., we can see that the source 

will have a negligible influence on the vp - field. This allows us to write the continuity 

equation as 
(4.2-5) 

and we are now ready to move on to the momentum equation for v p. 

4.2.3 MOMENTUM EQUATION 

Here we follow the same procedure indicated by Eqs. 4.2-2 through 4.2-5 and recall the 
point and volume averaged momentum equations given by 

(4.2-6) 
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(4.2-7) 

Subtracting the second of these from the first provides the spatial deviation momentum 
equation that takes the form 

(4.2-8) 

At this point we have dealt with Eqs. 4.1-1 through 4.1-3, and we need only construct a 
boundary condition associated with Eq. 4.1-4 in order to complete the statement of the 
boundary value problem for the spatial deviation pressure and velocity. 

4.2.4 CLOSURE PROBLEM 

We summarize the closure problem, in terms of P/i and v /i' in a form analogous to 

Eqs. 4.1-1 through 4.1-4, but with an additional constraint on the average of v /i . 

0 = -VP/i + J.l/iV2 v/i - ~ JO/ia·(-IP/i+J.l/iVV/i)dA (4.2-9) 
V/i 
~ 

V· v/i = 0 (4.2-10) 

B.C.l v/i = - (v/i)/i , at ~a (4.2-11) 
'-.r-' 
source 

B.C.2 v/i = g(r,t) , at ~ (4.2-12) 
'----v--' 
source 

Average: (v/i)/i = 0 (4.2-13) 

In Sec. 1.3 we discussed the matter of setting the average of a spatial deviation equal to 
zero; however, we did not use that condition in the studies presented in Chapters 1, 2, 
and 3. For this particular problem Eq. 4.2-13 is essential; however, we need not impose 
this type of condition on P/i' and we shall see why in subsequent paragraphs. 

In order to develop the length-scale constraints associated with Eq. 4.2-13, we 
return to Eq. 3.2-23b in order to express the average of the deviation as 

(4.2-14) 

Since the magnitude of v/i is on the order of (v/i)/i, we know that Eq. 4.2-13 is the 

mathematical consequence of the inequality given by 
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(4.2-15) 

This requires that the following two length-scale constraints be satisfied 

(4.2-16) 

From the work of Quintard and Whitaker (1994a-e) on disordered porous media, we 
know that 

when ro» fp (4.2-17) 

and this means that the first of the inequalities given by Eqs. 4.2-16 is easily satisfied. 
The second of those inequalities presents a problem only in regions where the average 
velocity undergoes extremely rapid changes (Ochoa-Tapia and Whitaker, 1995a-b). 

The boundary condition given by Eq. 4.2-12 is a reminder of what we do not know 
about the vp - field rather than what we do know. However, we do know that g(r,t) is 

on the order of (vp}p, and we do know that the boundary condition given by Eq. 4.2-11 

will influence the spatial deviation fields only in a region of thickness f p at the boundary 

of the macroscopic region. This suggests that the boundary condition at <df3e can be 

ignored if we can find a suitable replacement. 

4.2.5 LOCAL CLOSURE PROBLEM 

Obviously we do not want to solve Eqs. 4.2-9 through 4.2-12 in the macroscopic region 
illustrated in Figure 4.2; instead, we wish to solve the closure problem in some 
representative region such as the one illustrated in Figure 4.3. To do so, we must be 
willing to discard the boundary condition given by Eq. 4.2-12 and replace it with some 
local condition associated with the representative region shown in Figure 4.3. This 
naturally leads us to treat the representative region as a unit cell in a spatially periodic 
model of a porous medium so that our closure problem takes the form 

B.C.l 

Periodicity: 

Average: 

o = - Vpp + IlpV2Vp - ~ fnpo .(-Ipp + IlpVvp)dA 
Vp . 
~ 

V· vp = 0 

vp = - (vp}p, at ~o 
'--v---' 
source 

pp(r+fj) = pp(r), vp(r+f i ) 

(vp)p = 0 

vp(r), i=1,2,3 

(4.2-18) 

(4.2-19) 

(4.2-20) 

(4.2-21) 

(4.2-22) 

The periodicity condition is consistent with a spatially periodic model only if the source 
in Eq. 4.2-11 can be considered as a constant or is itself spatially periodic. A Taylor 
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series expansion for (v~)~ 
Figure 4.3 takes the form 

about the centroid of the representative region shown in 

(v~ )~I 
X+Yp 

= (v~)~L + y~. V(v~)~L + .... (4.2-23) 

and from this we can see that (v~)~ can be treated as a constant in the local closure 

problem provided that the following length-scale constraint is satisfied. 

(4.2-24) 

Here we have assumed that the characteristic length of the representative unit cell will 
always be on the order of ro or smaller than ro. 

Figure 4.3. Representative region of the ~-(J system 

Given the single, constant source in the boundary value problem for Pp and v~, we 

propose a solution for the spatial deviation velocity and pressure of the form 

v~ = B~ .(v~)~ + 'I'~ 

p~ = Il~b~ .(v~)~ + Il~~~ 

(4.2-25) 

(4.2-26) 
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If we think of "'13 and l;p as arbitrary functions. we are free to specify Bp and bp in any 

way we wish. thus we can specify these two function by means of the following closure 
problem 

B.C.l 

Periodicity: 

Average: 

o = - Vbp + V2Bp - _I fO/3a .(-Ibp + VBp)dA 
Vp 

Ape. 

V·Bp = 0 

Bp = -I. at Apa 

bp(r+£j) = bp(r). Bp(r+£j) = Bp(r). i=I.2.3 

(Bp)p = 0 

(4.2-27a) 

(4.2-27b) 

(4.2-27c) 

(4.2-27d) 

(4.2-27e) 

It will be left as an exercise for the reader to show that when Eqs. 4.2-25 and 4.2-27 are 
used in the closure problem given by Eqs. 4.2-18 through 4.2-22. one can prove that the 
vector \(113 is zero and that the scalar Sp is a constant (see Problem 4-3). Since the 

constant Sp will not pass through the filter represented by the area integral in Eq. 4.1-31. 

we can express the spatial deviation velocity and pressure as 

Vp = Bp' (vp)p 

PIJ = JlIJbIJ .(vp)p 

(4.2-28) 

(4.2-29) 

These two representations can now be used to develop the closed form of the volume 
averaged momentum equation. 

4.2.6 CLOSED FORM 

To obtain the closed form of the volume averaged momentum equation. we fIrst recall 
Eq.4.1-31 

o = -V(PIJ)IJ + ppg + JlpV2(vp)IJ + _I fOIJ(I'(-'PP+JlpVvp)dA 
Vp 

Ape. 

(4.2-30) 

and make use of Eqs. 4.2-28 and 4.2-29 to obtain 

o ~ - V(p~>, + p~g + ~~ V2(v~)~ + ~~{ :~ L nil< .(-1 b~ + VB,)dA} .(v~)~ 
(4.2-31) 

We identify the term in braces as 
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where K~ is the permeability tensor. Use of this result in Eq. 4.2-31 leads to 

o = -V'(p~)~ + p~g + J.l~V'2(V~)~ - J.l~K~I.f.~(v~)~ 
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(4.2-32) 

(4.2-33) 

in which each term represents a force per unit volume of the fluid, i.e., Eq. 4.2-33 is an 
intrinsic average equation. This is the preferred form of the momentum equation; 
however, the preferred velocity is the superficial velocity that appears in the continuity 
equation given by Eq. 4.1-7, and this is the reason why the definition given by 
Eq. 4.2-32 contains the porosity as a multiplier. 

The superficial velocity is related to the intrinsic velocity by (v ~) = f.~ (v ~)~ and 

this allows us to express Eq. 4.2-33 as 

(4.2-34) 

This is known as Darcy's law with the Brinkman correction and in the literature there is 
confusion regarding the velocity that appears in the Brinkman correction. Sometimes 
one finds the intrinsic velocity as indicated in Eq. 4.2-34, while more often one finds the 
superficial velocity accompanied by a correction known as the Brinkman viscosity. This 
empiricism results from the failure to carefully distinguish between the intrinsic velocity 
and the superficial velocity. At this point, we note that the length-scale constraints used 
in the derivation of Eq. 4.2-34 require that 

(4.2-35) 

and under these circumstances it is appropriate to express Eq. 4.2-34 as 

(4.2-36) 

The one-dimensional version of this result was first discovered experimentally by Darcy 
(1856), and early theoretical explanations were given by Irmai (1958), Matheron (1965), 
Whitaker (1966), Slattery (1967), and MarIe (1967). Equation 4.2-36 forms the basis 
for the analysis of a wide range of physical phenomena which often require extensions to 
include the effect of inertia, compressibility, and coupling with heat and mass transfer 
(Bear, 1972; Greenkorn, 1983; Bear and Bachmat, 1991). The experimental 
measurement of the permeability is discussed in detail by Dullien (1992), and the 
theoretical determination is described in the following paragraphs. 
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4.2.7 SOLUTION OF THE CLOSURE PROBLEM 

At this point we are ready to return to the closure problem giv~n by Eqs. 4.2-27, and 
make use of the definition given by Eq. 4.2-32 so that the closure problem can eventually 
be expressed in a relatively simple form. Use of Eq. 4.2-32 leads to 

B.C.l 

Periodicity: 

Average: 

o = - VbIJ + V 2BIJ + £IJK~l 

V·BIJ = 0 

BIJ = -I , at Alia 

bIJ(r+£j) = bji(r), BIJ(r+£j) = BIJ(r}, i=I,2,3 

(BIJ)ji = 0 

(4.2-37a) 

(4.2-37b) 

(4.2-37c) 

(4.2-37d) 

(4.2-37e) 

In order to develop a convenient computational method for the determination of KIJ, we 

first define a new tensor B~ according to 

B~ = Bji + 1 

and this allows us to express the closure problem as 

o = - VbIJ + V2B~ + £IJK~l 

V·B~ = 0 

B.C.l B~ = 0, at ~ 

Periodicity: bIJ(r+£j) = bji(r), B~(r+£j) = B~(r), i=1,2,3 

Average: (B~)IJ = 1 

Our next step is to define a new vector field and a new tensor field according to 

(4.2-38) 

(4.2-39a) 

(4.2-39b) 

(4.2-39c) 

(4.2-39d) 

(4.2-3ge) 

(4.2-40) 

In terms of the vector dji and the tensor 0 II ' we see that Eqs. 4.2-39 take the form 

B.C.l 

Periodicity: 

Average: 

o = - Vdji + V20 ll + 1 

V·DIJ = 0 

Dji = 0, at ~a 

dIJ(r+£j) = dll(r), Dji(r+£j) = Dji(r), i = 1, 2, 3 

(Dji)IJ = E~lKIJ 

(4.2-41a) 

(4.2-41b) 

(4.2-41c) 

(4.2-41d) 

(4.2-41e) 
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Here one can see that the constraint on the average of vp, given by Eq. 4.2-13, is 

required in order to determine the permeability tensor as indicated by Eq. 4.2-41e (see 
Problem 4-4). This situation is very different from our studies in Chapters 1 through 3 
where the constraints on the average of the spatial deviation temperature and 
concentration were generally ignored. The difference results from the difference in the 
boundary conditions, and this clearly indicates that both governing differential equations 
and boundary conditions play crucial roles in the structure of volume averaged transport 
equations. The closure problem given by Eqs. 4.2-41 can be used to prove that the 
permeability tensor is symmetric and the proof is left as an exercise for the reader (see 
Problem 4-5). 

The solution of Eqs. 4.2-41a through 4.2-41d is straightforward and is identical to 
methods used to solve Stokes' equations. To see the similarity, we form the scalar 
product of Eqs. 4.2-41a through 4.2-41d with an arbitrary unit vector, J.., and use the 
following definitions 

Dp.J.. = v, 

so that our closure problem "looks like" 

o = -Vp + V2v - V(p)p 

V·v = 0 

B.C.l v = 0, atApa 

Periodicity: p(r+fj) = p(r) , v(r+fj) = v(r). i=I,2,3 

(4.2-42) 

(4.2-43a) 

(4.2-43b) 

(4.2-43c) 

(4.2-43d) 

In actual fact, this is the form of Stokes' equations that were first solved for periodic 
systems by Snyder and Stewart (1966), thus we see that the solution of the closure 
problem given by Eqs. 4.2-41 can be accomplished with routine and well-established 
methods. After having solved Eqs. 4.2-43, one can make use of Eq. 4.2-41e and the 
second of Eqs. 4.2-42 to obtain 

v·Kp·J.. = Ep v·(v)p (4.2-44) 

and from this one can calculate all the components of the permeability tensor. In 
thinking about Eqs. 4.2-43, one must remember that the "pressure" has units of length, 
and the "velocity" has units of length squared. 

4.3 Comparison Between Theory and Experiment 

The closure problem represented by Eqs. 4.2-41 has been solved by Eidsath (1981), Zick 
and Homsy (1982), and others (Synder and Stewart, 1966; Sorenson and Stewart, 1974; 
Sangani and Acrivos, 1982) for arrays of spheres and cylinders. The results for the 
permeability can be made dimensionless in terms of the characteristic length 
d pEp / (1- Ep) that was used in the study of dispersion in Chapter 3. The comparison 
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between theory and experiment is conveniently done in terms of the Blake-Kozeny 
equation (Bird et al., 1960) which makes use of dpEp/(l- Ep) as a characteristic length. 

When the Kozeny coefficient is set equal to 5.0 this correlation takes the form 

1 

180 
(4.3-1) 

It is of some interest to note that this result is identical to the modified Ergun equation 
(with the Reynolds number equal to zero) proposed by Macdonald et al. (1979), who 
estimated that Eq. 4.3-1 predicts experimental results for unconsolidated porous media 
with an accuracy of ± 50% . 

In Figure 4.4 we have shown the theoretical calculations of Zick and Homsy (1982) 
for three different arrays of spheres, along with the experimental studies of 

10 r------r------~----~------~----__, 

8 

6 

K(1-EIJ)2 3 
2 3 xl0 

dpEIJ 
4 

2 

o 
0.2 

------- Theory, Zick & Homsy 

- - - - - - Blake-Kozeny correlation 

o Martin et al., FCC 
• Susskind & Becker, BCC 
o Martin et al., SC 
1::. Cioulachtjian et al. 
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Figure 4.4. Comparison between theory and experiment 

0.7 

Martin et al. (1951) for a face-centered cubic array and a simple cubic array, and the 
results of Susskind and Becker (1967) for a body-centered cubic array. The theoretical 
results are in excellent agreement with the experimental results for regular arrays of 
spheres and are consistent with the Blake-Kozeny correlation. The latter does not 
illustrate the same porosity dependence as the theoretical results; however, the 
correlation is based on simple scaling arguments and experimental data having a limited 
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range of porosity. The experimental result of Cioulachtjian et al. (1992) for randomly 
packed spheres is in perfect agreement with the theory for the face-centered cubic array; 
however, one could hardly have predicted this a priori. Obviously we need to develop 
methods of characterizing systems that are more sophisticated than simply using the 
porosity, Ell' and the characteristic length, d pEIl /(1- Ell)' 

Eidsath (1981) solved the closure problem for two-dimensional arrays of cylinders, 
and the comparison with the experimental work of Bergelin et al. (1950) is shown in 
Table 4.1. There we see that the permeability for two-dimensional systems is 
significantly lower than that for three-dimensional systems, and we again see good 
agreement between theory and experiment. 

Table 4.1 
Theory and Experiment for Flow Through Arrays of Cylinders 

K(I-EIl)2 /d~ E~ x 103 

Model Experiment Theory 
Bergelin et ai. (1950) Eidsath (1981) 

Triangular array 
Ell = 0.418 3.28 3.68 

Inclined square array 
Ell =0.497 2.31 2.37 

Staggered square array 
Ell =0.497 2.31 2.27 

4.4 Conclusions 

In this chapter we have presented a derivation of Darcy's law for homogeneous porous 
media. Much of the analysis follows directly from our studies in the previous chapters; 
however, in this case we have seen that the presence of a Dirichlet condition, i.e., the no­
slip condition, alters the analysis in some important ways. While the no-slip condition 
contributes nothing to the form of the volume averaged Stokes' equations that were 
presented in Sec. 4.2, it controls the form of the closure problem that was developed in 
Sec. 4.3. In addition to providing the only source for the closure problem, it also 
required that we impose the constraint that the average of the spatial deviation velocity 
be zero. The comparison between theory and experiment is rather limited, but the results 
are excellent for the permeabilities determined for regular arrays of spheres. Both the 
theoretical and experimental results clearly indicate that we need to identify the key 
structural parameters in order to use the theory to predict permeabilities with confidence. 
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4.5 Problems' 

4-1. Develop the constraints associated with the restrictions that are given by 
Eq.4.1-30. 

4-2. The arguments leading to Eqs. 4.1-34 through 4.1-36 contain the tacit 
assumption that the particle diameter is comparable to the pore diameter. While 
this is acceptable for the typical non-consolidated porous medium, it is not 
correct for a high porosity porous medium. Consider a porous medium 
characterized by two length scales, ia for the solid phase and ip for the fluid 

phase, and explore the possibility that the Brinkman correction may not be 
negligible. In particular, you will want to examine the case for which 1-Ep « 1. 

4-3. Given the representations for the spatial deviation velocity and pressure 

Vii = Bp .(vp)p + 'lip 

Pli = Ilpbp .(vp)p + Ilp~p 

and the closure problem represented by Eqs. 4.2-27, prove that the vector 'lip is 

zero and that the scalar ~p is a constant. 

4-4. Use the closure problem given by Eqs. 4.2-41 to predict the Darcy's law 
permeability for a bundle of parallel capillary tubes having a tube radius of ro and 
a porosity of Ep. 

4-5. Prove that the permeability tensor, Kp, is symmetric. Do this by using 

the closure problem given by Eqs. 4.2-41 to develop two new closure problems; 
one for the scalar and vector fields, So = dp . A. and W 0 = Dp . A., and another for 

the scalar and vector fields, SI =dJJ·v and WI =Dp·v in which A. and v are 

arbitrary constant vectors. Form the scalar product of WI with the first closure 
problem, and then construct the intrinsic average of the governing differential 
equation to obtain 

o = - «Vw o)T : (Vwl»JJ + Ejil A..Kp·v 

A similar result is obtained by forming the scalar product of W 0 with the second 
closure problem. One can then make use of the relation 

(Vwo)T:(VWI) = (VWI)T:(Vwo) 

• Solutions to all problems are available from the author. 
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to prove that 

A,·K~·v = v·K~·A, 

and therefore that K~ is symmetric. 
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4-6. In the derivation of Darcy's law it was assumed that the rigid solid phase 
was fixed in space. If the rigid solid phase is moving with a constant velocity U o , 

relative to some inertial frame, what is the form of Darcy's law relative to that 
inertial frame? 

4-7. In a compressible aquifer, the a-phase particles illustrated in Figure 4-7 
undergo a rearrangement when the hydrostatic pressure is increased. This 
means that the porous medium is compressible even though the fluid and solid 

ambient pressure increased pressure 

Figure 4-7. Compressible porous medium 

phases can be treated as incompressible. In this problem you are asked to 
develop the volume averaged form of the continuity equation for the porous 
medium illustrated in Figure 4-7. Even though the fluid density can be treated as 
a constant, it is convenient to begin with the general fonn given by 

ap~ 
- + V ·(p~v~) = 0 (1) at 

In order to interchange integration and differentiation in the first tenn, one must 
use the general transport theorem 

!!... J"'~ dV = dt 
~(t) 

J a",~ J --atdV + "'~ w·ndA (2) 

~(t) a!t;;(t) 



180 Chapter 4 

in which ~(t) represents an arbitrary, time-dependent volume and ~(t) 
represents the bounding surface of this volume. The speed of displacement of 
the bounding surface is given by w· n where n is the outwardly directed unit 
normal vector. Since ~(t) is arbitrary, it can be set equal to Vp(t) in order to 

obtain the special form that is needed in the analysis of Eq. 1. For the 
compressible aquifer under consideration, the boundary condition at the P-(J 
interface can be expressed as 

B.C. vp = va' at ~(t) (3) 

provided that the (J-phase particles are impermeable. 

4-8. In order to extend the analysis in the text to include inertial effects, one 
must replace the Stokes equations with the Navier-Stokes equations. Under 
these circumstances, the problem under investigation takes the form 

a at (ppVp) + V,(ppvpvp) = -VPp + ppg + ~pV2vp 

V·vp = 0 

B.C. vp = 0, at ~ 

In this problem you are asked to demonstrate that the volume average form of 
the Navier-Stokes equation can be expressed as (Whitaker, 1996) 

(vp) = - Kp '(V(pp)p - ppg) _ Fp ,(vp) 
~p 

Here Kp is the Darcy's law permeability tensor determined by the closure 

problem given in the text, while Fp is the Forchheimer correction tensor 

(Forchheimer, 1901). In order to develop a closure problem that can be used to 
determine Fp, one should assume that the point velocity. vII' will be available 

from the solution of the Navier-Stokes equations in a representative unit cell. 
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Single-Phase Flow in Heterogeneous 
Porous Media 

In the previous chapter we analyzed the process of single-phase flow in homogeneous 
porous media, and the result was a proof of Darcy's law and a method of predicting the 
permeability tensor. In this chapter we consider porous media that are clearly 
heterogeneous, i.e., porous media in which there are abrupt and significant changes in 
the permeability. Such systems can be referred to as mechanically heterogeneous in 
order to distinguish them from porous media in which there are abrupt and significant 
changes in the chemical characteristics. These systems are referred to as chemically 
heterogeneous. Most geological systems tend to be both mechanically and chemically 
heterogeneous, but in this chapter we will be concerned only with the influence of 
mechanical heterogeneities. 

5.1 Introduction 

In Figure 5.1 we have illustrated a two-region model of a heterogeneous porous medium, 
and in that system we are confronted with two length scales. One length scale is 
associated with the pores or the particles, and these have been designated by f~ and fa 

in the previous chapter. A second length scale is associated with the thickness of the 
distinct layers that make up the stratified porous medium. If the two length scales, fro 
and f1]' are comparable, we are confronted with the 2-scale version of Cushman's (1984) 

N-scale problem. If fro and f1] are disparate and large compared to f~ and fa' we have 

a 3-scale problem. Within the (0 and ll-regions, a small averaging volume is used in the 
derivation of Darcy's law, and the permeability tensors associated with those regions are 
indicated by K~ro and K~1]. The large averaging volume illustrated in Figure 5.1 is used 

to develop the large-scale form of Darcy's law and the single permeability tensor 
associated with that form is indicated by K;. Stratified systems of the type illustrated in 

Figure 5.1 are representative of petroleum reservoirs; however, in this study we will be 
concerned with more general systems such as the one illustrated in Figure 5.2. There we 
have identified the large-scale averaging volume as op;: and the length scales for the (0 

and ll-regions are again identified by fro and f1]. 

181 
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We begin this analysis with the following governing equations and boundary 
conditions: 

B.c.t 

B.C.2 

° = - Vpp + ppg + J.lpV2vp, in the ~-phase 

V · vp = 0, in the ~-phase 

vp = 0, at ~ 

vp = f(r,t), at Gtpe 

(5.1-1) 

(5.1-2) 

(5.1-3) 

(5 .1-4) 

Here we think of ~ as the interfacial area contained within some homogeneous 

porous medium, such as the o>-region illustrated in Figure 5.2, while ~ represents the 

Figure 5.1. Two-region model of a heterogeneous porous medium 

area of entrances and exits for that region. In an attempt to be precise about what we 
mean by a homogeneous porous medium, we draw upon the definition given by Quintard 
and Whitaker (1987) 

A porous medium is homogeneous with respect to a given averaging 
volume and a given process when the effective transport coefficients in 
the volume averaged transport equations are independent of position. 
If a porous medium is not homogeneous, it is heterogeneous. 
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The fIrst level of averaging associated with Eqs. 5.1-1 through 5.1-4 was discussed in 
Chapter 4 and the results are given by 

(v~) = - Kf3 .(V(Pf3)f3_p~g) 
~~ 

V'(v~) = 0 

(5.1-5) 

(5.1-6) 

In addition to the Darcy-scale governing differential equations for momentum and mass, 
we will need conditions that are applicable at the boundary between the 0) and 11-regions 

Figure 5.2. Large-scale averaging volume 

illustrated in Figure 5.2. This matter has been explored by Quintard and Whitaker 
(1987) who concluded that it is reasonable to require continuity of the pressure, (p~)~, 

and continuity of the normal component of the velocity, (v~), at the 0)-11 boundary. We 

will make use of these conditions in the next section; however, the precise nature of the 
jump condition at this boundary still needs to be developed following the type of 
analysis given by Ochoa-Tapia and Whitaker (1995a-b). 

5.2 Large-Scale Averaging 

The momentum and continuity equations that describe single-phase flow in the 
heterogeneous porous medium illustrated in Figure 5.2 are given by 
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B.C.l 

B.C.2 

V· (vp}m = 0, in the ro - region 

K 
(vp}m = - ~.(V(pp}~-ppg), inthero-region 

J.1p 

0Wll·(vp}m = °Wll·(Vp}", atthero-l1boundary 

(pp)~ = (pp)~, at the ro -11 boundary 

K 
(vp)" = -~.(V(pp}~-ppg), inthel1-region 

J.1p 

V.(vp}" = 0, inthel1-region 

Chapter 5 

(5.2-1) 

(5.2-2) 

(5.2-3) 

(5.2-4) 

(5.2-5) 

(5.2-6) 

Here we have used 0Wll to represent the unit normal vector pointing from the ro-region 

toward the l1-region, and this convention leads to 

0Wll = -o"m (5.2-7) 

In this formulation of the flow problem, we have ignored the boundary conditions for the 
velocity at the entrances and exits of the large-scale system since we have assumed that 
they will not play a role in either the form of the volume averaged equations or the 
closure equations. 

The problem presented by Eqs. 5.2-1 through 5.2-6 was analyzed directly by 
Quintard and Whitaker (1987); however, there is a definite advantage in arranging the 
equations in the form of a diffusion or conduction problem. This allows us to take 
advantage of all that we have learned in Chapters 1 and 2 since the multi-region 
transport process suggested by Figure 5.2 is mathematically analogous to the multi-phase 
processes studied earlier. In order to arrange Eqs. 5.2-1 through 5.2-6 in the form of a 
conduction problem, we define a new pressure, Pp, according to 

Pp = pp + pp'P 

Here 'P is the gravitational potential function dermed by 

'P = -g·r + C 

(5.2-8) 

(5.2-9) 

in which C is an arbitrary constant. The intrinsic average ofEq. 5.2-8 is given by 

(5.2-10) 

and if we express the position vector locating points in the ~-phase as rp = x + Y P the 

average of the potential function takes the form 

(5.2-11) 

Substituting this result into Eq. 5.2-10 and taking the derivative with respect to x leads to 
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(5.2-12) 

For disordered porous media we have V (y ~)~ «I and our expression for the gradient of 

(P~)~ reduces to 

(5.2-13) 

Use of this result in Eqs. 5.2-1 through 5.2-6 allows us to describe the physical process 
of single-phase flow in the system illustrated in Figure 5.2 by the following equations 
and boundary conditions: 

V .(Kj3ro . V(P~)~) = 0, in the ro - region (S.2-14) 

B.C.l DOJIl·K~w· V(P~)~ = DOJIl . K~l] . V(P~)~ , at ~ (S.2-1S) 

B.C.2 (P~)~ = (P~)~ , at AOJIl (S.2-16) 

V· (K~l] . V(PI})~) = 0, in the 11- region (S.2-17) 

At this point we must be very careful to note that we have neglected variations in the 
viscosity within the macroscopic region under consideration. This is not the same as 
ignoring variations of Ill} within the averaging volume, but rather it is equivalent to 

imposing a restriction of the type 

(5.2-18) 

There may be important processes involving single-phase flow in heterogeneous porous 
media for which Eq. 5.2-18 is not an acceptable restriction. 

When Eqs. 5.2-14 through 5.2-17 are valid, the process of single-phase flow in 
heterogeneous porous media is mathematically analogous to steady heat conduction in a 
two-phase system. The transformation from Eqs. S.2-1 through 5.2-6 to Eqs. S.2-14 
through 5.2-17 is an important one since a great deal of work has been done on the 
problem of heat conduction in two-phase systems (Nozad et al., 1985; Kaviany, 1991; 
Nield and Bejan, 1992; Quintard and Whitaker, 1993b and 1995a), and we can use that 
work to help us understand the problem of single-phase flow in heterogeneous porous 
media. 

In the method of large-scale averaging we will make use of both superficial averages 
and intrinsic averages, and we will begin our analysis of Eqs. S.2-14 through S.2-17 with 
the definitions of these two averages. Given some Darcy-scale quantity in the ro-region, 

('l' ~)~, we refer to the large-scale averaging volume illustrated in Figure S.2 and define 

the superficial regional average as 
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{('I'p)~} = ~J ('I'p)~ dV 

Vo> 

while the intrinsic regional average is given by 

{('I'p)~r = :01 J ('I'p)~ dV 

Vo> 

These two averages are related according to 

in which the volume fraction of the {J)-region is given explicitly by 

<POI = VOl/or.. 
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(5.2-19) 

(5.2-20) 

(5.2-21) 

(5.2-22) 

The averaging theorem (Howes and Whitaker, 1985) for a two-region model can be 
expressed as 

{V('I'p)~} = V{('I'p)~} + ~ J nOlTl('I'p)~dA 
A.,.. 

(5.2-23) 

along with an analogous form for the ll-region. While the nomenclature illustrated in 
Eqs. 5.2-19 through 5.2-23 appears to be overly complex, there is some logic in that the 
subscripts always identify phases or regions while the presence of a superscript always 
indicates an intrinsic average. Even though the process under investigation is 
mathematically analogous to the process of heat conduction in a two-phase system, the 
physics of single-phase flow in heterogeneous porous media is considerably more 
complex and it is best to retain the complex nomenclature as a reminder of the physics. 

On the basis of the definition given by Eq. 5.2-19, we express the superficial 
average ofEq. 5.2-14 as 

and use the averaging theorem to obtain 

V.{Kpro.V(Pp)~} + _1 JnOlTl.Kpro.V(Pp)~dA or.. 
A.,.. 

(5.2-24) 

o (5.2-25) 

If we are willing to ignore variations of KpOl within the averaging volume, a second 

application of the averaging theorem allows us to write Eq. 5.2-25 as 
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V[ K .. (V{(P,)!j + ~ L n ... (lj,)~dA)J + ~ L n""K .. V(lj,)!dA ~ 0 

(5.2-26) 

Here we are confronted with several problems, the first of which is the presence of the 
superficial regional average pressure. As in our study of single-phase flow in 
homogeneous porous media, we prefer to work with an intrinsic average pressure 
defined according to 

The superficial average is related to the intrinsic average by 

and substitution of this result into Eq. 5.2-26 provides 

+ ~ fnIDl1.Kpro·V(Pp)~dA = 0 

A,.q 

(5.2-27) 

(5.2-28) 

(5.2-29) 

In order to eliminate the local volume averaged pressure, (Pp)~, from this result, we use 

the regional spatial deviation pressure defined by the decomposition 

(5.2-30) 

Here we have made use of a tilde to indicate a spatial deviation that is defined by two 
quantities having different characteristic lengths, thus PPm is analogous to CAy as 

defined in Chapter 1 and to Tp and Ta as defined in Chapter 2. In addition, PPm is 

similar to the spatial deviation pressure, Pp, that was defined in Chapter 4; however, one 

must remember that the length scales associated with Pp are f p and L whereas the length 

scales associated with PPm are fro and :z. Later in this development we will use a 

circumflex to indicate a spatial deviation defined by two quantities A havin~ the same 
characteristic length, and this will be consistent with the definition of Tp and Ta that was 

given in Chapter 2. 
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Use of the decomposition indicated by Eq. 5.2-30 in the large-scale averaged 
equation represented by Eq. 5.2-29 leads to the non-local form of the regional averaged 
pressure equation given by 

+ ~ foWl) ·KpO)· V(Pp)~ dA 

A,.q 

= o 

(5.2-31) 

A non-local theory of two-phase flow in heterogeneous porous media has been explored 
by Quintard and Whitaker (1990a-b); however, we can avoid this complication whenever 
the following length-scale constraints are satisfied: 

(5.2-32) 

Here .eO) represents the characteristic length for the ro-region, Ro is the radius of the 
large-scale averaging volume, and ~ and 2'Pl are characteristic length scales defined 

by the following order of magnitude estimates 

(5.2-33) 

When the constraints indicated by Eqs. 5.2-32 are valid, we can remove {(Pp)~ r from 

the area integral and make use of a special form of the averaging theorem to obtain 

~ L·",{(1J,)~r dA = [~ L·""dA }(1J,)~r = -V~.{(1J,)~r 
(5.2-34) 

Use of this result in Eq. 5.2-31 provides the regional average form ofEq. 5.2-14 

V-[ K .. -( ~.V{(1J,)~r + ~ L ........ dA J] + ~ I·"" .K".V(1J,)~dA = 0 

(5.2-35) 

and by analogy the regional averaged form ofEq. 5.2-17 is given by 
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v[ K", (~, V{{1J,)~r + ~ In,_i'", dA J] + ~ In,_K", V{1J,)~ dA = 0 

(5.2-36) 

At this point we are confronted with the same question we encountered in our study of 
transient heat conduction, i.e., do we need a two-equation model for the two pressures in 
the ill and TJ-regions, or will a one-equation model suffice. 

5.2.1 LARGE-SCALE MECHANICAL EQUILIBRIUM 

When the condition of large-scale mechanical equilibrium is valid, we can obtain a 
single equation for the large-scale average pressure defined by 

{<Pp)p} = _1 j<pp)il dV = q>ro{<pp)~r + q>Tl{<pp)~r 
~ 

or.. 

(5.2-37) 

Here one should keep in mind that {<Pp)p} is an intrinsic average pressure. In order to 

identify the circumstances for which a one-equation model for {<Pp)p} is valid, we use 

the decompositions 

{<Pil)~r = {<pp)il} + PPm 

{<pp)~r = {<Pp)p} + PPTl 

(5.2-38a) 

(5.2-38b) 

and then search for conditions that allow us to neglect the large-scale deviations, 
PPm and PpTl • Here we note that we have used a circumflex to denote a spatial deviation 

associated with two quantities having the same length scale. This is consistent with the 
temperature deviations, 1'13 and 1'cr ' that we defined in Chapter 2; however, we must 

remember that the length scale associated with PPm and PPTl is the large length-scale 

denoted by Zp. Adding in Eqs. 5.2-35 and 5.2-36, and making use ofEqs. 5.2-38, leads 
to the single equation given by 

(5.2-39) 
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Here we have made use of the flux boundary condition given by Eq. 5.2-15 in order to 
eliminate the final terms in Eqs. 5.2-35 and 5.2-36. Equation 5.2-39 is essentially the 
steady-state analog of Eq. 2.3-4, and a one-equation model results when the following 
constraint is satisfied: 

(5.2-40) 

Here we have made use of the closure problem discussed in Sec. 5.3 that leads to 

(5.2-41) 

in which Kp is the large-scale permeability tensor. When the restriction given by 

Eq. 5.2-40 is satisfied, we say that the principle of large-scale mechanical equilibrium is 

valid and {( P~)~} becomes an acceptable approximation for both {Up)~ r and 

{(pp)~r. We can simplify Eq. 5.2-40 by recognizing that the large-scale deviations 

can be expressed as 

PJko = CPtt[{(p~)~r - {(pp)~rJ 

P~lJ = CPCll[{(p~)~r - {(p~)~rJ 
in order to obtain a restriction of the form 

(5.2-42a) 

(5.2-42b) 

(5.2-43) 

At this point we need an estimate of the difference between the two regional averaged 
pressures, and we obtain this estimate in the manner outlined in Sec. 2.3. This leads to a 
constraint of the form 

(5.2-44) 

in which the parameter A is estimated by 
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A = (5.2-45) 

1 + 0 (K X £ £) cp cp ~ ~+ _11_ 
Cl) l1.2J.l KJko Kpll 

.2'pl ( Am.t /~) 

Here we have used KJko and Kpq as suitable norms of the tensors KJko and Kpq in order 

to simplify the algebraic manipulation required to obtain this result, and we have used 
Kmq to represent the mixed-mode quantity defined by 

(5.2-46) 

At this point it is important to note that .2'Pl is based on the estimate given by Eq. 5.2-33, 
thus .2'pl is infinite and A -+ 0 for a one-dimensional flow in the large-scale sense. This 
means that the one-equation model is always valid for one-dimensional flows and this 
result is consistent with the numerical experiments of Quintard and Whitaker (1993b, 
1995a). For two-dimensional flows 'zpl will be finite and the one-equation model may 
fail when the difference between KIko and Kpq is on the order of the larger of the two, 

and when .2'pl is on the order of either £ Cl) or £11. 

If we accept the condition of large-scale mechanical equilibrium, the restriction 
given by Eq. 5.2-40 can be imposed on Eq. 5.2-39 so that our governing differential 

equation for {<Pp)P} takes the form 

V{(~.~+~.Kpq)V{(1J,)P} + ~ L • ..,I'p.dA + ~ L .... ppqdA] = 0 

(5.2-47) 

This simplification is justified by Eqs. 5.2-44 and 5.2-45 and one must keep in mind that 
these relations are based on order of magnitude estimates, thus they can only suggest 
under what circumstances the one-equation model is valid. The one-equation model for 
heat conduction that was presented in Chapter 2 is strongly supported by the numerical 
experiments of Quintard and Whitaker (l993b, 1995a); however, those studies were 
carried out using two-phase systems with isotropic thermal conductivities. If the Darcy­
scale permeabilities. KIko and Kpq. are highly anisotropic. Eqs. 5.2-44 and 5.2-45 

should be re-derived using the tensorial nature of these parameters (see Problem 5-1). 
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5.3 Closure 

In order to obtain a closed form of Eq. 5.2-47 we need to develop representations for 

P/3ol and PP'rl in terms of the dependent variable {(lfi >'l One can follow the study of 

heat conduction given in Chapter 2 to see how this is done, and here we simply note that 
the spatial deviation pressures can be represented as 

(5.3-1) 

in which the closure variables,bO) and b lJ , are determined by the following boundary 

value problem 

KpO) : VVb 0) = 0 , in the CJ) - region 

B.C.I nOllJ ·KPw · VbO) = nOllJ ·KP'rl· VblJ +nCllll .(KP'rl- KPw ), at ~ 

B.C.2 bO) = b lJ , at ~ 

KplJ : VVblJ = 0 , in the 1'\ - region 

Periodicity: 

(5.3-2a) 

(5.3-2b) 

(5.3-2c) 

(5.3-2d) 

(5.3-2e) 

Substitution ofEqs. 5.3-1 into the large-scale averaged equation for {<Pp>P} given by 

Eq. 5.2-46 leads to 

(5.3-3) 

in which the large-scale permeability is given by 

(5.3-4) 

One can see that Eqs 5.3-2 determine bO) and blJ to within a single arbitrary constant; 

however, this constant does not pass through the filter represented by the area integral in 
Eq.5.3-4. 

5.4 Darcy's Law 

In addition to Eq. 5.3-3, we need the large-scale form of the continuity equation and the 
large-scale form of Darcy's law. To develop these relations we return to the formulation 
of the large-scale problem given originally by 



Heterogeneous porous media 193 

V·(Vp}ro = 0, in the (0 - region (5.4-1) 

(vp}ro = _ Kpro .(V(Pp}~), in the (0 - region (5.4-2) 
IJ.p 

B.C.l DWIl ·(vp)ro = DWIl ·(vp}TJ ' at the (0 -11 boundary (5.4-3) 

B.C.2 (Pp)~ = (Pp)~ , at the (0 -11 boundary (5.4-4) 

(vp)TJ = _ KPTJ .(V(Pp}~), in the 11- region (5.4-5) 
IJ.p 

V·(vp)TJ = 0, in the 11- region (5.4-6) 

From this representation of the process, we want to extract the traditional forms of the 
continuity and momentum equations. 

5.4.1 CONTINUITY EQUATION 

The regional average ofEq. 5.4-1 is given by 

and use of the averaging theorem allows us to write this result in the form 

The analogous result for the 11-region is given by 

V.{(vp)TJ} + ,;.. f DTJro ·(vp)TJdA = 0 

~Cl) 

and we can add these two results to obtain the large scale continuity equation 

Here we have defined the large-scale average velocity according to 

(5.4-7) 

(5.4-8) 

(5.4-9) 

(5.4-tO) 

(5.4-11) 

and we note that no constraints are necessary to obtain the continuity equation given by 
Eq. 5. 4-10. 
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5.4.2 MOMENTUM EQUATION 

The regional average ofEq. 5.4-2 can be expressed as 

K 
{(V~)Ol} = -~.{V(P~)~} 

J.l~ 

Chapter 5 

(5.4-12) 

provided we are willing to neglect variations of K~Ol within the averaging volume. At 

this point we can repeat the type of analysis given by Eqs. 5.2-24 through 5.2-35 to 
obtain 

(5.4-13) 

When the condition of large-scale mechanical equilibrium is valid, we can replace 

{( P~)~ } 00 with {( P~)~} and the spatial deviation pressure can be represented by 

(5.4-14) 

This leads to the regional form of Darcy's law (Quintard and Whitaker, 1998a) 

(5.4-15) 

and we remind the reader that this representation is only valid when the condition of 
large-scale mechanical equilibrium is applicable. The analogous form for the l1-region is 
given by 

(5.4-16) 

and these two results can be added to obtain 

(5.4-17) 

Here the large-scale permeability tensor is defined explicitly by Eq. 5.3-4. On the basis 
of Eqs. 5.2-8 through 5.2-13 one can show that 

(5.4-18) 

and this allows us to summarize the large-scale forms of the continuity equation and 
Darcy's law as 



Heterogeneous porous media 195 

(5.4-19) 

(5.4-20) 

Since this result is identical to the form of Darcy's law obtained in Chapter 4, one might 
argue that it could have been obtained directly by averaging the Stokes' equations over 
the large-scale averaging volume, ~. This is indeed true; however, it would be 
extremely difficult to solve the closure problem presented in Chapter 4 for a 
representative region of a heterogeneous porous medium. On the other hand, the 
solution of the closure problem given in Sec. 5.3 is relatively straightforward and should 
accurately predict K~ if sufficient information concerning the structure of the system is 

available. 

5.5 Comparison Between Theory and Experiment 

There would appear to no readily available source of measured large-scale 
permeabilities with which to compare the theoretical values of K~. However, when the 

Darcy-scale permeabilities, KJico and KJiTJ' are isotropic, the closure problem is identical 

to that used to predict the effective thermal conductivity tensor, and the comparison 
between theory and experiment presented in Chapter 2 can be used to confirm the 
validity of the theory for K~. In addition, if KJico is isotropic and KJiTJ is zero the closure 

problem given by Eqs. 5.3-2 is identical to that described in Chapter 1 for the process of 
diffusion. The good agreement between theory and experiment for the case of diffusion 
in porous media can thus be used to partly confirm the validity of the theory for K~. 

While these two special cases encourage one to accept the theory, it must be noted that 
the structure of a typical heterogeneous porous media is considerably more complex than 
the systems examined in Chapters 1 and 2 and the theory obviously needs to be tested for 
more realistic porous media. An important aspect of the theory is the determination of 
the characteristics of the 0) and TJ-regions that pass through the filter and thus contribute 
to the large-scale permeability tensor, K~. 

5.6 Conclusions 

In this chapter we have briefly examined the 2-scale problem of single-phase flow in 
hierarchical porous media. The general techniques associated with the method of large­
scale averaging have been presented in terms of a two-region model of a heterogeneous 
porous medium. The extension to multi-region models is straightforward, and the 
application to heterogeneous porous media with continuously varying properties is 
described by Quintard and Whitaker (1987) and Plumb and Whitaker (1988a-b). The 
more general problem of transport in chemically and mechanically heterogeneous porous 
media has been considered by Quintard and Whitaker (1996a-b, 1998a-c). 
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5.7 Problems 

5-1 . Develop the complete tensorial form of Eqs. 5.2-43 through 5.2-45 by 
avoiding approximations of the type 

(1) 

Begin with Eqs. 5.2-35 and 5.2-36 and ignore variations of CPro in order to obtain 
simplified forms of those equations. Subtract the two equations to develop the 
governing equation for the difference between the regional pressures that 
appear in Eqs. 5.2-41. As an approximation, make use of the representations for 
Ppro and PI!TI given by Eqs. 5.3-1 in order to define a region geometry tensor CWI] 

that is comparable to the phase geometry tensor introduced in Sec. 2.3. The 
transport equation for the difference between the regional pressures will contain 
an integral involving V(Pp)~ that can be approximated by (Quintard and 

Whitaker, 1996a-b) 

~ fnWl] . Kpro.V(Pp)~dA = o[a({(pp)~r - {(pp)~r)] (2) 

A.m 

Here a is an exchange coefficient originally introduced by Barenblatt et al. (1960) 
and values are given by Quintard and Whitaker (1996b). 

5-2. Consider the stratified system illustrated in Figure 5-2 and demonstrate 
that the large-scale permeability defined by Eq. 5.3-4 takes the form (Quintard 
and Whitaker, 1987) 

• cproCPll(Kpro -KI!TI).(ii).(Kpll -Kpro) 
Kp = CProKpro + CPllKI!TI +. . (1) 

)'(CProKPT\ + cpT\Kpro )') 

Make use of Eqs. 5.3-2 to determine bro and bTl which only depend on x. 

x 

Figure 5-2. Stratified porous medium 
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Tensor Algebra 

This appendix represents a very brief review of vectors and tensors as they are used in 
this specific monograph. More detailed treatments are available in the studies of 
McConnell (1957), Simmonds (1982), and many others. Solutions to the problems given 
at the end of this appendix are available from the author. 

A.I. INDEX NOTATION 

Any vector (sometimes referred to as a first order tensor) can be expressed in 
rectangular Cartesian coordinates as 

(AI) 

in which i, j, and k are the orthogonal unit base vectors and ax' ay' and az are the 

components of a. The vector can also be written as 

(A2) 

in which et, e2 , and e3 have been used to replace i,j, and k, and at, a2' and a3 have 
been used to replace ax' ay' and az. The numerical indices used in Eq. A2 allow us to 

represent a vector as 

(A3) 

and if we impose the summation convention we can express this result in the compact 
form given by 

(A4) 

Clearly the rule associated with the summation convention is that repeated indices are 
summed from 1 to 3. 

The dot or scalar product between two vectors can be expressed as 

a·b = abcos9 (AS) 

in which a and b represent the magnitudes of the two vectors, a and b, and 9 represents 
the angle between the two vectors. One can also express the scalar product as 
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a·b = axbx +ayby +azbz 

In terms of index notation this result takes the form 

a·b = albl +a2b2 +a3b3 

or in terms of the summation convention, we obtain 

a·b = aibi 

Vector equations can be expressed as 

a :::: b 

and in terms of the components this result provides 

ax :::: bx 
a y :::: by 

az :::: bz 

Index notation can be used to express these three equations in the form 

al :::: bl 
a2 :::: b2 
a3 :::: b3 

and a more compact representation is given by 

ai = bi , i = 1, 2, 3 

Tensor algebra 

(A6) 

(A7) 

(A8) 

(A9) 

(A 10) 

(All) 

(AI2) 

In this equation, the index i appears only once in each term in the equation and it is 
referred to as a free index. The free index convention requires that any free index 
represents 1,2, and 3 and use of this convention allows us to write Eq. A12 as 

(A13) 

A.2. DYADIC PRODUCT 

The dyadic product between two vectors is represented by ab and is generally referred to 
as a tensor, but more precisely referred to as a second order tensor. Using index 
notation and the summation convention, we can express the dyadic product as 

(AI4) 

Here the summation convention is applied twice, i.e., 

eiai :::: elal +e2a2 +e3a3 and e ii :::: ejbl +e2b2 +e3b3 (AI5) 

One must be careful never to repeat an index more that once since this will most 
certainly cause confusion. For example, in the term ejajejbj one does not know how to 
apply the summation convention. 
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A.3. KRONECKER DELTA 

The Kronecker delta appears often in problems involving tensor manipulation. The dot 
product between two unit base vectors is represented by 

(AI6) 

in which Sjj is referred to as the Kronecker delta. It represents the components of the 

unit tensor 

and it has the characteristic that 

5 _ {I, i = j 
ij - 0, i'l:: j 

(AI7) 

(AI8) 

Often one encounters the Kronecker delta in a single contraction with a second order 
tensor, i.e. SijBjk . It will be left to the reader to show that this leads to replacingj with i 

according to 

SijBjk = Bik 

For the double contraction we obtain 

SjkSijBjk = B jj 

in which Bjj is referred to as the trace. 

A.4. DUMMY INDICES 

(AI9) 

(A20) 

Repeated indices are often referred to as "dummy indices" since they have the same 
characteristic as a dummy variable of integration. For example, in Eq. A4 one can re­
label i to be n to obtain 

(A2I) 

The process of re-Iabeling can be used to complete a number of proofs that are given as 
problems in Sec. A. 7. 

A.5. TRANSPOSE OF A TENSOR 

The transpose of a tensor B is defined to be the tensor BT such that 

a·D·c = c·BT·a 

If the tensor B is defined by 

B 

(A22) 

(A23) 



200 

one can use Eq. A22 to show that the transpose takes the form 

BT = ejejBjj 

Tensor algebra 

(A24) 

This means that the transpose can be created by interchanging the rows and the columns 
in the same way that one creates the transpose of a square matrix. In terms of matrix 
notation one would express the components of B as 

while the components of the transpose BT are given by 

A.6. INVERSE OF A TENSOR 

The tensor B is invertible when the following conditions are satisfied: 

1. If a and b are vector fields such that B· a = B . b, then a = b . 
2. For every vector field c there exits a vector field d such that B· d = c. 

The inverse of B is identified by B-1 and it has the property that 

B-1 ·B = B·B-1 = I 

A.7. PROBLEMS 

(A25) 

(A26) 

(A27) 

1. Prove that A: D = D: A, i.e., the double dot (or double contraction) of two tensors is 
commutative. Carry out the proof for two cases: 

a) A = ab and D = cd 
b) A = eje jA;j and D = ekelDkl 

In the first case make use of the fact that a· d = d· a, and in the second case carry out the 
summations and regroup the terms or re-Iabel them in an appropriate manner in order to 
complete the proof. When using Gibbs' notation one should follow the "nesting 
convention" which dictates that the elements of the dyad that are closest together are 
multiplied first. This leads to 

(ab)·(cd) = a(b·c)d 

If this convention is not followed confusion can result. 
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2. Given the tensor 8 = eje jBij and the definition of the transpose 

a·B·c = c·8T ·a 

show that the transpose takes the forms 

8 T = ejejBjj , or 8 T = ejejBij 

3. Use the result from Problem 2 to prove that a· 8 = 8 T . a 
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4. If Dij = -Djj prove that A,j Dij A, j = O. In Gibbs' notation we would express this 

problem as: If 0 = -0 T prove that A,. 0 . A, = O. 

5. Given any second order tensor A and any vector b, prove that 

6. Any second order tensor A can be represented in terms of its irreducible parts 
according to 

A = AI + A" + Alii 

In this representation AI is a symmetric and traceless tensor, A" is a skew-symmetric 
tensor, and AlII is one third the unit tensor times the trace of A. In terms of index 
notation we identify the irreducible parts as 

Ab = t(Aij+Aji)-tOijAkk , Aff = t(Ajj-Aji), Aft = tOj/Akk ) 

Prove that these three irreducible parts are orthogonal, i.e., 

AI:A" = 0 A":AI" = 0 AIII:AI 0 

7. Use the results of Problem 6 to prove that (A + AT): (8T) = t(A + AT): (8+ 8 T) for 

any two second order tensors A and 8. 

8. Given the two tensors A and 8, prove that (A. 8) T = 8 T. AT 

9. Given the tensor 8 = AT. A, prove that 8 is symmetric for any tensor A 

10. If 8 is a symmetric tensor, prove that the inverse 8-1 is also symmetric. Hint: Use 
the definition of the inverse 8.8-1 = I and make use of Problem 8. 
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12. Given a tensor A that satisfies the relation c·A·d=d·A·c, prove that A is 
symmetric. 

13. Prove that (A -1) T = (AT t. Hint: Use the result from Problem 8. 

14. Given two tensors, A and e, prove that (A.er1 = e-1 ·A-1• 

15. Prove that (A-1t = A. 

16. Given the divergence theorem 

J V·bdV = J o·bdA 
or rd 

derive the scalar version using the substitution b = sc in which s is an arbitrary scalar 
and c is an arbitrary constant vector. Also derive the tensor version using the 
substitution b = A . c in which A is any arbitrary tensor and c is an arbitrary constant 
vector. 



Nomenclature* 

a v interfacial area per unit volume, m- I 

~o area of the ~-cr interface contained with the macroscopic region, m2 

edf3e area of the entrances and exits of the ~-phase at the boundary of the 

macroscopic region, m2 

edoe area of the entrances and exits of the cr-phase at the boundary of the 
macroscopic region, m2 

edYK area of the y-K interface contained within the macroscopic region, m2 

edye area of the entrances and exits of the y-phase at the boundary of the 

CAn 

CAs 

Cn 

(CAn) 

(CAn)n 

(CAy)YK 

CAn 

macroscopic region, m2 

Ao~' area of the ~-cr interface contained within the averaging volume, m2 

area of the y-K interface contained within the averaging volume, m2 

area of the entrances and exits of the y-phase contained within the 

averaging volume, m2 

vector field that maps V(CAn)n onto CAn for the a-phase (a = y, ~), m 

tensor field that maps (v~)~ onto v~ 

vector field that maps V(T) onto To, m 

vector field that maps V (T) onto T~, m; the vector field that maps Il~ (v ~)~ 

onto h' m- I 

vector field that maps V {( P~)~} onto P~Ol' m 

vector field that maps V {( P~)~} onto P~11' m 

molar concentration of species A in the a-phase, moles/m3 
surface molar concentration of species A, moles/m2 

total molar concentration in the a-phase, moles/m3 

superficial average concentration of species A in the a-phase, moles/m3 

intrinsic average concentration of species A in the a-phase, moles/m3 

area averaged concentration of species A over the y-K interface, moles/m3 

cAn - (CAn) n, spatial deviation concentration of species A in the a-phase, 
moles/m3 

constant pressure heat capacity, kcal/kg K 

• The letter a is used to represent the y, K, ~, and cr phases in addition to the 0} and 11 
regions that appear in Chapter 5. 
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~AB 
~a 

°ejf 

Op 

0* P 
g 
I 
kp 

ka 

KeJf 
kl 
k_1 

ks 
k 
Kp 

Kpoo 

Kpll 
K* p 

ia 
ii 
L 

4. 
Le 

Lei 

nClJll 

Nomenclature 

[Ep(PCp)p + Ea(PCp)a]/(EpPp +EaPa), mass fraction weighted, constant 

pressure heat capacity, kcaI/k:g K 
binary molecular diffusion coefficient for species A and B, m2/s 
mixture diffusion coefficient for species A in the a-phase, m2/s 
effective diffusivity tensor, m2/s 

hydrodynamic dispersion tensor, m2/s 

o ejf + Op, total dispersivity tensor, m2/s 
gravitational acceleration, mls2 

unit tensor 
thermal conductivity of the ~-phase, W ImK 

thermal conductivity of the a-phase, W/mK 
effective thermal conductivity tensor for the ~-a system, W/mK 

adsorption rate constant, mls 
desorption rate constant, s-1 

intrinsic surface reaction rate coefficient, s-1 
pseudo heterogeneous reaction rate coefficient, mls 
Darcy's law permeability tensor, m2 

Darcy's law permeability tensor for the m-region, m2 

Darcy's law permeability tensor for the l1-region, m2 

large-scale Darcy's law permeability tensor, m2 

characteristic length for the a-phase, m 
i == 1,2,3, lattice vectors, m 
characteristic length for macroscopic quantities, m 
characteristic length for VE, m 

characteristic length for V(c Aa)a, m 

characteristic length for VV(CAa)ll, m 

characteristic length for V(Tp)p, V(Ta)a or V(T), m 

characteristic length for VV(Tp)P, VV(Ta)a or VV(T), m 

characteristic length for V<Poo or V<pll' m 

characteristic length for VV { (Pp )~} and VV {( Pp )~}, m 

C A V A' molar flux of species A, moleslm2s 

-naP' unit normal vector directed from the ~-phase toward the a-phase 

unit normal vector directed from the 1-phase toward the lC-phase 

outwardly directed unit normal vector for the entrances and exits of the 1-

phase contained within the averaging volume 
-nlloo , unit normal vector directed from the m-region toward the l1-region 



Nomenclature 205 

Pp 

(pp)p 

(pp) 

{(pp)~r 

{(pp)~} 

r 

Ta 
vA 

Vp 
(Vp)p 

(Vp) 
Vp 

{ (Vf3)a} 

{ (VP)ar 

{ (Vp)} 

total pressure in the /3-phase, Pa 

intrinsic average pressure in the /3-phase, Pa 

ef3 (pp)p , superficial average pressure in the /3-phase, Pa 

intrinsic regional average pressure for the /3-phase in the (X-region, Pa 

CPa {(pp)~} a, superficial regional average pressure of the /3-phase in the (X­

region, Pa 

CPro{ (pp)~r +CPTl{ (pp)~r, large-scale average pressure for the /3-

phase, Pa 
position vector, m 
position vector locating points in the (X-phase, m 
radius of the averaging volume or characteristic length of a unit cell, m 
molar rate of production of species A owing to homogeneous chemical 
reaction, moles/m3s 
molar rate of production of species A owing to heterogeneous chemical 
reaction, moles/m2s 
scalar field that maps (CAy) y onto CAy 

time, s 
characteristic process time, s; dimensionless time 
temperature of the (X-phase, K 

Ta -(Ta)a, spatial deviation temperature of the (X-phase, K 

Ep (Tp)P + Eo (To) 0 , spatial average temperature of the /3-0' system, K 

(Ta)a - (T), large-scale spatial deviation temperature for the (X-phase, K 
species A velocity, mls 
mass average velocity in the /3-phase, mls 

intrinsic volume average velocity in the /3-phase, mls 

Ep (v p)p , superficial volume average velocity in the /3-phase, mls 

vf3 -(vp)p, local spatial deviation velocity, mls 

superficial regional average velocity for the (X-region, mls 

intrinsic regional average velocity for the (X-region, mls 

CPro{ (vp)ror +CPTl{ (vp)Tlf, large-scale average velocity, mls 

volume of the (X-phase or (X-region ((X = /3,O';y,lC,Tl,ro) contained within an 
averaging volume, m3 

local averaging volume, m3 

large-scale averaging volume, m3 
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X Aa mole fraction of species A in the a-phase 
x position vector locating the centroid of the averaging volume, m 
Ya position vector locating points in the a-phase relative to the centroid of the 

averaging volume, m 

Greek letters 

Ea volume fraction of the a-phase, Va lor 
K ka / k[3 , ratio of thermal conductivities 

<I> particle Thiele modulus, typically of the form ~kL2av!Deff 
Cjl pore Thiele modulus, typically of the form ~klav'r!l5 
Cjla Va for.." volume fraction of the a-region 
')., arbitrary unit vector 
P Aa species A mass density in the a-phase, kg/m3 

Pa total mass density in the a-phase, kg/m3 

(p) spatial average mass density, kg/m3 

v arbitrary unit vector 
11[3 coefficient of viscosity for the ~-phase, Pa s 

'" a arbitrary function associated with the a-phase 
<0 Aa mass fraction of species A in the a-phase 
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